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optimised Datalog systems in both academic and commercial contexts. Many systems
implement reasoning via materialisation, which involves precomputing all consequences
of the rules and the dataset in a preprocessing step. Some systems also use incremental
reasoning algorithms, which can update the materialisation efficiently when the input
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Materialisation dataset changes. Such techniques allow queries to be processed without any reference to
Incremental reasoning the rules, so they are often used in applications where the performance of query answering
Datalog is critical.

Existing materialisation and incremental reasoning techniques enumerate all possible ways
to apply rules to the data in order to derive all relevant consequences. This, however, can
be inefficient because derivations of rules commonly used in practice are redundant; for
example, rules axiomatising a binary predicate as symmetric and transitive can have a
cubic number of applications, yet they can derive at most a quadratic number of facts. Such
redundancy can be a significant source of overhead in practice and can prevent Datalog
systems from successfully processing large datasets. To address this issue, in this paper we
present a novel framework for modular materialisation and incremental reasoning. Our key
idea is that, for certain combinations of rules commonly used in practice, all consequences
can be derived using specialised procedures that do not necessarily enumerate all possible
rule applications. Thus, our framework supports materialisation and incremental reasoning
via a collection of modules. Each module is responsible for deriving consequences of a
subset of the program, by using either standard rule application or proprietary algorithms.
We prove that such an approach is complete as long as each module satisfies certain
properties. Our formalisation of a module is very general, and in fact it allows modules
to keep arbitrary auxiliary information.
We also show how to realise custom procedures for four types of modules: transitivity,
symmetry-transitivity, chain rules, and sequencing elements of a total order. Finally, we
demonstrate empirically that using our custom procedures can speed up materialisation
and incremental reasoning by several orders of magnitude on several well-known
benchmarks. Thus, our technique has the potential to significantly improve the scalability
of Datalog reasoners.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Datalog [1] is a prominent formalism that can be used to describe a domain of interest using a set of ‘if-then’ rules that
can be applied to a set of explicitly given facts to produce fresh facts describing the domain. Rules are iteratively applied up
to a fixpoint, which allows Datalog to express common second-order properties such as reachability and transitive closure.
This expressive power has made Datalog very popular in academia and practice. In the database community, Datalog is
often seen as a quintessential recursive query language [8,18,34,74]. In the artificial intelligence community, it is often used
as a knowledge representation formalism [26]. In the Semantic Web community, Datalog is frequently used as mechanism
for answering queries over ontologies; for example, answering queries over OWL 2 RL [59] ontologies, possibly extended
with SWRL rules [42], can be realised using Datalog. The computational properties and expressive power of Datalog are
well understood [19]. Moreover, many useful extensions of basic Datalog have been proposed, such as stratified [71], well-
founded [84], or stable [30] negation-as-failure; disjunction [31,27]; and aggregation [49,28,75].

A key computational task in Datalog applications is answering queries over facts derived from a set of Datalog rules and a
set of explicitly given facts; this is also known as Datalog reasoning in knowledge representation and reasoning—a prominent
branch of Al. While not the only one, a common way to solve this problem is to precompute and store all derived facts
so that queries can be directly evaluated over all (i.e., both explicitly given and derived) facts without further consulting
the rules. We refer to both this process and its output as materialisation. Materialisation-based query answering has been
implemented in many systems, including but not limited to WebPIE [82], VLog [16], Oracle’s RDF Store [89], OWLIM [12],
and RDFox [66]. The naive materialisation strategy involves repeatedly apply the Datalog rules until no new fact can be
derived. The seminaive evaluation strategy [1] optimises this process by requiring each inference to involve at least one fact
derived in the previous iteration; this ensures that each combination of a rule and a set of facts matching the ‘if part are
considered exactly once.

Recomputing the materialisation ‘from scratch’ whenever the input facts change is often infeasible in practice. Thus, a
key challenge in materialisation-based systems is the incremental update problem, which is to update the materialisation
efficiently (i.e., without repeating most of the work). Fact addition can be handled effectively using the seminaive algorithm,
but fact deletion is much more involved since one has to check whether deleted facts have derivations that persist after
the update. The Counting [39] and Delete/Rederive (DRed) [39,78] algorithms are two widely known and used solutions to
the incremental update problem, with the former one being applicable to nonrecursive rules only. The basic ideas behind
Counting and DRed have been further extended, and several highly optimised algorithms such as the Backward/Forward (B/F)
algorithm [64], the Forward-Backward-Forward (FBF) algorithm [65], and DRed® and B/F¢ [43] have been presented recently.
All of these approaches use a variant of the seminaive evaluation to apply rules to sets of facts.

These techniques have successfully been used in many practical applications. For example, Datalog has been used to suc-
cinctly express and evaluate network protocols [56,54,55], describe complex quality measures from healthcare records [70],
express data analytics tasks in distributed computing [5,6], specify information extraction tasks over unstructured and semi-
structured data [32,76], capture program analysis tasks [15,87], and encode security policies [22,47]. This growing interest in
Datalog has motivated the development of many highly optimised academic and commercial systems, such as VLog, Oracle’s
RDF store, RDFox, LogicBlox [7], Vadalog [11], GraphDB [33], and Datomic [20].

This growing body of experience has uncovered a new source of inefficiency in Datalog-based applications: Datalog rules
commonly used in practice are redundant in the sense that one fact is often derived by several different rule applications.
Thus, although seminaive evaluation ensures that each rule application is considered just once, the same fact can never-
theless be derived afresh for each distinct rule application; for example, when applied to facts R(a, by), ..., R(a, by), rule
R(x,y) — S(x) derives S(a) using n distinct rule applications. To see how this can be detrimental to the scalability of Dat-
alog systems, consider Datalog rules that axiomatise a binary predicate as symmetric and transitive. In Section 4 we show
that, given facts that encode a graph consisting of n connected vertices, these rules have O (n3) possible applications. Note,
however, that the symmetric-transitive closure of a binary relation over n elements contains only n? facts; thus, each fact is
repeatedly derived by n rule applications. Since the seminaive algorithm enumerates all possible rule applications, its run-
ning time is also cubic. In contrast, the symmetric-transitive closure can be computed in quadratic time: we first compute
the strongly connected components of the graph in O (n) steps, and then for each component we introduce an edge between
all component vertices. In other words, using a customised procedure we can solve the problem without enumerating all
possible rule applications. In Sections 4, 6.4, and 6.5 we show further examples of commonly used rules and facts on which
seminaive evaluation suffers from similar redundancy.

In this paper we explore ways of improving the performance of materialisation and incremental updates by handling
specific Datalog rules using specialised algorithms (instead of using generic seminaive evaluation). Similar attempts have
already been made in the literature. For example, several techniques have been developed for maintaining transitive closure
of a binary relation [46,51,50,21], and they have been used to compute closure of transitive and symmetric properties in
RDFS-Plus [80]. An extensive body of research has been devoted to the investigation of database properties (e.g., connectivity,
transitive closure, or domain parity) by evaluating first-order queries over the database and the updates [69,24,25,53]. While
these approaches have proved to be very effective, all of them handle only a specific set of rules, and it is unclear how to
integrate them into a general framework that supports arbitrary rules. For example, if a set of Datalog rules axiomatises
a predicate as transitive and the same predicate is used in other rules, then the facts derived by transitivity may trigger
other rules and vice versa; thus, a custom procedure for transitivity needs to exchange information with other custom
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procedures and/or seminaive evaluation. As we show in this paper, organising this communication in an efficient way is far
from straightforward. Moreover, many of these approaches cannot handle deletion of input facts, which is a key problem in
incremental updates.

To address these issues, in Section 5 we present a framework for materialisation and incremental updates that inte-
grates specialised algorithms with the seminaive evaluation in a truly modular way. In our approach, a Datalog program is
partitioned into disjoint subsets called modules. For each module, one must provide three functions that compute certain
consequences of the module’s rules. There are no restrictions on how these functions are realised, and, if no specialised
algorithms are available, one can use seminaive evaluation for this purpose. We then present algorithms for computing the
materialisation and incremental updates that, instead of using seminaive evaluation directly, call the three functions for the
modules of the program. Effectively, the key aspect of our framework is organising the exchange of information between
different modules. We prove that our algorithms are sound, complete, and terminating as long as all module functions sat-
isfy certain formal properties. Moreover, our framework retains the good properties of standard materialisation algorithms
in the sense that, when all module functions are implemented using seminaive evaluation, then each rule application is
considered exactly once.

A key challenge in our work is to capture the formal requirements on module functions in a sufficiently general way.
A key problem is to allow modules to maintain auxiliary information that can speed up the computation of updates. For
example, in the case of the symmetric-transitive closure mentioned earlier, it is beneficial to maintain the list of strongly
connected components. To obtain a general framework, we should not make any assumptions about the structure of infor-
mation maintained by each module, which in turn makes formalising the requirements on module functions difficult. We
address this issue by imposing conditions not just on each individual function call, but also on the sequence of calls over
the lifetime of a module.

Next, in Section 6.1 we introduce a concept that allows modules to exchange information about the truth of facts after
the update; most modules we discuss in this paper use this concept to avoid overdeleting facts that can be easily shown to
hold after the update. Then, in Sections 6.2 to 6.5 we show how to realise the three functions for four modules commonly
used in practice: transitive closure, symmetric-transitive closure, chain rules, and sequencing elements of a total order. In
each case, we prove that our functions satisfy the properties required by our framework.

Finally, in Section 7 we validate our approach empirically. After implementing all four modules in a prototype Datalog
reasoner, we have evaluated the performance of modular materialisation and incremental reasoning in several real-life and
synthetic datasets. Our results show that custom algorithms can often improve the performance of Datalog systems by
several orders of magnitude. We identified several cases where both materialisation and incremental updates times drop
from several hours to only a few seconds when our optimisations are enabled. Thus, our techniques seem to make an
important contribution to pushing the boundary of scalability of practical Datalog systems.

This is a substantial extension of our earlier work published at the AAAI 2019 conference [44]. New material includes a
completely new formalisation of the modular reasoning framework that allows us to decouple the framework correctness
argument from module function correctness proofs, algorithms for two additional modules along with their correctness
proofs, evaluation results on three additional benchmarks, and an empirical comparison of our approach with the B/F¢
algorithm.

2. Related work

In this section, we present an overview of existing approaches to materialisation and incremental update, and we also
survey related approaches that handle specific types of rules using custom algorithms. The incremental update problem has
been studied extensively in relational databases as the problem of view maintenance, where views over base relations are
defined using queries and materialised for query evaluation; thus, views need to be updated when base relations change.

2.1. Datalog materialisation

Bancilhon [10] originally introduced the seminaive evaluation strategy for materialising recursively defined relations.
Ramakrishnan et al. [73] studied the impact of rule orderings on the performance of seminaive evaluation, and proposed
variants of seminaive evaluation capable of handling user-defined rule orderings (but without clarifying how to automati-
cally identify ‘good’ orderings). Ramakrishnan et al. [74] have implemented the seminaive evaluation strategy in the CORAL
Datalog system. Ganguly et al. [29] and Zhang et al. [90] considered parallelising seminaive evaluation of Datalog pro-
grams by statically assigning rule instantiations to different processors. In contrast, Motik et al. [61] proposed a parallel
variant of the seminaive evaluation that dynamically partitions rule instantiations and is thus less susceptible to workload
skew. Urbani et al. [83] and Hu et al. [45] presented variants of seminaive evaluation that exploit column-oriented data
formats.

2.2. Maintenance of nonrecursive views

Blakeley et al. [14] presented an approach for maintaining views defined by Select-Project-Join (SP]) queries based on
derivation counting. The idea is to associate with each tuple in the materialised view a counter that tracks the number of the
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tuple’s derivations. The counter gets incremented when a new derivation becomes available, and it gets decremented when
an existing derivation no longer holds. Thus, a tuple can be safely deleted when its counter drops to zero. Hanson [40]
refined this approach further, and compared the cost of counting with the cost of view rematerialisation. Nicolas and
Yazdanian [67] and Gupta et al. [39] presented similar approaches for maintaining views defined by nonrecursive Datalog
programs.

Ceri and Widom [17] presented an approach that incrementally maintains duplicate-free views by using production rules
automatically generated from view definitions. Qian and Wiederhold [72] presented an approach that handles views defined
by relational algebra. This approach does not use any additional bookkeeping; rather, it computes the necessary updates
by evaluating maintenance queries derived from view definitions. Griffin et al. [36] showed that this method does not
always compute minimal maintenance queries, and they presented an improved variant that preserves minimality. Griffin
and Libkin [35] also extended this idea to relational algebra with bag semantics, which also allows for view definitions with
aggregate functions. A key advantage of algebraic approaches over algorithmic solutions is that view updates are computed
using queries, and the evaluation of the latter can be optimised using standard techniques. Vista [85,86] implemented a
query optimiser that extended standard query optimisation techniques to support maintenance queries.

2.3. Maintenance of recursive views

Gupta et al. [38] extended the counting approaches by Nicolas and Yazdanian [67] and Gupta et al. [39] to recursive
Datalog rules, but this approach is incorrect when a fact recursively derives itself. Wolfson et al. [88] proposed a counting-
based algorithm that overcomes the above problem and is capable of handling recursion correctly for arbitrary datasets,
and Dewan et al. [23] reformulated this algorithm and proved its correctness. The main idea is to maintain, for each fact,
several derivation counters, where the i-th counter reflects the number of derivations of the fact in the i-th round of rule
application during materialisation. A major drawback of this algorithm is that it is based on the naive evaluation strategy
for Datalog, which is inherently inefficient. Motik et al. [65] described an optimised variant of this algorithm based on the
more efficient seminaive evaluation strategy.

Gupta et al. [39] proposed the Delete/Rederive (DRed) algorithm that can update views defined by general (i.e., recursive)
Datalog programs without any bookkeeping. To handle fact deletion (which is usually more difficult than fact addition),
the algorithm first deletes all consequences of the deleted facts, and then rederives facts that still hold (i.e., that have
alternative derivations) after the update. Staudt and Jarke [78] presented a closely related algorithm, but formalised it
declaratively: instead of presenting a procedure, updates are computed by evaluating maintenance Datalog rules. Motik
et al. [65] identified several inefficiencies of these algorithms and presented a significantly optimised variant of DRed.

Recently, Motik et al. [64] proposed the Backward/Forward (B/F) incremental update algorithm, which eagerly identifies
alternative derivations of facts during deletion so that deletion becomes exact. Motik et al. [65] further presented the
Forward/Backward/Forward (FBF) algorithm, which generalises both DRed and B/F.

DRed, B/F, and FBF all use ‘backward’ rule evaluation to find alternative derivations of a fact, which involves matching
a fact with the rule head, instantiating the matched variables in the body, and evaluating the resulting body as a query.
This query, however, can be difficult to evaluate in some cases [43], which can prevent efficient incremental updates. To
overcome this, Hu et al. [43] recently proposed the DRed and B/F¢ algorithms, which combine counting with DRed and B/F.
In particular, the B/F¢ algorithm associates with each fact a counter of nonrecursive derivations, which is used to prevent
overdeletion of facts that clearly hold; this, in turn, avoids unnecessary ‘backward’ rule evaluation. Moreover, the DRed®
algorithm additionally keeps track of recursive derivations for each fact; then, after overdeletion, precisely the facts with
nonzero recursive derivations need to be rederived, and this can be done without any ‘backward’ rule evaluation.

2.4. Using custom solutions for specific types of rules

Dong et al. [24] presented an algorithm that can incrementally update query answers of a regular chain Datalog pro-
gram by constructing and evaluating a nonrecursive Datalog program. Subercaze et al. [80] applied Nuutila’s algorithm for
transitive closure [68] to handle transitive and symmetric properties in RDFS-Plus. While these approaches provide custom
algorithms for specific rule sets, it is unclear whether and how they can be combined with arbitrary rules. In contrast, the
main objective of our work is to devise a general framework that can integrate custom solutions with standard seminaive
evaluation; thus, custom solutions can be used to improve the performance of reasoning without sacrificing the expressivity
and generality of Datalog.

To optimise reasoning with Datalog programs containing the equality predicate, Motik et al. [63] devised a rewriting
based approach that involves choosing a representative resource for each clique of elements that are equal and replac-
ing all resources with their representatives; this approach has also been extended to support incremental materialisation
maintenance [62].

In their GLog engine (which is an extension of VLog), Tsamoura et al. [81] used an earlier version of our work [62]
to optimise materialisation (but not incremental update) of transitive and symmetric-transitive rules. Their experimental
results agree with ours and show that using custom algorithms can indeed speed up materialisation by orders of magni-
tude.
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3. Preliminaries

We now recapitulate the definitions of the syntax and the semantics of Datalog. We consider the variant of Datalog with
stratified negation, which we further extend slightly by allowing negation over existentially quantified conjunctions of atoms.
This extension allows us to capture rules for sequencing elements of a total order that we consider in Section 6.5.

A Datalog signature consists of infinite and disjoint sets of constants and predicates, where each predicate is associated
with a nonnegative integer arity. In addition, the set of variables is infinite and disjoint from the signature. Unless otherwise
stated, in this paper we denote constants using (possibly indexed) lowercase letters from the beginning of the alphabet
(a,b,c,...), variables using lowercase letters from the end of the alphabet (x, y,z, ...), and predicates using uppercase
letters usually taken from the middle of the alphabet (P, R,S,...). A term is a constant or a variable, and an atom is an
expression of the form P(tq,...,t,), where P is predicate of arity k, and t1,...,t; are terms. A fact is a variable-free atom,
and a dataset is a finite set of facts. Occasionally, we call a fact/atom a P-fact or P-atom to stress that the predicate of the
fact/atom is P. A negative literal is an expression the form

not3axq, ..., xk.[C1 A--- A Cyl,
where X1, ..., X, are variables, and each C; with 1 <i </¢ is an atom; when k =0, we simply write not[C1 A --- A C¢]. A
variable occurring in some C; but not in x1, ..., X is said to be free in the literal. Analogously, each variable occurring in an

atom is said to be free in that atom. A rule is an expression of the form

BiA- ABmuALngi A ALp— H,

where 0 <m <n, each B; with 1 <i<m is an atom, each L; with m+1<i<n is a negative literal, and H is an atom.
Each rule must be safe—that is, each variable free in H or some L; must also be free in some Bj. For r a rule, h(r) =H is
the head, b*(r) = {B, ..., By} is the set of positive body atoms, b~ (r) = {Li41, ..., Ly} is the set of negative body literals, and
b(r) =b™(r) Ub™(r). A (Datalog) program is a finite set of rules.

Variants of Datalog typically considered in the literature do not allow negative literals to contain existentially quantified
conjunctions—that is, negative literals are usually of the form not C where C is an atom. Example 1 illustrates why we
consider this extension and shows that doing so does not affect the properties of Datalog in any substantial way.

Example 1. In Section 6.5 we discuss a common practical use case that involves evaluating rules of the following form:

P(X) AP(y) AR(x,y) Anot3z.[P(z) AR(X,2) AR(z,y)] > S(X, ¥). (1)

To reduce rule (1) to ‘standard’ Datalog, we can replace the conjunction with an atom containing a fresh binary predicate
Q that is defined to contain the same tuples as the conjunction. In other words, we can replace rule (1) with the following
rules:

P(x) A P(y) AR(x,y) Anot Q (x,y) — S(x,¥) (2)
P(2)ARX,2) AR(z,y) > Q(x,¥). (3)

It is straightforward to see that, on any set of explicitly given facts, rule (1) produces the same facts as rules (2)-(3) for all
predicates apart from Q. The main drawback of such a rewriting is practical: the arity of the replacement predicate must
be equal to the number of free variables of the conjunction and materialising predicates can incur a considerable overhead.
In the setting we consider in Section 6.5, we can evaluate rule (1) easily, whereas materialising predicate Q would be
prohibitive. Thus, our extension of negation to existentially quantified conjunctions allows us to discuss an interesting use
case from both the theoretical and practical perspective.

Some definitions of Datalog, particularly those in the database literature, distinguish extensional and intensional predi-
cates: the former are allowed to occur in the explicitly given facts and rule bodies, and the latter are allowed to occur in
rule bodies and heads. In this paper we use the knowledge representation perspective on Datalog where this distinction is
typically not made.

We next recapitulate conditions on the structure of Datalog programs that allow negation to be interpreted in an intuitive
way. A stratification A of a program II is a surjection from the predicates in the signature to the set {1,2,..., S} for some
integer S such that, for each rule r € IT with predicate P occurring in h(r) and each predicate R occurring in b*(r) (resp.
b~ (r)), we have A(P) > A(R) (resp. A(P) > A(R)). Program IT is stratifiable if a stratification A of IT exists; note that more
than one such A may exist. In this paper, we shall consider only stratifiable programs. A rule r with predicate P occurring
in h(r) is recursive w.r.t. A if A(P) = A(R) holds for some predicate R occurring in b*(r); otherwise, r is nonrecursive w.r.t.
A. For s in the range of A, we define IT° as the subset of the program IT that contains each rule r € IT such that A(P) =s
where P is the predicate of h(r). We call program IT° a stratum, and we call s a stratum index. We define IT; and IT;, as the
recursive and the nonrecursive subsets, respectively, of IT°. For each s with 1 <s < S, let
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O* ={P(c1,...,cn) | P is a predicate of arity n with A(P) =s, and c; are constants in the signature}.

Thus, O° contain all facts that can be constructed from constants in the signature and predicates with stratum index s; thus,
each fact in O can be defined only using the rules in I1°. Moreover, to simplify the presentation of certain technical results
we extend this definition to s = 0—that is, we define O° = . Finally, we define 0=* = J;_y_,0% and 0<* =Jo_y ;O

A substitution ¢ is a function from variables to terms that is not an identity on finitely many variables. For « a term, an
atom, a negative literal, a rule, or a set thereof, oo is the result of replacing each free occurrence of a variable x in o with
o (x). For r a rule and o a substitution mapping all free variables of r to constants, rule ro is an instance of r. A unifier of
atoms « and B is a substitution o such that «o = So; such o is a most general unifier if, for each unifier p of o and g,
there exists a substitution 7 such that p(x) = n(o (x)) for each variable x. The most general unifier of & and g is unique up
to variable renaming.

Now let I be a dataset. For F a fact, we write I = F if F € I holds. For L =not3xy, ..., x;.(C1 A--- A C¢) a negative literal
with no free variables, we write I =L if no substitution o of xq,..., x; exists such that I = C;o holds for each 1 <i <.
For S a set consisting of facts and negative literals with no free variables, we write I =S if I =« for each o € S. For IT a
program, the set l'I[I] of all facts obtained by applying the rules of IT to I is defined as

] = U{h(ra) | ro is an instance of r such that I = b(ro)}. (4)

rell

Let E be a dataset of explicitly given facts and let A be a stratification of IT with maximum stratum index S. Then, let
19 =@; for each s with 1 <s <5, let

B=I5"U(ENOY, F=I ull’[}_]fori>0, and I =]I. (5)

i>0

Set Igo is the materialisation of IT w.r.t. E and A. It is known that Igo does not depend on A, so we write it as [1[E]. For s
with 0 <s < S, we often use the following abbreviations for various subsets of the materialisation:

Meo[ET = Me[E]NO° Moo [E]™ = T[E]NO™* Meo[E]=* = Meo[E] N O (6)

The inferences of a negation-free Datalog program for each predicate can be characterised by a possibly infinite
set of rules obtained by the process of rule unfolding. Specifically, let r and r’ be negation-free rules of the forms
BiA---ABn— H and B} A--- A B;, — H’', respectively, that do not share a variable. Then, the unfolding of r at position i
with r’ is the rule

Bio A...Bi_10 AB{G A---ABL,O ABj110 A+ ABpo — Ho (7)

where o is the most general unifier of H' and B;. If r and 1’ share variables, we simply rename variables in r and apply
the unfolding. Now let IT be a negation-free Datalog program, let P be an n-ary predicate, and let U” be the smallest
set of rules that contains P(x1,...,xp) = P(X1,...,Xn), as well as each unfolding of each rule r e UP at each position
with each rule r’ € I1. Then, for each dataset E and constants aq,...,a,, we have P(ai,...,ay) € [I[E] if and only if
P(ay,...,an) € UP[E].

4. Motivation

In this section, we discuss the motivation for our work. To this end, in Section 4.1 we present a brief summary of
the seminaive evaluation and its properties. Then, in Section 4.2 we show how seminaive evaluation can be inefficient on
several types of rules commonly used in practice. Finally, in Section 4.3 we show how these inefficiencies can be overcome
by deriving the relevant consequences using custom algorithms, and we outline the main challenges to doing so.

4.1. Seminaive evaluation

The materialisation of a program IT on a set E of explicitly given facts can be computed by applying the rules of IT to E
iteratively as suggested in Section 3. Now consider the dataset I1 = E U H[E] obtained after the first application of IT to E:
since E C Iy, each rule that is applicable to E is also applicable to I1; thus, a straightforward computation of I =17 U l'[[h]
would repeat all the work done to compute I7. Because of this, such a naive evaluation algorithm is not suitable for practical
use.

The objective of the seminaive evaluation [1] is to make materialisation-based reasoning practically feasible by eliminat-
ing this source of inefficiency. Its pseudocode is shown in Algorithm 1. The algorithm takes as input a set of explicitly given
facts E, a program IT, and a stratification A of IT, and it computes the materialisation ITy[E].

The seminaive algorithm considers each stratum index s with 1 <s < S (lines 2-7), and for each it applies the rules of
stratum IT in rounds as long as new facts are derived (lines 4-7). During this process, the auxiliary set A contains the
facts freshly derived in the most recent round of rule application. Before the first round, set A is initialised (line 3) as the

6
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Algorithm 1 MAT(TT, A, E).

1: 1:=0

2: for each stratum index s with 1 <s < S do
30 A:=(ENOS)UT[I]

4 while A # ¢ do

5: N:={h(ro) |r € I} and ro is an instance of rule r such that U A =b(ro) and I =b™ (ro)}
6: I:=1UA

7 A:=N\1I

union of ENO® (ie., the explicitly given facts that belong to the stratum with index s and should thus be added to the
materialisation) and the consequences of the nonrecursive rules IT}, on the facts derived thus far. Since the nonrecursive
rules are applied just once, we can use l'[f]r[l] from equation (4) without the danger of repeating derivations. Only the
recursive rules IS need to be applied iteratively, and the freshly derived consequences of such rules are added to A as
input to the next round (line 5). Conditions I UA =b(ro) and I f=b™ (ro) express the so-called nonrepetition property: in
each round, only instances ro of a rule r that become applicable as a result of deriving A in the immediately preceding
round need to be considered. Motik et al. [65, Section 9.2] discuss several ways to implement this condition efficiently in
practice, but the more abstract formulation in line 5 is sufficient for this paper. It is straightforward to see that I = I1[E]
holds when the algorithm terminates.

4.2. Shortcomings of seminaive evaluation

Although seminaive evaluation does not repeat derivations, it always considers all applicable rule instances. However,
in many programs commonly used in practice, the same fact is often derived via multiple, distinct rule instances; this is
particularly common with recursive rules, examples of which we present next. Such redundancy, however, is not restricted
to just recursive rules: in Section 6.4 we consider a class of rules that can be susceptible to redundant derivations even
when they are nonrecursive.

Example 2. Let IT! be the program containing rule (8) that axiomatises a binary predicate R as being transitive. Moreover,
consider the set of explicitly given facts E! = {R(a;, ai;1) |0 <i <n}.

R(x,¥) AR(y,z) - R(X, 2) (8)

Clearly, I = H;o[El] ={R(a;,aj) |0 <i < j<nj}, so each rule instance of the form

R(aj, ar) A R(ay, aj) — R(aj, aj) (9)

with 1 <i <k < j <n is applicable to I. Thus, each fact R(a;,a;) is derived j —i times using different instances of rule (8).
Example 3. Let 12 be the program containing rules (8) and (10), and let E? = {R(a;,a;41) | 1 <i <n}U {R(an, a)}.

R(x,y) = R(y.%) (10)

Clearly, I = l'[go[Ez] ={R(aj,aj) | 1<1i, j<n}, so each rule instance of the form (9) with 1 <1, j,k <n is applicable to I.
Thus, each fact R(a;, a;) is derived n times using different instances of rule (8).

Seminaive evaluation considers each applicable rule instance exactly once, so it runs in time O (n®) in both cases. In our
practical experience, this can be unfeasible when n is in the order of tens of thousands. Thus, Datalog reasoners based on
seminaive evaluation face significant scalability challenges in practice.

4.3. Avoiding redundant derivations

While the programs in Examples 2 and 3 both incur a cubic number of derivations, they derive only quadratically many
facts. Thus, it is natural to ask whether the materialisation can be computed without necessarily enumerating all applicable
inferences. Transitive closure of a graph with n vertices and m edges can be computed using the Floyd-Warshall algorithm in
0 (n?) time, using breath- or depth-first search to identify vertices reachable from every vertex in the graph in O (n%+n-m)
time, or using logn matrix multiplications. The current best asymptotic complexity of matrix multiplication is O (n?-37285%)
[3], but the constant factors make this algorithm unsuitable for practice; moreover, m can be quadratic in n, which suggests
that finding an algorithm with worst-case running time better than O(n®) might be hard. However, we show in Example 4
that, for the dataset from Example 2 (which is arguably relatively common in practice), transitive closure can be computed
in O (n?) time. Moreover, we show in Example 5 that the symmetric-transitive closure of a graph can always be computed
in at most O (n?) steps.
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Example 4. The key to evaluating 1! more efficiently on E! is to distinguish the set of ‘external’ facts that are given to IT'
as input from the ‘internal’ facts derived by IT. If we denote the set of ‘external’ facts by X, we can transitively close R
by iteratively considering pairs of facts R(u, v) € X and R(v, w)—that is, we require the first fact to be in X, but place no
restriction on the second fact. (We could have equivalently required the second fact to be in X.) In our example, we have
X =E!, so the algorithm considers only rule instances of the form

R(ai, ai+1) A R(ai+1, ax) — R(ai, ax) (11)

for 0 <i <k <n, of which there are O0(n?) many. Intuitively, this is analogous to replacing the predicate R in all explicit
facts with X, and using a linear rule (12) instead of rule (8).

XX, ¥) AR(Y,2) > R(x,2) (12)

Example 5. To evaluate I1? more efficiently, we can view predicate R as an undirected graph with n vertices and m edges.
Then, we simply compute the connected components of the graph using breadth- or depth-first search, and, for each con-
nected component C, we enumerate all u, v € C and derive R(u, v). The first step takes O(n + m) time and second step
requires O (n?) time in the worst case; since m < n?2, the algorithm runs in O (n?) time on any input.

To summarise, the performance of Datalog materialisation can be significantly improved in many cases by using custom
algorithms that do not consider all applicable rule instances. In this paper we address the challenge of integrating such
procedures with standard Datalog reasoning. Specifically, our techniques will be applicable when programs such as 1! and
12 are used together with other rules. Thus, the facts derived by our custom procedures need to be processed by other
rules in the program and vice versa. Because of this, we cannot optimise each set of rules in isolation; for example, we
cannot simply replace rule (8) with rule (12) as the consequences involving the R predicate derived by other rules would
then not match to the first body atom of (8). Moreover, such exchange of facts may need to be repeated iteratively until a
fixpoint is reached, so it is important to exchange information in a way that can prevent repeated derivations. Thus, a key
challenge in our work is to organise communication of facts between various program subsets in a way that on the one
hand is generic and allows for a wide spectrum of custom procedures, and on the other hand guarantees correctness and
termination in all cases.

Such inefficiencies can also affect incremental update algorithms, which are critical to practical success of materialisation-
based Datalog. Correct handling of fact deletion is a key challenge for incremental updates. For example, consider applying
rules R(x, y) — T(x) and S(x,y) — T(x) to a set of explicitly given facts R(a,b) and S(a,c). When R(a, b) is deleted, fact
T(a) may need to be deleted as well because it is a consequence of R(a,b) via the first rule. However, deletion should
be performed only if there are no alternative derivations from the remaining explicitly given facts. In this example, T (a)
is derivable from S(x,y) — T(x) and S(a,c), and hence T(a) does not need to be deleted. Various algorithms differ in
how they verify the existence of alternative derivations. The DRed algorithm solves this problem by first overdeleting all
consequences of the deleted facts, and then rederiving the facts that still hold after deletion. In our example, T(a) would
first be deleted; however, since T(a) can be derived using rules R(a, y) — T(a) and S(a, y) — T(a), the algorithm would
evaluate the bodies of these rules as queries, and the evaluation of the second rule would reveal that the fact should be
rederived. The rederived facts are then added back to the materialisation alongside any explicitly added facts, and the rules
are applied iteratively until a fixpoint is reached. The other incremental update algorithms, such as B/F, FBF, DRed®, and B/F®
(see Section 2), refine this process to various degrees with the objective of making the overdeletion phase more precise and
thus reducing the overall work.

All incremental update algorithms known to us realise overdeletion and rederivation using variants of seminaive evalu-
ation, and so they are also susceptible to redundant derivations. We evaluated DRed and B/F experimentally in our earlier
work [65], and our results show that, despite all optimisations, certain rule combinations can be very hard: the time to
delete even a fraction of a dataset can be of the same order of magnitude as the time for the initial materialisation. Intu-
itively, when rules are complex, deleting even just a few facts can lead to overdeletion of a large number of derived facts,
most of which need to be rederived. Each of these phases can thus suffer from the drawbacks outlined Section 4.2. As we
show in this paper, these drawbacks can be overcome by using custom rules; however, supporting incremental updates is
also the main source of complexity in our work.

5. A framework for modular reasoning

We now present a framework for materialisation and incremental updates that can avoid the deficiencies outlined in
Section 4. In Section 5.1 we discuss the principles and intuitions, and in Sections 5.2-5.5 we present and discuss various
technical details.

5.1. Roadmap

To handle certain rule combinations using custom algorithms, we require the input Datalog program to be partitioned
into disjoint sets of rules that we call modules. In this paper, we assume that a partition of a program into modules is given

8
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explicitly in the input: developing algorithms for automatic extraction of modules from a given Datalog program is an inter-
esting problem that can be considered independently in future. Our materialisation and incremental update algorithms do
not apply the modules’ rules directly (e.g., using seminaive evaluation). Instead, the computation of certain consequences of
the rules is delegated to three module functions, which handle addition, overdeletion, and rederivation of facts. For example,
the module function for addition is given all facts derived thus far and the facts derived in the most recent round of rule
application, and the function must produce the consequences of the module rules for the next round. The main task of our
modular reasoning framework is to orchestrate the exchange of facts among functions of different modules in a way that
guarantees correctness and efficiency.

To ensure that we can combine different modules in an arbitrary way, we will formalise properties that module functions
must satisfy to guarantee correctness of our algorithms. Note that the optimisations described in Examples 2 and 3 do not
compute just the immediate consequences of the module’s rules; for example, our optimisation for symmetric-transitive
closure is effective because the entire closure can be computed at once. Thus, module functions must be allowed to compute
more than just the immediate consequences of the module’s rules. At the same time, we do not wish to impose too stringent
requirements on what needs to be computed. This is particularly important for overdeletion: a fact can be deleted only if
no alternative derivations remain after the update, and there are many ways to balance the tradeoffs of identifying such
derivations eagerly versus overdeleting and then rederiving the fact. To capture the many variants that can be used, we
formalise our conditions on the output of module functions in terms of the lower and upper bounds, J; and J,, respectively.
Roughly speaking, the lower bound J; will correspond to the facts obtained by applying the rules only once, and the upper
bound J, will correspond to the maximum set of facts that can be returned while maintaining correctness. We prove that,
as long as the output of each module function satisfies the respective lower and upper bounds, our modular algorithms are
correct and terminating.

To simplify the presentation of our framework, we assume that the input program is partitioned completely into
modules—that is, our framework never applies the rules directly. However, we can always collect all rules for which no
specialised algorithms are available in one module per stratum, and we can realise the appropriate module functions us-
ing seminaive evaluation. In fact, the module functions can also incorporate optimisations of overdeletion and rederivation
from algorithms such as DRed€, B/F, B/F¢, and FBF, all of which are captured by our lower and upper bounds. Thus, using
customised procedures for certain rules does not need to come at the expense of suboptimal handling of general Datalog
rules.

The lower and upper bound requirements provide us with a basis for proving correctness of module functions. Contrary
to what one might intuitively expect, correctness of a module function can usually not be proved by considering each func-
tion call in isolation. First, to capture the many variants of incremental reasoning considered in the literature, the bounds
for overdeletion and rederivation do not depend on just the arguments passed in each call of the module function, but also
on the target state of the materialisation. Since realistic module functions have no access to the target materialisation state,
it may be hard to show that the output of a function call satisfies the required conditions based solely on the function call
arguments. Second, to support efficient updates, most module functions will often need to maintain auxiliary information
of arbitrary structure, and the output of a module function will generally depend on the state of this auxiliary information
before each function call.

We will therefore need a more sophisticated approach to proving correctness of module functions, where we consider
how successive calls to module functions interact. In particular, we shall introduce the notion of a compatible call history,
which is effectively a sequence of possible calls to the module functions over a module’s lifetime. This notion will allow us
to prove the correctness of module functions more easily: we consider an arbitrary compatible call history, and we show by
induction on the call history length that each call in the history satisfies the lower and upper bounds identified earlier.

The rest of this section is organised as follows. In Section 5.2 we define the notions of modules and module functions, and
we also formalise the lower and upper bound requirements. Next, in Sections 5.3 and 5.4 we present our materialisation and
incremental update algorithms, respectively. Finally, in Section 5.5 we formulate conditions that calls to module functions
must satisfy, and we show that these conditions guarantee correctness of our algorithms.

5.2. Modules and module functions

We now define a key notion of a module. This notion should not be confused with ontology modules, which are subsets
of an ontology that are semantically independent from each other in a well-defined way.

Definition 6. A module is a Datalog program such that no predicate occurring in a negative literal also occurs in a rule head.

Definition 7 introduces a notion of a module partition, which captures how modules are used in our framework: a
Datalog program must be partitioned into disjoint modules so that each module is fully contained in a single stratum.

Definition 7. Let IT be a program, let A be a stratification of IT, and let S the maximum stratum index of A. A module partition
of TT w.r.t. A consists of modules MS* with 1 <s<S and 1 <k <n, such that M>! U-.-UMS"s =15 and MS* N MSK =0
for each 1 <s < S and all 1 <k <k’ <ns, where ns is the number of modules used for the stratum with index s.
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In other words, each stratum IT° is partitioned into modules M>!, ... MS". Our framework supports reasoning with
I1 using custom functions that compute the relevant consequences of modules MS¥. As we explained in Section 4.3, most
incremental update algorithms consist of an overdeletion, rederivation, and addition phase. Our framework follows these
principles and requires each module MK to supply three module functions, AddMs'k, DeIMS"k, and RedMs'k, that will be used
in the respective phases. Before presenting a definition of these functions, we first introduce three auxiliary operators that
we will use to formalise the conditions on the correctness of module functions.

Definition 8. For M a module and I, A~, and A™T datasets such that A= €I and AT NI =4, operator Ma[I: A=, AT] is
defined as

Ma[l: A=, AT] = U
reM

{ h(ro) | ro is an instance of r such that I j=b(ro), (13)

(I\N\AT)UAT E=b@ro), andh(ro) ¢ I\ AT UAT [’

Intuitively, operator Ma[I:A~, AT] computes the newly derived facts in one round of rule application of the seminaive
algorithm. It takes as input a materialisation I as computed thus far, and sets of facts A~ and A™ that were scheduled in the
last round of rule application to be removed from and added to I, respectively; thus, (I \ A7) U A% is the materialisation
after applying the changes from last round of rule application. The operator identifies the facts that should be added to
(I\ A7)UAT as a result of this change; intuitively, these are obtained by instances of the rules of M whose bodies hold
after, but not before the change.

Definition 9. For M a module and I°, I", A—, and AT datasets such that A~ € I" and AT N I" =, operator Mp[I°,I": A~
AT] is defined as

Mp[I°, I":A™, AT] = U
reM

(14)

h(ro) | ro is an instance of r such that I° =b(ro), I" =b(ro),
(I"\ATYUAT £b(ro), andh(ro) e (I"\ A7) U AT

Intuitively, operator Mp[I°, I": A=, AT] captures one-step overdeletion from the original DRed algorithm. It takes as
input the ‘old’ materialisation I° (i.e., the materialisation before any updates were applied), the ‘new’ materialisation I" as
computed thus far, and sets of facts A~ and AT that were scheduled in the last round of rule application to be removed
from and added to I", respectively; thus, (I"\ A™) U AT is the ‘new’ materialisation after applying the changes from last
round of rule application. The operator identifies the facts that should be removed from (I"\ A7)UA™" as a result of
this change; intuitively, these are obtained by instances of the rules of M whose bodies hold in I° (thus ensuring that
overdeletion is restricted to the consequences of M before any incremental updates are applied), as well as in I" before, but
not after the change.

Definition 10. For M a module and I°, I", and A datasets such that A C I°\ I", operator MRg[I°, I": A] is defined as

MRI[I°, I":A] = U h(ro) | ro is an instance of r such that I° =b(ro), I" =b(ro), and h(ro) € A . (15)
reM

Intuitively, operator Mg[I®, I": A] handles rederivation. It takes as input the ‘old’ materialisation I°, the ‘new’ materiali-
sation I" after overdeletion, and a set of overdeleted facts A. It returns the facts of A that should be rederived; intuitively,
these are obtained by instances of the rules in M that hold in both I° and I".

We are now ready to formalise our notion of module functions. Definition 11 formalises the conditions on the arguments
and the result of each module function call.

Definition 11. The implementation of a module M consists of module functions Add™, Del, and Red™. These functions can
be called as shown in the first column of Table 1, where datasets I, I°, I", A=, AT, A™, and A are the arguments and ] is
the result of a call. Given a dataset E, a program [T, a stratification A, and a stratum index s of A such that M C IT%, a call is
correct in the context of E, 1, A, and s if the arguments to the call satisfy the conditions from the second column of Table 1,
and the output | satisfies J; € J C J, for J; the lower bound and J, the upper bound from the third and fourth column of
Table 1, respectively.!

An important objective of our work is to devise a general framework that can capture and be combined with most
known reasoning algorithms. To attain this goal, we cannot define the lower and upper bounds on module function results

1 Please remember that abbreviations [oo[E)*, Mao[E]<*, and Ioo[E]=S used in Table 2 were defined in equation (6) in Section 3.

10
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Table 1

Module function calls.
Call Conditions on arguments Lower bound J; Upper bound J,
J:=AddM[[: A=, At A™] A~ CI AtNI=¢, AMC AT Mall: A, AT] Mo [EF\ (I\ AT)UAT)
J:=DeM[I°, "+ A=, AT:AM™] AT CI" ATAIN=0, AMC AT Mp[I° I AT, AT\ TI[E]  I°NOSN(U"\ AT)UAT)
J :==RedM[I°, I": A] AC(I°\IMNO* MglI°,I": A] Moo [EP\I"

purely in terms of function arguments; rather, the correctness of a call to a module function can only be judged in context
of the entire program IT and the ‘current’ set of explicit facts E whose materialisation is being computed. This is the main
difficulty in the technical development of our framework, and we discuss it in depth in Section 5.5. First, however, we
discuss the intuition behind our functions and present our materialisation and incremental reasoning algorithms.

Function Add™ handles fact addition and is used by both the materialisation and incremental update algorithms. Intu-
itively, it computes facts that should be added to the materialisation as a result of deleting facts in A~ and adding facts in
At. Set A™ will contain the facts derived by module M in the last round of rule application, which will allow the function
to avoid recomputing its own consequences and thus realise a form of nonrepetition property. The function must return at
least Ma[l:A~, A*]—that is, the facts that would be added by applying seminaive evaluation to M. However, the function
can return more; correctness is guaranteed as long as the result is contained in I [E], and in fact Add™ can even return
facts derivable by rules outside M (although this is unlikely in practice). Finally, Add" is not allowed to return facts con-
tained in (I \ A7) U A", which ensures termination by preventing the function from returning the same fact twice during
materialisation or incremental reasoning.

Function Del™ handles fact overdeletion and is used only by our incremental update algorithm. Intuitively, it computes
facts that should be deleted from the materialisation as a result of changing the current ‘new’ materialisation I" by deleting
A~ and adding A*. The function also accepts the ‘old’ materialisation I°, and set A™ plays the same role as in the case of
AddM. The function must return any fact that (i) would be overdeleted in the original DRed algorithm and (ii) does not hold
in the new materialisation IT[E]. The latter condition is essential for generality as it allows Del™ to incorporate various
optimisations of overdeletion. Again, the function is allowed to overdelete more: any fact from the ‘old’ materialisation
can be returned. Finally, to ensure termination, the function is not allowed to overdelete facts that have already been
overdeleted.

Function Red" handles rederivation and is also used only by our incremental update algorithm. Intuitively, it com-
putes the facts that hold in the ‘old’ materialisation I° and the ‘new’ materialisation I" as computed thus far. Operator
MR[I°, I": A] provides us with the lower bound, where set A identifies the facts whose status must be determined. How-
ever, function Red™ is allowed to rederive other facts that hold after deletion, and the upper bound is analogous to that of
AddM.

If no specialised procedures are available for a module M, functions Add™, DelM, and Red" can be implemented
generically as Ma[I: A, AT], Mp[I°, I": A~, AT], and MR[I°, I": A], respectively; if no other modules are used, our al-
gorithms reduce to seminaive evaluation and DRed. The B/F [64] and FBF [65] algorithms are obtained by modifying
Mp[I°, I": A=, A*] so that it searches eagerly for alternative derivations, and the B/F¢ and DRed® [43] algorithms can be
obtained by associating facts with derivation counters that are maintained by all functions. Such generic modules can be
freely combined with optimised modules that we discuss later in this paper, which makes our framework applicable to a
wide range of scenarios.

5.3. Computing the materialisation

Algorithm 2 takes as input a set of explicitly given facts E and a module partition of a Datalog program IT w.rt. a
stratification A, and it computes the materialisation I of IT and E. Correctness of the algorithm follows from Theorem 15 in
Section 5.5. The algorithm proceeds in a stratum-by-stratum manner similar to Algorithm 1. For each stratum, the algorithm
first adds the explicit facts in the current stratum (E N O°) to the materialisation I (line 10). Function AddM™* is then called
once for each module to identify the consequences of both the nonrecursive and the recursive rules of M5 on I (line 12),
followed by a loop (lines 13-18) where the recursive rules are evaluated up to the least fixpoint. In each iteration, the
algorithm first combines the consequences of all modules (line 15) and adds them to the materialisation I (line 14). Then,
function Add™*" is called for each module to identify the consequences of MK that should be added to I. In this step, Ay
contains the consequences of the module computed in the most recent completed round; a module function can use this
set to prevent redundant derivations, as well as to detect that only recursive rules of M5 need to be considered. The loop
terminates when no new facts are derived (line 16).

5.4. Incremental updates
Algorithm 3 shows how to compute incremental updates in our framework. Correctness of the algorithm follows from
Theorem 15 in Section 5.5. The algorithm takes as input a module partition of a program IT w.r.t. a stratification A, a set of

explicitly given facts E, the materialisation I = T [E], and two sets of facts E~ and E™ that are to be deleted from and
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Algorithm 2 M-MAT(I, A, E). Algorithm 3 M-Upp(I1, A, E, I, E~,E™).
8 1:=¢ 19: D:=A:=%, E :=(E"NE)\ET, Et:=Et\E
9: for each stratum index s with 1 <s < S do 20: for each stratum index s with 1 <s < S do
10:  A:=ENOC’ 21:  OVERDELETE
11: for each k with 1 <k <ns do 22: REDERIVE
12 AK = AddM™ [, T U A1 ] 23:  Abp
13:  loop 24: E:=(E\E")UE*", I:=(I\D)UA
}g IA:':_IZJIAU”_U Als 25: procedure OVERDELETE
. o 26: A:=E~NO*
16: if A =0 then break .
. 27: for each k with 1 <k <n; do
17: for each k with 1 <k <ns do 28 A e DM 1 11D\ AU A. A Dig
18: AR = AddM™ (10, A AK] : =Del™ [, 1:(D\A)UA, A\ D]
29: loop
30: D:=DUA
31: A:=ATU...UA"s
32: if A =0 then break
33: for each k with 1 <k <ns do
34: AR = De™™ [I, (1\ D) U A A, #: AK]

35: procedure REDERIVE

36: for each i with 1 <k <ns do

37 Ak = Red"" [I, 1\ D)UA:(DNO%)\ (E\ E)]
38:  A:=(E\E)NDNOHUA'U...UA"

39: procedure ADD
40: A:=AUETNO)\(U\D)UA)

41: for each k with 1 <k <ng do

42: AR = Add" ™ [1:D\ A, (A\ D) U A Ay]
43: loop

44: A:=AUA

45: A:=ATU...UA"

46: if A =( then break

47: for each k with 1 <k <ng do

48: Ak = AddM [(I1\ D) U A:¢, A: AK]

added to E, respectively. The algorithm updates I to the ‘new’ materialisation IToo[(E \ E~) U ET]. During the computation,
the algorithm frequently needs to refer to both the ‘old’ and the ‘new’ materialisation—that is, the materialisation before and
after update. To support this, the algorithm computes sets D and A of facts to be deleted from and added to I, respectively.
Thus, during the algorithm’s computation, I is the ‘old’ materialisation, and, after a stratum with index s has been processed,
(INO=%)\D)U A is the ‘new’ materialisation up to stratum index s—that is, (INO=5)\ D)UA =TI[(E\ E")UET]=S
holds at that point. Thus, upon termination, (I \ D) U A is the ‘new’ materialisation so the algorithm updates E and I
accordingly in line 24. Our algorithm processes the strata of IT and, in each one, it overdeletes facts, rederives facts that
hold after overdeletion, and finally inserts the explicitly added facts and computes their closure. We next discuss these three
phases in more detail.

At the start of the overdeletion phase for a stratum with index s, sets D\ A and A\ D contain facts deleted from and
added to the previous strata, respectively; moreover, in line 26, A is set to the set of facts deleted from the stratum with
index s. Thus, the initial calls to DelM** (lines 27-28) identify (at least) each fact that no longer holds because it is derived
by an instance of a rule in MK that depends positively on (D \ A) U A or negatively on A\ D. The facts obtained from each
module M5k are stored in a separate set A¥, which will be passed back to Del™™ on the subsequent call (lines 33-34); this
allows each module to identify its own conclusions from the most recent round of rule application and thus possibly prevent
redundant derivations. Next, the algorithm computes iteratively further facts that might need to be removed (lines 29-34).
In each iteration, the current set A is rolled into the set D of deleted facts (line 30), the consequences of all modules from
the previous round of rule application are combined into a new set A (line 31), and function Del™™* is called for each
module to identify new consequences of module MS¥ that should be overdeleted due to the deletion of A (lines 33-34).
These steps are repeated as long as at least one module identifies further deletion candidates.

Next, the algorithm identifies the rederivable facts by calling RedM™ for each module (lines 36-37). All facts that are
explicitly given after the update are rederived as well by adding them to A (line 38).

Finally, the algorithm proceeds with the addition phase. First, A is extended with all explicitly inserted facts (line 40).
Then, function Add™*™" is called once for each module (lines 41-42) to identify consequences of M that should be added
either because facts in D \ A from a previous stratum were deleted, or facts in (A \ D) U A were added. The current set A
is added to A (line 44), the consequences of all modules from the previous round of rule application are combined into
a new set A (line 45), and function AddM™" is called for each module to identify new consequences of module MS¥ that
should be added due to the addition of A (lines 47-48). These steps are repeated as long as at least one module identifies
facts that need to be inserted.
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5.5. Correctness of the modular reasoning framework

To ensure correctness of our algorithms, each call to a module function made during an execution of Algorithm 2 or
Algorithm 3 must satisfy the lower and upper bounds from Table 1. However, proving this is usually not straightforward.

First, the definitions of the lower bound for Del and the upper bounds for Add™ and RedM refer to the context in which
module M is used. This context involves the Datalog program IT being materialised, the stratum s of IT to which module M
belongs, and the target set of explicitly given facts E (i.e., the set of explicitly given facts after the update); this information
is used to determine the ‘new’ materialisation 1 [E]. Note, however, that the context information is not passed to the
module functions: a module function should concern itself solely with the rules of its module, rather than how a module is
used. For example, if we implement Add™ using rule application as in Definition 8, the implementation just needs to apply
the rules of M, and not concern itself with the rules in IT\ M. Moreover, module functions are unlikely to have access to
the ‘new’ materialisation I [E]. These observations, however, prevent us from proving correctness of a module function by
considering each function call in isolation. Instead, for each context in which a module function might be called, we need
to show that each call made in such a context satisfies the lower and upper bounds. For example, assume we wish to prove
that the generic implementation of Add™ satisfies the upper bound—that is, Ma[I: A=, AT] C TIoo[ETF \ (I \ A7) U AT).
First, we need to consider any program IT such that M CII, any stratification A that places M in stratum s of IT, and
any set of ‘target’ explicitly given facts E. Moreover, we need to consider only arguments that can actually be encountered
during a run of Algorithm 2 or 3: the required property does not hold if, for example, I contains facts outside IT1,[E]. This,
however, raises the question of what I, A~, and A" can function Add™ legitimately encounter when it is called.

Second, all module functions we present in Sections 6.2-6.5 maintain various internal data structures. Thus, the correct-
ness of a module function call will generally depend on the state of these data structures at the time of a call, and this state
will further depend on all previous calls to functions of this and other modules. For example, as we discussed in Example 5,
computing the symmetric-transitive closure of a binary predicate can be optimised by computing the set of connected
components of the predicate and then deriving connections among the elements of each component. Recomputing the set
of connected components each time a module function is called would be very inefficient. To overcome this drawback, our
module functions in Section 6.3 maintain the list of connected components in private data structures. Hence, the correctness
of each function call critically depends on this list correctly reflecting the state of the materialisation computed thus far.
Moreover, to ensure that the list is correctly maintained, the rederivation must be called exactly once after overdeletion and
before addition. Note however, that we cannot make any general assumptions about the nature of such information.

The above discussion suggests that proving correctness of each function call in isolation might be difficult or even
impossible. Instead, we need to consider all possible contexts in which a module can be used, and we also need to consider
all possible sequences of module function calls that can be produced by our algorithm; then, for each call in such a sequence,
we need to prove that the call satisfies the lower and upper bound from Table 1. At the same time, we should be able to
prove correctness of each module in isolation—that is, without considering other modules that might be used alongside the
module of interest.

To achieve these objectives, we next analyse the behaviour of Algorithms 2 and 3 in order to capture the structure of
allowed sequences of calls to the functions of one module. This will involve specifying the allowed order of calls to the
functions of one module, as well as identifying conditions that relate the arguments of adjacent function calls. Towards this
goal, we first introduce the notion of a call history for a module.

Definition 12. A call history H of length m for a module M is a finite, nonempty sequence of the form (16), where each Q;
with 0 <i <m is a finite, nonempty sequence of the form (17), and each C; ; with 1 < j <h; is a call to a module function
for M.

H:QO,anm (]6)
Qi=Ci1,....Cip (17)

Intuitively, a call history H consists of a series of runs Q; with 0 <i <m. Run Qg captures the calls to the functions of
module M made during the initial materialisation, whereas each Q; with i > 1 captures the calls made during subsequent
incremental updates. Each run Q; is simply a sequence of calls C; ; of the form shown in Table 1. The number of calls made
in different runs can clearly vary, so h; provides us with the number of calls in run Q;.

As we have already suggested, our algorithms will not produce arbitrary call histories: only histories satisfying the
conditions from the following definition need to be considered.

Definition 13. A call history H for a module M is compatible with a program II, a stratification A of I, a stratum index s
of A, and a sequence of datasets Ey, ..., Ep if

e M CIIS,
o the length of H is m,
e each call G j in H for 0 <i<m and 1 < j <h; satisfies the conditions from one row of Table 2.
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Table 2
Conditions on the structure of a call sequence.
Call C; j can be of the form... ..in which case its arguments must satisfy conditions from Table 1 and...
Al Joq1:=Add"[P:0, AT, 0] o Agy =Tle[Eo]l™ U (Eg NO®) (Ala)

fori=0and j=1

A2 Jij=AddY(I; 0, A;ijATj] e Cij_1 is of the form Ji j_q :=AddM[I; j_1: AT A:fj_liA;f‘j_l] (A2.a)
fori>0and j>1 oI,]_(I,J1\A[]1)UA”1 (A2.b)

. =Jij1 S Af ; € HoolEi° (A2.c)

D1 Ji1:= DelM[lﬁrlglegl,A;e@] e Ci_1p;_, is of the form Ji_yp, , :==Add"[li_1p, , EA;MH,A,.tLhH APy, 1 (Dla)
fori>1and j=1 o Jiiin, =9 (D1.b)

o 12,N0% = (it y \ A5 ])UA] 1h ) NO= (D1.c)
. 1°1_1 1 =Meo[Ei1] (D1.d)

o 1—(Hoc[Ex 1155\ oo [Ei]=*) U ((E; \ Ei—1) N O%) (Dle)

. ATI—Hoc[Ei]“\Hoc[EH]“ (D1.f)
D2 Jij _DeIM[I”, NiATLOAT] e Cijoq is of the form Ji o1 _DeIM[I,j eIy A;jfl,AfjilsAg‘H] (D2.a)
fori>1and j>1 . l‘f._HN[E, 1] (D2.b)
. 1" —(1" N4 1)UA,] ) (D2.¢)
i i .Il] 1S A C HeolEi—1 P (D2.d)

R Jij _RedM[Il], N e Cij_1 is of the form J; j_4 _DeIM[ll] NI A;jf].AjozAijl] (R.a)
fOl‘lZlal’ldj>l o Jij1=0 (Rb)

L4 l?_j:noo[El 1] (Rc)

o =07 \A l)UAl C (Rd)

. I” NO<* =TIy [E]“CI” NO=S C Mg [Ei]* (Re)

i AIJ—HOO[EI 1J3\(1;‘]U(E1 1 NEi)) (R.)
A3 Jij=Addl AT, AT AT e Cjog s of the form i jq :=RedM[I?, |, 17, i A ;1] (A3.)
fori>1and j>1 o lij=19; ; =TMulEi-1] (A3.b)

o A ;N0 =TMoolEi1]% \ Moo[Ei]™* (A3.c)
. Aj =T[Ei1]5 S\l,] . (A3.d)
. A;fjmoﬂznm[h‘] \ Moo[Ei1]<° (A3.e)

L4 A;nj = ]i,j—l < Ji,j*] U ((Ei OOS)\I{I’J‘_l) < AT] C Mo [Eil=* (A3.f)

Definition 13 can intuitively be understood as follows. First, program I1, stratification A, stratum index s, and datasets
Eo, ..., En all provide the context for the function calls. Note that we need a sequence of explicitly given datasets: each E;
provides the context for the calls in run Q; of H, so the number of runs in H must agree with the number of datasets.
Moreover, stratification A must assign all rules of M into a stratum with index s. Finally, Table 2 identifies the six types of
calls that our algorithms can make. As we shall see, a call of type A3 follows a call of type R, so we place it at the end of
Table 2 rather than with other calls of Add™. We next discuss the possible types of calls.

o A call of type Al is the first call of run Qg, so it corresponds to the call made in line 12 of Algorithm 2 during initial
materialisation. Condition (Al.a) captures the property established in line 10.

e By condition (A2.a), a call of type A2 follows another Add™ call in a run, so a call of type A2 is made in either
line 18 of Algorithm 2, or line 48 of Algorithm 3. Condition (A2.b) describes how the ‘new’ partial materialisation is
updated during addition. Finally, condition (A2.c) says that the output from the previous call is included into A,.JTJ. for
the current call, and the latter is contained in stratum s of the target materialisation ITo[E;].

e A call of type D1 is the first call of a run of our incremental update algorithm, and it is made in line 28 of Algorithm 3.
By condition (D1.a), this call follows the final Add" call from the previous run; condition (D1.b) ensures that this
previous call indicated completion of addition; and condition (D1.c) ensures all facts in strata with indices less than
or equal to s were updated correctly in the previous run. Condition (D1.d) ensure that arguments If_] and IE 1 of the
first DelM call in overdeletion reflect the ‘old’ materialisation. Finally, conditions (D1.e) and (D1.f) capture the fact that
updates to the facts from strata with indices less than s are contained in A;; and A", and line 26 overdeletes the
facts in E~ N O°.

e By condition (D2.a), a call of type D2 follows another Del call in a run, so a call of type D2 can be made only in
line 48 of Algorithm 3. Condition (D2.b) says that I?J is the ‘old’ materialisation, and condition (D2.c) describes how
the ‘new’ partial materialisation is updated during overdeletion. Finally, condition (D2.d) says that the output from the
previous call is included into A of the current call, and the latter is contained in stratum s of the ‘old’ materialisation
HOO[EI l]

i1’

14



P. Hu, B. Motik and 1. Horrocks Artificial Intelligence 308 (2022) 103726

e Each run contains just one call of type R made in line 37 of Algorithm 3. Condition (R.a) ensures that such a call
follows a Del™ call, which, by condition (R.b), must have indicated completion of overdeletion. Condition (R.c) ensures
that Iﬁj is the ‘old’ materialisation, and condition (R.d) describes how the ‘new’ partial materialisation is updated
during overdeletion. Condition (R.e) ensures that the facts in strata with indices less than s have been updated, and
all facts in the stratum with index s that no longer hold have been overdeleted. Finally, condition (R.f) describes the
argument to Red in line 37.

e By condition (A3.a), a call of type A3 may appear in a run only after a call to Red™; hence, a call of type A3 can be
made only in line 42 of Algorithm 3. Condition (A3.b) captures the fact that this call is passed the ‘old’ materialisation,
and conditions (A3.c) and (A3.e) say that A; i and AJ“. contain all necessary updates to facts in strata with indices
less than s. Finally, conditions (A3.d) and (A3 f) ensure that the facts in the stratum with index s belong to the ‘new’
materialisation.

We are now ready to formalise a key notion of correctness of module functions, which provides the foundation for
arguing about the correctness of our algorithms.

Definition 14. Functions Add™, Del™, and Red™ for a module M are correct if, for each program I1, each stratification A of
I1, each stratum index s of A, each sequence of datasets Ey, ..., Ep, and each call history H for M compatible with IT, 2, s,
and Eo, ..., Ep, each call C; j with 0<i<m and 1< j<h; in H is correct in the context of E;, I, A, and s.

Thus, to prove correctness of functions of module M, we must consider each program II, stratification A of IT, stratum
index s of A, sequence of datasets Ey, ..., Ep, and call history H that is compatible with IT, A, s, and Ey, ..., En. Then, we
must show that each call C; ; in H satisfies the lower and upper bounds from Table 1. This will usually be done by double
induction on the structure of H, where the ‘outer’ induction ranges over the runs of H, and the ‘inner’ induction ranges
over the calls of one run. All correctness proofs for the module functions we present in Sections 6.2-6.5 follow this pattern.
Crucially, such proofs need to consider only calls to functions of module M, and not functions of any other module from a
partition of IT.

Theorem 15 shows that, if a program IT is partitioned into modules with correct module functions, then Algorithm 2
correctly computes the initial materialisation, and Algorithm 3 correctly realises incremental updates. The proof is given in
Appendix A. This result shows that our framework is indeed modular: we can independently argue about the correctness
of each module by considering only the functions of that module, and we can freely combine correct modules without any
restrictions.

Theorem 15. Let I1 be a program, let A be a stratification of I1 with maximum stratum index S, let MK with1<s <Sand1 <k <n,
be the module partition of TI w.r.t. A such that module functions for each MS¥ are correct, let Eq, ..., Em be datasets, let I be
result of applying Algorithm 2 to T1, A, and Ey, and, for 1 <i <m, let I; be the result of successively applying Algorithm 3 to II, A,
Ef =Ei_1\Ej;and E;r =E;j\ Ei_1. Then, I; = TIx[E;] foreach0 <i <m.

6. Implementing common modules

In this section, we show how different types of modules can be incorporated into our framework. Towards this goal, in
Section 6.1 we first introduce an optimisation of overdeletion used by three of our modules. Then, in Sections 6.2-6.5 we
consider modules for transitive closure, symmetric-transitive closure, chain rules, and sequencing totally ordered elements.

6.1. Optimising overdeletion using oracles

Consider a Datalog program is partitioned into modules My and M;, where module M; implements the DRed® algorithm,
and module M, realises the symmetric-transitive closure algorithm as outlined in Example 5. To implement DRed®, module
M1 must track for each fact the number of nonrecursive derivations; but then, module M, can safely avoid overdeleting any
fact that has at least one nonrecursive derivation via a rule in module M. In other words, an optimisation of overdeletion
in My may depend on the information maintained and provided by M;. We capture such exchange of information among
modules using the following abstract notion of an oracle.

Definition 16. An oracle is a Boolean function on all facts. Oracle isTrue is correct in the context of a dataset E and program
IT if isTrue(F) =t implies F € I [E] for each fact F.

Intuitively, an oracle isTrue encapsulates an abstract mechanism that a module function can use to check whether a
fact holds after an update. An oracle must be sound: isTrue(F) =t informs the caller that F is known to hold in the ‘new’
materialisation. However, an oracle is unlikely to be complete: if isTrue(F) =f, one should not infer F ¢ I1[E]; thus, an
oracle that returns f on all facts is correct in all contexts. Module functions that we present in Sections 6.2-6.4 all use such
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an oracle; moreover, whenever a call to an oracle is made, we implicitly assume that the oracle is correct in the relevant
context.

Thus, if the partition of a Datalog program includes a module such as DRed® or B/F¢ that counts nonrecursive derivations,
one can provide an oracle that returns t precisely for the facts with at least one nonrecursive derivation. The system we im-
plemented to evaluate our algorithms (see Section 7) follows this approach, and we found this technique to be indispensable
in practice. Other ways to construct an oracle are certainly possible, and we shall consider them in future.

6.2. Computing the transitive closure

The ability to axiomatise a binary predicate as transitive is one of the most widely used features of Datalog. For example,
it is often used to determine connectivity in a network of objects, represent transitive part-of relations, or represent concept
hierarchies. As we argue in Example 2 (see Section 4.2), evaluation of a transitivity rule can be worst-case cubic in the
number of objects connected by the predicate. Therefore, optimising the evaluation of the transitivity rule has the potential
to significantly improve the performance of reasoning in a range of practical applications. Definition 17 introduces notation
for the module that we use in the rest of this paper.

Definition 17. For R a binary predicate, tc(R) is the module containing just the following rule:
R(x,y) AR(y,2) > R(x, 2). (18)

Our solution follows the general idea outlined in Example 4 of distinguishing the ‘internal’ facts produced by rule (8)
from the ‘external’ facts produced by other rules. A tc(r) module keeps track of the latter in a global set X® that is initially
empty. The way this set is maintained ensures that the transitive closure of X® coincides with the transitive closure of
predicate R in the materialisation. Thus, set Xk can be understood as a ‘backbone’ from which the transitive closure of
R can be recovered. This property is used in our module functions in a way that allows them to consider only instances
of rule (18) where the first atom is matched to a fact in the ‘backbone’ XR. This can reduce the number of rule instances
considered in the same way as in Example 4. Please note, however, that our solution cannot be captured by simple predicate
renaming as in Example 4. First, when reasoning incrementally, our technique can use an oracle to avoid overdeleting facts
that obviously hold. As we show shortly, this requires managing the set X® carefully in order to ensure completeness of
the approach. Second, the correctness of our approach is not affected if set X is at any point replaced by another set X’
provided that the transitive closures of X® and X’ coincide. In other words, set X® can be periodically minimised, which
can be needed to maintain the good performance of our technique after successive updates.

Based on these ideas, function Add'®®), shown in Algorithm 4, essentially implements seminaive evaluation for rule
(18) where the first atom is evaluated in XR: the loops in lines 52-53 and 54-57 handle the delta rules for the first and
second atom of rule (18), respectively. Function Del®®, shown in Algorithm 5, is analogous to Add®®. The main difference
between Add®® and Del®® js that the latter function uses an oracle to avoid deleting facts that obviously hold. This,
however, introduces a complication: as Example 22 shows, facts that are not overdeleted due to the oracle must be added
to the ‘backbone’ Xy after overdeletion. To achieve this, all such facts are added to an auxiliary set Y® (line 73), which is
added to X® during rederivation (line 76) and then cleared. Finally, function Red®®®), shown in Algorithm 6, identifies for
each source vertex u all vertices reachable by the external facts in XX.

Theorem 18 shows that our solution satisfies the correctness criterion from Definition 14. Moreover, Proposition 19
shows that set X® can be replaced by another one as suggested earlier without affecting the correctness of the module
functions. Both results are proved in Appendix B.

Theorem 18. Functions Add®®, Del®®) and Red®®®) are correct.

Proposition 19. The correctness of the Add®®) remains unaffected even if set X® is replaced after a call with another set X’ of R-facts
such that to(R) o[ XR] = te(R) o[ X'].

We next present several examples showing a run of our algorithms that demonstrate several important points. Exam-
ple 20 introduces the setting and shows how the addition function sets up a ‘backbone’ X,

Example 20. Let IT be the program containing rules (19) and (20), and let A be the stratification that assigns all rules in IT
to just one stratum. Furthermore, let M' and M? be the module partition of IT such that M! and M? contain rule (19) and
rule (20), respectively. We assume that the module functions for M! simply return M}\, M}, and Mé{. Moreover, the only
rule in M! is nonrecursive, so we also assume that the module maintains derivation counts for the rule and thus provides
an oracle isTrue; that is, isTrue(o) =1 for a fact «¢ if and only if the number of derivations of « using rule (19) is not zero.
Finally, we assume that the module functions for M2 are implemented using Algorithms 4-6 and they use the oracle isTrue
provided by M.
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Algorithm 4 Add®®[[: A= AT:A™].

Global variables: XR

49: A":=Q :={R(u,v) € AT |Ru,v) ¢ A™}

50: XR.=xRua’

51: J:=9¢

52: for each R(u,v) € A’ and each R(v,w) e (I\ A7)UA™ do

53: if R(u,w)¢ (I\A")UA+ U J then add R(u,w) to Q and J
54: while Q # ¢ do

55: remove an arbitrarily chosen fact R(v, w) from Q

56:  for each R(u,v) € X® do

57: if R(u,w)¢ (I\A")UA*T U J then add R(u,w) to Q and J
58: return |

Algorithm 5 Del®®[[° [": A= AtT:A™],

Global variables: XR YR

59: A':=Q :={R(u,v) e A~ |R(u,v) ¢ AMUYF)}
60: I':=1I"\ (A~ UYR)

61: J:=0

62: for each R(u,v) € A’ and each R(v,w) €I’ do
63:  if R(u,w) eI\ (A~ U JUYR) then

64: add R(u,w) to Q
65: if isTrue(R(u, w)) =f then add R(u, w) to |
66: else add R(u, w) to YR

67: while Q # ¢ do
68: remove an arbitrarily chosen fact R(v, w) from Q
69:  for each R(u,v) € Xk do

70: if R(u, w) e I"\ (A~ U JUYR) then

71: add R(u,w) to Q

72: if isTrue(R(u, w)) =f then add R(u, w) to J
73: else add R(u, w) to YR

74: XR:= xR\ A~

75: return |

Algorithm 6 Red©(®)[[° [":A].

Global variables: XR, YR

76: XR:=xRuyR

77: J:=YR:=p

78: for each u such that there exist v with R(u,v) € A do
79: for each w reachable from u via R-facts in X® do

80: if R(u, w) € A then add R(u, w) to |
81: return J
S, ¥) = R(x,y) (19)
R(x,y) AR(y,2) > R(x,2) (20)

Let E be as specified in equation (21), and consider applying Algorithm 2 to I, A, and E. This process derives facts shown
in equation (22), where I; = I [E]; moreover, the global set Xf of module M2 contains facts shown in equation (23) after
materialisation. We now discuss several important aspects of our algorithms.

E ={S(b,¢), R(c,d), R(d,e)} (21)
Iy ={R(b,c), R(b,d), R(b,e), R(c,e)} UE (22)
XR={R(b,0),R(c,d), R(d, e)} (23)

First, note that the transitive closure of Xf is equal to I1, but Xf is smaller than I;. In other words, Xf is the ‘backbone’
of the transitive closure contained in I, and it consists of the ‘external’ facts (i.e., facts that are either explicitly given in
the input or produced by other modules). Argument A™ is critical to our ability to distinguish the ‘external’ facts from the
facts produced by the module itself. For example, module M, derives R(c, e) in the first round of rule application so, in the
second round, this fact is passed back to M; as part of A*. Without any additional information, module M; would need
to consider fact R(c, e) as being ‘external’ and add it to Xf. To remedy this, our framework informs each module about the
facts that the module derived in the preceding round using the A™ argument. Thus, R(c,e) € A™ holds on the second call
to the addition function, so lines 49 and 50 ensure that fact R(c, e) is not added to XR. Analogous reasoning applies to the
rest of I1 \ XK.
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Second, by matching the first atom of rule (20) to XR, Algorithm 4 skips certain instances of the rule; for example, the
algorithm never considers instance R(b,d) A R(d, e) — R(b, e). This, however, does not affect the correctness of materialisa-
tion because the transitive closure of Xf provides the required materialisation. This can boost performance as discussed in
Example 4.

The following example shows how the ‘backbone’ is maintained in the presence of fact addition.

Example 21. Continuing Example 20, let E* be as specified in equation (24), and consider applying Algorithm 3 to II, A, ¢,
and E*. This process derives facts shown in equation (25), were I, = I1s[E U ET], and it updates the global set of module
Mj to X§ as shown in equation (26). In particular, module M' uses E* to derive R(a,c); fact R(c,e) is not derived by
M because it is already contained in I;. Fact R(a,c) is then passed to module M2, which incorporates it into the new
‘backbone’ Xf—that is, M? maintains the ‘backbone’ using the facts derived by other modules. Note that facts such as
R(a,d) and R(a,e) are not included into Xf because they can be recovered by transitively closing X§. Finally, note that
facts R(a, c), R(b,c), and R(c, e) all have one recursive derivation after the update, so the oracle isTrue returns t on all those
facts.

ET =({S(a,c), S(c,e)} (24)
I ={R(a,c),R(a,d), R(a,e)}Ul{ UET (25)
XX ={(R(a,¢), R(b, ), R(c,d), R(d, e)} (26)

Finally, the following example demonstrates several difficulties that need to be handled in overdeletion. These arise
largely due to an interaction between the oracle and the ‘backbone’.

Example 22. Continuing Example 21, let E~ be as specified in equation (27), and consider applying Algorithm 3 to IT, A, E—,
and ¢. Facts S(b,c) and S(c, e) are not affected by the update, so isTrue(R(b, ¢)) =isTrue(R(c, €)) =t holds both before and
after the update. In contrast, the first call to Del™ reduces the number of nonrecursive derivations of R(a, ¢) to zero, which
results in isTrue(R(a, ¢)) =f. Since M! is the first module considered in stratum with index 1, the oracle is updated before
it is used by module M2, which ensures correctness. Deletion exhibits several intricacies, so we next discuss the process in
detail.

E~ ={R(d,e), S(a, c)} (27)

Consider now the first call of Algorithm 5 during overdeletion. This call is made with argument A~ ={R(d, e), S(a, ¢)}:
even though module M, identifies that fact R(a,c) needs to be overdeleted, this fact will be passed to module
M, only in the second call. Moreover, (M3)p[I°, I": A, #] contains fact R(a,e): this fact is derived by the instance
R(a,d) A R(d, e) — R(a,e) of rule (20) where R(d,e) € A~. Finally, fact R(a,e) does not hold in the ‘new’ materialisation
because R(a, ¢) will be deleted eventually. Therefore, Algorithm 5 must return R(a, e) to satisfy the lower bound.

Now consider the execution of Algorithm 5. Fact R(d, e) is added to the set Q in line 59; as a result, fact R(c,e) is
considered in line 70 and subsequently in line 72. Since isTrue(R(c, e)) =t holds, the fact is known to hold after the update,
so Algorithm 5 does not overdelete R(c,e). One might expect that we do not need to consider further consequences of
R(c, e); but then, the algorithm would never examine and overdelete R(a, e) (as is needed for the lower bound). Intuitively,
this problem arises because our algorithm never considers the rule instance from the previous paragraph. Instead, the
algorithm matches the first body atom in X® and only considers instance R(a, c) A R(c, e) — R(a, e); now the second atom
of this rule instance is true after the update, and the first atom will be deleted eventually, but the algorithm is not yet
informed of this.

To remedy this, our algorithm considers the consequences of R(c, e) even though the fact is not overdeleted. This even-
tually ensures that the algorithm considers and overdeletes R(a, e). In a similar vein, fact R(b,e) depends on R(d,e), and
there is no evidence that the fact holds after the update; hence, fact R(b, e) is overdeleted too. In the second iteration of
overdeletion, fact S(a,c) is passed to function DeIMl, which overdeletes R(a, c). After overdeletion, sets X® and YR are as
follows.

XX ={R(b, ), R(c,d)} (28)
YR = (R(c, e)) (29)

In the rederivation phase, fact R(b, e) must be rederived. However, overdeletion changed the ‘backbone’ so that R(b, e)
does not follow from the transitive closure of X§, so Algorithm 6 must repair the ‘backbone’ in a way that restores this

property. This is the role of set YR: this set records the facts encountered during overdeletion that are known to hold after
the update, so that they can be added back to XR in line 76. In our example, this allows Algorithm 6 to correctly rederive
R(b,e).
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6.3. Computing the symmetric-transitive closure

While Section 6.2 deals with reachability in directed relations, applications often need to deal with undirected relations
as well. Reachability in undirected relations can be axiomatised as follows.

Definition 23. For R a binary predicate, stc(R) is the module containing the following two rules:
R(x,y) = R(y,%) (30)
R(x,y) AR(y,2) > R(x, 2). (31)

Rules of the form (30)-(31) abound in practice. For example, many ontologies we discuss in Section 7 contain symmetric
and transitive predicates: the FHKB ontology of genealogical relations contains predicates such as ‘is sibling of, and the
Relations life sciences ontology contains predicates such as ‘shares ancestor with’ and ‘is homologous to’. Thus, optimising
reasoning with stc(R) has the potential to improve reasoning performance in many practical scenarios.

Our approach to dealing with module stc(R) has already been suggested in Example 5. In particular, the rules of stc(R)
ensure that constants occurring in facts with predicate R are partitioned into connected components—that is, sets of mu-
tually reachable constants. Once we have identified connected components, we can simply connect all pairs of constants in
each component. Our main challenge is to maintain the list of connected components incrementally, rather than recompute
it after each update.

Module functions for stc(R), shown in Algorithms 7-9, show how to put these ideas into practice. They depend on
two global variables. Variable X® contains all connected components—that is, each member of X® is a set of constants
that are mutually connected in the current materialisation. This set is maintained incrementally during additions, deletions,
and rederivation. Global variable Y is used during deletion and rederivation only, and it keeps track of facts of the form
R(u’, v’) whose overdeletion was attempted, but which were identified by the oracle as holding after the update. Both sets
are initially empty.

Addition and rederivation both use an auxiliary function CLOSEEDGES(A), which computes the effects of adding the facts
in A to the connected components represented by the current value of X®. The function updates XX to reflect the connected
components after A has been added, and it returns the facts that should be added to the materialisation due to adding A. To
this end, the function considers in lines 85-90 each fact R(u, v) € A. If constant u does not occur in a connected component
in X%, then X® is updated by creating a new component containing just u, and R(u, u) is added to the function’s result
(line 86). Constant v is processed analogously (line 87). Finally, if u and v occur in distinct connected components in X%,
then the components are merged (line 89), and facts connecting pairs of constants from the two components are added to
the function’s result (line 90).

Function Adds®®®), shown in Algorithm 7, simply calls this function on A*\ A™ (i.e., the facts produced by other modules
in the last round of rule application), and it returns the facts that are not already contained in the materialisation. Function
Del*®  shown in Algorithm 8, processes each fact R(u, v) in A=\ A™ (i.e., each fact overdeleted by other modules in the
last round of rule application) such that u and v belong to the same connected component U (lines 93-97), it overdeletes
each fact R(u’, v/) with {u’, v/} C U that is not known to hold after the update (line 95), and it removes U from X® (line 97).
Each fact R(u’, v') that is known to hold after the update is added to YR in order to facilitate rederivation (line 96). Finally,
function Red*®® shown in Algorithm 9, simply closes the set YR as during addition (line 99) and empties it (line 100).

It is straightforward to see that the worst-case running times of our functions are determined by the loops in line 90
and 94-96, which require O (n?) time where n is the maximum size of a connected component. In contrast, evaluating
rules (30) and (31) using seminaive evaluation requires O(n®) time in the worst case. This improvement in worst-case
complexity is directly due to the fact that our optimised algorithms do not need to consider all instances of rule (31).
Theorem 24 shows that our solution satisfies the correctness criterion from Definition 14, and it is proved in Appendix C.

Theorem 24. Functions Addse®), Dels®) and RedS*®) are correct.
6.4. Reasoning with regular chain rules
In this section, we generalise our technique from Section 6.2 to a class of programs that can express very general

connectivity properties. In particular, we shall consider a specific subclass of chain programs [2], whose structure is captured
by the following definition.

Definition 25. A chain program is a Datalog program that contains only rules of the form
S1(X0,X1) A -+ A Sp(Xn—1, Xn) — R(x0, Xn). (32)
We consider a restriction of chain programs where the consequences of the program with a specific predicate can be
described using a regular language. Such programs are commonly called regular chain programs, and they have been stud-

ied extensively in numerous contexts. For example, Horrocks and Sattler [41] showed that regular chain programs can be
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Algorithm 7 AddSC®[[: A= AT:A™]
Global variables: X

82: return CLOSEEDGES(AT \ A™)\ ((I\ AT)UAY)

83: function CLOSEEDGES(A)

84: =0

85: for each R(u,v) € A do

86: if no U € X® exists such that u € U then add {u} to X, and R(u,u) to J
87: if no V e XR exists such that v € V then add {v} to X%, and R(v,v) to J
88: if u and v belong to distinct U € X® and V € X, respectively then

89: remove U and V from X%, and add UUV to XR

90: for each u’ € U and each v/ € V do add R(u/,v’) and R(v/,u’) to J

91: return |
Algorithm 8 DelSe(®[[° [": A= AT:A™].
Global variables: XR, YR
92: J:=0
93: for each U € X such that there exists R(u,v) € A=\ A™ with {u, v} C U do
94: for each u’ € U and each v’ € U do
95: if isTrue(R(u’, v')) =f then add R(u’, V') to |
96: else add R(u’,v') to YR
97:  remove U from XR
98: return JN(I"\ A7)
Algorithm 9 RedS®®)[[° ": A,
Global variables: YR
99: J :=CLoseEpGes(YR)n A
100: YR:=¢
101: return J

combined with description logics in a way that preserves decidability of reasoning. This work provided the foundation
for complex property inclusions in the Web Ontology Language (OWL) [60], which are extensively used in practical applica-
tions. Consequently, numerous applications can be expected to benefit from optimisations of reasoning with regular chain
programs.

To define regular chain programs formally, we first simplify the notions of rule unfolding presented in Section 3 to chain
programs. Let ¥, be the set of all binary predicates in the signature. Note that the body of each rule of the form (32)
naturally corresponds to the finite word S1, ..., Sy € £} of predicates from the rule body: for each word, we just need to
‘plug in’ the relevant variables. Moreover, unfolding of rules of the form (32) produces rules of the same form. This motivates
the following definition, which allows us to represent an unfolding of a binary predicate by a possibly infinite set of finite
words over Xj.

Definition 26. Given a chain program II, relation ~~; C X} x X is the smallest relation on finite words over ¥, such that
Pi,...,Pp~nP1,...,Pi—1,S1,...,Sn, Pit1, ..., Pm holds for all binary predicates Pq,..., P, and each rule in IT of the
form (32) where R = P;. Let ~}; be the reflexive-transitive closure of ~~p. Then, a word P1, ..., P, is an unfolding of a
binary predicate R w.r.t. IT if R ~J; P1, ..., Py.

Since each rule of the form (32) contains at least one body atom, each unfolding of a predicate is nonempty. Proposi-
tion 27 reformulates the characterisation of predicate unfolding from Section 3: each derivation of a binary fact in a chain
program corresponds to a path in the set of explicitly given facts matching one unfolding of the fact’s predicate.

Proposition 27. For I1 a chain program, R a binary predicate, E a set of explicitly given facts, and a and b constants, R(a, b) € 1 [E]
if and only if there exist an unfolding P1,..., P, of R w.rt. I1 and constants cg,c1,...,Cn Such that co =a, c,=b, and
{P1(co,€1), ..., Pa(cn—1,cn)} € E.

The set of unfoldings of each binary predicate in a chain program can thus be viewed as a language over an alphabet
3p, which motivates the following definition.

Definition 28. A chain program IT is regular if, for each binary predicate R, the language of all unfoldings of R w.r.t. IT is
regular.

We write Iy, to stress that IT is a regular chain program. For each binary predicate R from the head of a rule in I,
we fix a nondeterministic finite automaton (NFA) NR = (QR, %, 8R, g, FR) that accepts precisely all unfoldings of R w.r.t.
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NFA NR NFA N°

R R
SORNO @ —(2)

Fig. 1. NFAs for predicates R (left) and S (right) from Example 29.

IT; here, QR is the finite set of states, 5% : QR x &, — 22" is the transition function, qR is the start state, and FR C QR is
the set of final states. We assume that the states of each NFA are private to the NFA—that is, Q &t N Q ®2 = ¢ for all distinct
Ry and R,. We also assume that each NFA is free of e-transitions; this is without loss of generality as such transitions can
always be eliminated. Finally, since unfoldings are not empty, sf ¢ FR holds—that is, the start state is never also a final
state.

While chain programs can be easily recognised syntactically, determining whether a chain program is regular involves
checking a semantic property. Note that the rules of a chain program straightforwardly correspond to productions of a pure
context-free grammar (i.e., a context-free grammar that does not distinguish between terminal and nonterminal symbols).
Maurer et al. [57] conjectured that checking whether a pure context-free grammar generates a regular language is unde-
cidable, and we are unaware of a result that settles this question. Several sufficient and practically verifiable restrictions of
chain programs have been developed [41,48], and all of them provide ways to construct the relevant NFAs. Moreover, the
restrictions by Horrocks and Sattler [41] have been incorporated into the OWL 2 DL ontology language, and they are widely
used in practice; thus, the results from this section are applicable to the chain programs obtained by translating OWL 2 DL
ontologies.

We next outline a well-known technique for reasoning with regular chain rules by NFA traversal, instead of seminaive
evaluation. Variants of this technique have been considered in numerous different contexts, such as description logic reason-
ing [41] and incremental Datalog evaluation [24]. Our approach manipulates g-facts—expressions of the form q(u, v) where
u and v are constants and q is an NFA state; a finite set of g-facts is called a g-dataset. Now let E be a set of explicitly
given facts, and let N” be an NFA that accepts precisely all unfoldings of a predicate P w.r.t. a regular chain program I1. We
can compute all facts with the P predicate in ITs[E] using Proposition 27; the so-called product construction [9] describes
this from a conceptual point of view, but we next outline a procedure that is more amenable to practical implementation.
First, we initialise a g-dataset with a g-fact of the form qf (a, a) for each constant a in E, where qf is the start state of N,
Next, we exhaustively apply the following step: for each q(a, b) that has already been derived, each R(b,c) € E, and each
R-transition from q to ¢’ in NP, we derive q'(a, c). Once this process reaches the least fixpoint, for each q(a, b) that has
been derived where q is a final state of N”, we derive P(a,b). Example 29 shows that, in a way similar to Section 6.2, such
a technique can reduce the complexity of rule matching.

Example 29. Let IT contain rules (33) and (34). For E as specified in equation (35), the materialisation I of IT w.r.t. E is
shown in equation (36).

R(x,¥y) AR(y,2) = R(x,2) (33)
SX,¥Y)AR(y,z) = S(x,2) (34)
E={R(ci,cit1) |1 <i<n}U{S(dk,c1) |1 <k =m} (35)
I=ToolE] ={R(ci,cj) |1 <i<j<n}U{S{dk.cj) |1 <k=<m,1<j<n} (36)

Note that O (n?) rule instances of the form (37) and O(mn?) rule instances of the form (38) are applicable to I; thus,
seminaive evaluation requires O (n® +mn?) steps.

R(ci, cj) AR(cj, ce) = R(ci, cp) withl<i<j<{<n (37)
S(dk, ¢i) AR(ci, ¢j) = S(d, ¢j) withl <k<mand1<i<j<n (38)

To apply the automata-based approach, first note that NFAs N® and NS from Fig. 1 accept precisely the unfoldings
of R and S, respectively. To apply NR to E, we derive qo(dy,dy) for 1<k <m and qo(cj,c;) for 1<i<n; then, using
qo(ci, ¢i) and R(cj, ciy1) we derive q1(ci, ciyq) for 1 <i <n; finally, using q1(ci,c;) and R(cj,cji1) we derive q1(ci, Cjt1)
for 1 <i < j <n. This process clearly takes O (n?) steps. To apply N5 to E, we derive qy(dk,d;) for 1 <k <m and q2(c;, c;)
for 1 <i <n; then, using q(dk, dx) and S(dg,c1) we derive q3(dk,c1) for 1 <k <m; finally, using q3(d, ¢;) and R(ci, Ci+1)
we derive q3(dg, ci+1) for 1 <i <n. This process clearly takes O(mn) steps. Hence, the complexity of reasoning with IT is
quadratic, rather than cubic. As in Section 6.2, this improvement arises because NFA traversal considers only the facts in E
(i.e., the ‘backbone’), and not the facts derived by the traversal itself. The algorithms presented in this section generalise the
ones from Section 6.2; however, the algorithms for transitivity are nevertheless useful in practice because they do not incur
the overhead of maintaining g-facts.
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Note that the complexity improvements disappear if we consider the two rules in isolation. For example, we can apply
rule (33) in O(n?) steps using either the NFA approach or as in Section 6.2. However, if we then apply rule (33) to all
consequences of rule (33), both the seminaive evaluation and the automata-based approach require O(mn?) steps. Intu-
itively, an NFA for a predicate encodes all consequences of all rules, so the rules in a regular chain program do not need
to exchange information; thus, each NFA can be matched against the same ‘backbone’ and thus benefit from performance
improvements.

Another benefit of our approach is that NFAs can be converted into DFAs and then minimised. Although the first of
these steps is worst-case exponential, an exponential blowup rarely occurs in practice in our experience; moreover, NFAs
are typically quite small so, even if an exponential blowup occurs, the resulting DFAs are still of manageable sizes. Finally,
DFA minimisation can be seen as elimination of redundancy from a program, which is beneficial for performance.

Based on these ideas, Algorithms 10-12 implement functions Add™«", Del™* and Red™" for a module I, consisting
of regular chain rules. The algorithms maintain several global variables, all of which are initially empty. In particular, sets
X and Y play the same role as sets X® and YR in Section 6.2: the former contains the ‘backbone’ facts produced by
other modules, and the latter collects facts that are not overdeleted due to the oracle. Moreover, our algorithms use g-facts
to represent partial matches of NFAs, but these cannot be stored in the materialisation or passed in sets A* and A~.
Therefore, a global g-dataset I9 collects the g-facts derived thus far and thus ‘shadows’ the materialisation, and another
global g-dataset A collects all g-facts considered during deletion. Since NFAs do not share states, we need just one 19 and
one AY. Finally, for each predicate R; occurring in the head of a rule in I, our algorithms use a global set of constants
ZRi whose role will be clarified shortly.

The addition and the rederivation functions use an auxiliary function ADDEDGES(A, Q, B), whose task is to return the
g-facts that should be added to I9 as a result of extending the materialisation with ‘ordinary’ facts in A. Set B contains
‘blocked’ g-facts—that is, facts that have already been derived and should not be returned. Finally, set Q contains additional
g-facts that should be considered. The function is similar to function Add®® from Section 6.2, and the main difference is
that it needs to maintain both g-facts and ‘ordinary’ facts. The function keeps track of the g-facts to be processed in set
Q, and it collects the resulting g-facts in an auxiliary set J9. Processing is split into two parts. In lines 107-112, each fact
R(v, w) produced by other modules (and thus to be added to the materialisation) is considered and added to the ‘backbone’
X (line 108). Next, each R-transition from state q; to state gy in each NFA NS is considered (line 109). If g7 is the start
state qsS of N5, go(v, w) is derived to record the move from the start state (line 110). Thus, unlike the approach outlined in
Example 29, q3 (v, v) is not derived; however, this is not a problem because g3 cannot be a final state of N5 and so it does
not need to be considered in line 104 or 142. Moreover, each g-state q1(u, v) in 19 shows that there is a word connecting
u and v that moves the NFA into state g1, and fact R(v, w) allows this word to be extended and move the NFA to g3, so
q2(u, w) is derived (lines 111-112). After processing all facts in A, the set of g-facts is closed to a fixpoint (lines 113-116)
by joining each g-fact g1 (u, v) from Q (line 113) with each fact R(v, w) from the ‘backbone’ that corresponds to a transition
of some NFA N° from q; (line 115).

Function Add'en then simply calls ADDEDGES on the set of facts A~ \ A™—that is, facts produced by other modules
in the preceding round of rule applications. Argument I ensures that the function derives g-facts only for transitions
not considered previously. Once set J9 of newly derived g-facts is produced, it is added to I9 (line 103), and each g-fact
corresponding to a finishing state of an NFA is converted into an ordinary fact (line 104).

Function Del™n computes in lines 119-128 the g-facts that should be deleted from I9 as a result of deleting the facts
in A™. This process is analogous to ADDEDGES: lines 119-123 compute the direct consequences of A~, and lines 124-128
compute the fixpoint. Set A? keeps track of all g-facts encountered during overdeletion so we can overdelete each g-fact
just once. To convert J9 to ordinary facts, each overdeleted g-fact q(u, v) € J? is considered (lines 129-134), and the NFA
NF that g belongs to is identified (line 130). Note that q(u, v) may need to be rederived, but neither u nor v will necessarily
occur in the arguments passed to the rederivation functions; thus, to keep track of constants that should be revisited during
rederivation, constant u is added to the global set Z® (line 131). Note that Z® is associated with NFA NR —that is, a separate
set is maintained for each NFA. Moreover, if q is a final state of N®, then q(u, v) corresponds to the ordinary fact R(u, v).
As in Section 6.2, an oracle is consulted to see whether overdeleting R(u, v) can be avoided; if so, R(u, v) is added to the
global set Y for the same reasons as in Section 6.2. Finally, 19 and AY are updated and A~ is removed from the backbone
(line 135).

Function Red"*n deals with rederivation. As mentioned already, argument A provides no information about which tran-
sitions have been overdeleted. Therefore, each constant u € Z° from the set associated with NFA N° is considered; if the
NFA contains a transition from u that can be matched to a fact R(u, v) € X in the ‘backbone’, q(u, v) is added to the set
Q (lines 138-139). Function ADDEDGES(Y, Q, ) then computes the g-facts needed to close set Q and also adds Y into
the ‘backbone’; the need for the latter is the same as in Section 6.2. Finally, the g-facts are converted into ordinary facts
(line 142) as in addition.

Theorem 30 shows that our solution satisfies the correctness criterion from Definition 14, and it is proved in Ap-
pendix D.

Theorem 30. Functions Add, Del™n and Red™" are correct.
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Algorithm 10 Add™e[]: A= AT:A™M],

Global variables: [9, X

102: J9:=ADDEDGES(AT \ A™, @, I9)
103: 19:= 19U Jd
104: return {R(u, v) |3q € FR such that q(u, v) € J9 and R(u,v) ¢ (I \ A7) U AT}

105: function ADDEDGES(A, Q, B)

106: J1:=Q

107: for each R(v, w) € A such that R appears in I, do
108: X:=XU{R(v,w)}

109: for each predicate S occurring in the head of a rule in I,y and all q1,q2 € Q5 such that g, € §5(q1, R) do
110: if q1 =qsS and q2(v, w) ¢ BU J7 then add g,(v, w) to Q and J9

111: for each qq(u,v) €19 do

112: if g2(u, w) ¢ BU J9 then add q2(u, w) to Q and J9

113: while Q # ¢ do

114: remove an arbitrarily chosen fact q; (u, v) from Q

115: for each predicate S occurring in the head of a rule in I, each R(v, w) € X, and each q; € §5(q1, R) do
116: if g2(u, w) ¢ BU J7 then add g, (u, w) to Q and J9

117: return J7

Algorithm 11 Delllen[[° [M: A= A+ AM].

Global variables: 19, AY, X, Y, zRi, ... ZRn

118: Q ::]::]q =0
119: for each R(v, w) € A~ such that R appears in I, do

120: for each predicate S occurring in the head of a rule in I, and all q1,q, € QS such that Q2 € 65(q1, R) do

121: if qq =q55 and q2(v, w) ¢ AU J9 then add q2(v, w) to Q and J9
122: for each qq(u,v) €19 do

123: if g2(u, w) ¢ A9U J9 then add g2 (u, w) to Q and J7

124: while Q # ¢ do

125: remove an arbitrarily chosen fact g (u, v) from Q

126: Let S be the predicate occurring in the head of a rule in I such that g; € Q5

127 for each R(v, w) € X and each q; € 55(q1, R) do
128: if g2 (u, w) ¢ AU J9 then add g (u, w) to Q and J?
129: for each q(u, v) € J7 do

130: Let R be the predicate occurring in the head of a rule in Iy, such that g € QR

131: ZR:=zRu{u)

132: if g FR and R(u,v) €I\ (A~ U JUY) then
133: if isTrue(R(u, v)) =t then Y :=Y U {R(u, v)}
134: else J:=JU{R(u,v)}

135: 17:=19\ J9, AT:=ATU ]9, X:=X\A"

136: return J

Algorithm 12 Red™en[[°, [": A].

Global variables: 19, A9, X, Y, ZRt .. 7R«

137: Q =0

138: for each predicate S occurring in the head of a rule in Iy, each u € Z5, each R(u, v) € X, and each q € 5°(q3, R) do

139: if q(u,v) ¢ Q then add q(u,v) to Q

140: J9:= ApDEDGES(Y, Q, ¥)

141: 19:=190 J9, Al:=Y:=ZR.=....= 7R .=y
142: return {S(u, v) € A | 3q € F® such that q(u, v) € 19}

Algorithms 10-12 correspond closely to Algorithms 4-6 from Section 6.2, but there is a notable difference: Del®® skips
facts in A™ U YR in line 59, whereas Del" does not do the same in line 119. The following example illustrates the rationale

for this.

Example 31. Consider a program IT partitioned into two modules assigned to one stratum: M! contains rules (39)-(41) and
M? contains rules (42)-(43). Moreover, we assume that the functions for M! return M1 [I]\ ((I\ A7) U AT), M}, and M},
and that M2 is handled by Algorithms 10-12 that use NFAs N® and NT from Fig. 2 and an oracle that always returns f.

U, y)— S, y)

S5, y)—> Tk y)

U, y) > WK,y

W, y) > TK,y)
Tx,y)AV(y,z) > R(x, 2)
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NFA NR @ NFA NT
start *>
T

Fig. 2. NFAs for predicates R (left) and T (right) from Example 31.

We apply Algorithm 2 to IT and E from equation (44). Since AddM! essentially returns the upper bound, S(a, b), T(a, b),
and W (a, b) are all derived in line 12. In the same line, AddM2 adds V(b,c) to X, but keeps 11 empty. Then, in line 18,
Add™’ adds T(a,b) and W(a,b) to X, updates I9, and derives R(a,c). Materialisation thus derives the facts shown in
equation (45) where I; = IN[E], and the global sets X and I9 of module M2 are shown in equations (46) and (47).

E={U(a,b),V(b,c)} (44)
I={S(a,b), T(a,b), W(a,b),R(a,c)} UE (45)
X ={T(a,b), W(a,b), V(b,c)} (46)
19=1{q1(a,0),q2(a, b),q3(a, b), qs(a, b)} (47)
E- ={U(a,b)} (48)
ET ={V(b,d)} (49)

We next apply Algorithm 3 to IT and sets E~ and E* from equations (48) and (49). The algorithm makes the first
call to the module functions during overdeletion in line 28. Function DelM' implements one-step rule application; thus,
due to rules (39) and (41) and the deletion of U(a, b), it overdeletes S(a,b) and W (a, b). Function Del™” does not up-
date X or I9 at this point since predicate U does not appear in M2, The algorithm next proceeds to the first iteration of
lines 29-34. Function Del™' overdeletes T(a,b) using S(a,b) and rule (40). Function Del™ removes W (a,b) from X, re-
moves qs(a, b), q2(a,b), and q1(a,c) from 9, and finally overdeletes T(a,b) and R(a,c) in line 134. Thus, after the first
iteration of lines 29-34, we have I9={qs(a,b)}. In the second iteration of lines 29-34, function Del™® is called with
A~ ={T(a,b),R(a,c)} and A™ ={T(a, b), R(a, c)}. If at this point we were to skip the facts in A™ in line 119, then the
g-fact g3(a, b) would be kept after overdeletion, which would be incorrect: T(a, b) is overdeleted so there does not exist a
word that connects a and b and that moves NFA NR from qg to g3. Therefore, in the addition phase, function Add™* would
join the added fact V (b,d) with g3(a, b) in line 42; thus, q1(a,d) would be added to I9 and R(a,d) would be added to I.
The latter, however, is incorrect: fact R(a, d) does not hold after update.

Intuitively, facts in A~ cannot be skipped in line 119 because they can give rise to partial matches of NFAs. In contrast,
Algorithm 5 is conceptually applied to a simpler automaton whose structure allows for such an optimisation.

6.5. Sequencing totally ordered elements

The modules considered in Sections 6.2-6.4 are similar in that they involve negation-free recursive rules that express
various forms of connectivity over binary predicates, which raises the question of whether our framework is beneficial only
in such scenarios. To show that this is not the case, in this section we present a module that involves just one nonrecursive
rule with negation. The motivation for this module arose while working with a well-known financial institution on an
application of Datalog in the financial services domain. The goal of our application was to identify fraudulent transactions by
describing suspicious transactions declaratively using Datalog and then using a highly optimised Datalog reasoner to analyse
the data. A key requirement was to order a set of transactions into a sequence according to the transactions’ timestamps.
For example, given transactions t1, ty, and t3 with timestamps 2, 5, and 9, respectively, our program had to derive a ‘follows’
relationship between t; and t,, and t, and t3. This relationship was used in patterns such as ‘three consecutive transactions
between the same accounts within a time period’. To discuss the technical challenges in doing so, we first reformulate the
problem in more abstract terms.

To compare timestamps, we must extend Datalog with builtin predicates. To this end, we assume that the signature
contains a special binary predicate <, which is usually written using the infix notation: instead of <(tj,ty), we write
(t1 < tz). A rule is allowed to contain such atoms only in the body, and each variable occurring in such an atom must
also occur in an ‘ordinary’ positive body atom. Finally, predicate < is interpreted as a total order over all constants in the
signature—that is, we extend each dataset I} from equation (5) in Section 3 with the infinite set of facts involving the <
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predicate. Since < is not allowed to occur in rule heads, the facts involving the < predicate are the same in every I}, so we
do not need to store them explicitly; moreover, the restriction on variable use ensures that no rule derives infinitely many
facts. Thus, builtin predicates do not change the nature of Datalog in any significant way [18], and it is straightforward to
see that our framework can use them too.

With this extension in place, we can now formulate our problem as follows. We assume facts of the form P(a;) enumer-
ate all constants that need to be arranged into a sequence—that is, unary predicate P identifies the domain of our sequence.
Our objective is to derive facts of the form R(a;,a;) for all pairs of a; and a; such that a; <a; holds, and for which no
constant a, exists that satisfies a; < a, < a;. This condition is captured directly by the following definition.

Definition 32. For P a unary predicate, R a binary predicate, and < a total order over all constants, seq(P, R, <) is the
module containing the following rule:

Px)AP(yY)A(x<y)AnotIz.(P(2)AX<2)A(z<Yy)) — RKx,y). (50)

To apply Definition 32 to our example, we would use P to enumerate all relevant time stamps and let R be the ‘fol-
lows’ relation. In practice, it might be more convenient to modify rule (50) so that it derives the ‘follows’ relationship
between transactions, rather than transaction timestamps. Such modifications are straightforward and they do not signifi-
cantly change the nature of our algorithms, so we do not consider them further for the sake of simplicity.

Now let n be the number of facts of the form P(a;), and let us assume that atoms of the form (a; < a;) can be evaluated
in constant time. To evaluate rule (50) using seminaive evaluation, we need to consider O (n?) rule instances of the form

P(a;) A P(aj) A (a; < aj) Anot3z.(P(2) A (a; < 2) A (z < aj)) — R(a;, aj).

To evaluate the negative body literal, we need to consider O(n) possible bindings for z: evaluating (a; < z) may produce
infinitely many candidates for z, so we need to evaluate atom P(z) first. Thus, the worst-case complexity of rule evaluation
is 0 (n%). Due to this, the application we discussed above could initially process only very small inputs.

However, rule (50) can be applied more efficiently: we retrieve all constants ay,...,a, occurring in facts with the P
predicate, sort these constants according to the < predicate, and derive R(a;, a;) for all pairs of adjacent constants in the
sorted list. The worst-case complexity of such a solution is clearly determined by the sorting step, which can be realised
in O(nlogn) steps using, for example, the heap sort algorithm. Even with an algorithm such as quicksort whose worst-case
running time is O (n?), such a solution is still considerably more efficient than seminaive evaluation.

Based on this idea, Algorithms 13-15 present functions for the seq(P, R, <) module. Our main challenge is to adapt our
idea to the incremental setting. To avoid recomputing the sorted list of constants in each module function call, our module
maintains a global list of sorted constants S”. The addition function then extends S with the constants from facts with the
P predicate (line 144); an incremental algorithm such as heap sort can be used to keep S” sorted. Then, in lines 145-147
the algorithm identifies instances of rule (50) where P(b) € AT is matched to P(x) or P(y); and in lines 148-149 the
algorithm identifies instances of rule (50) where P(b) € A~ is matched to P(z). The deletion function is analogous and it
essentially just reverses this process. Finally, the rederivation function simply returns each fact R(a, b) € A where b comes
immediately after a in the sorted list S”. Theorem 33 shows that our solution satisfies the correctness criterion from
Definition 14, and it is proved in Appendix E.

Theorem 33. Functions Add®¢9(P-R.<) pe|sed(P-R.<) 'qnd Red®ed(P-R-<) gre correct.
7. Empirical evaluation

To evaluate our work, we have implemented our algorithms in a new research prototype. We then conducted several
experiments in order to investigate how our approaches perform under a variety of workloads. In this section, we discuss
our test systems and benchmarks, then we present our experimental setup, and finally we discuss the results. Our test
systems, test data, and results are available online.?

7.1. Test systems

In order to simplify the development effort, we implemented our system on top of data storage and indexing mechanisms
from RDFox [61]—a state-of-the-art system for Datalog reasoning over RDF data. Our system thus stores RDF triples, which
are facts of the form (s, p, o) where s, p, and o are constants called subject, predicate, and object. All modules considered
in this paper deal only with unary and binary facts, which we transformed into triples by converting each fact of the form
C(a) or R(a,b) into a triple (a, rdf:type, C) or (a, R, b), respectively. RDFox stores all of its triples in RAM, and it provides an
interface for retrieving triples matching a single atom; we implemented our algorithms on top of this interface. Our system

2 https://krr-nas.cs.ox.ac.uk/2021/modular-reasoning.
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Algorithm 13 AddSed(P-R-[[: A= AtT:AM],

Global variable: S”

143; =0

144: add each b with P(b) € AT to S¥ while keeping S” sorted according to <
145: for each P(b) € At do

146: if b has an immediate predecessor a in S” then J:= J U{R(a,b)}

147: if b has an immediate successor ¢ in S? then J:= J U {R(b, )}

148: for each P(b) € A~ do

149: if b has an immediate predecessor a in S” and an immediate successor ¢ in S” then ] := J U{R(a,c)}
150: return J\ ((I\ A7) UA")

Algorithm 14 Delsed("-R.<)[[o [n: A= A+:AM],

Global variable: S”

151: J:=0

152: for each P(b) e A~ do

153: if b has an immediate predecessor a in S” then J:= J U{R(a,b)}

154: if b has an immediate successor ¢ in S? then J:= J U {R(b,c)}

155: for each P(b) € A" do

156: if b has an immediate predecessor a in S” and an immediate successor ¢ in S” then ] := J U {R(a,c)}
157: remove each b with P(b) € A~ from S and keep S” sorted according to <
158: return J N (I"\ A7)
Algorithm 15 Redsed(P-R. <)o n: Aj,

Global variable: S”

159: J:=0

160: for each R(a,b) € A do

161: if b is the immediate successor of a in S” then ] := J U{R(a,b)}

162: return J

Table 3

Benchmark statistics.
Benchmark |E| (k) |11 (k) [T |TT,] S tc stc rch  seq
Claros-LE 18793.3 533348.9 1031 306 11 27 2 0 0
LUBM-LE 1335739 3326154 85 22 5 1 2 0 0
DBpedia-SKOS 5000.0 96992.9 26 15 5 2 1 0 0
DAG-R 100.0 22886.1 1 1 1 1 0 0 0
Family 1000.0 51252.3 202 162 10 5 3 0 0
Relations-STD 854.6 212220.7 985 520 18 42 3 0 0
Relations-ALL 42 3 8 0
Relations-CUS 40 3 1 0
Seq 2001.0 2003.0 1 0 1 0 0 0 1

creates one module per stratum that contains all rules in the stratum for which no specialised algorithms exist. Such rules
are handled as in DRed‘: as outlined in Section 2.3, each fact is associated with counters that keep track of nonrecursive
and recursive derivations; the former is used to prevent unnecessary overdeletion, and the latter is used to rederive facts
without any ‘backward’ rule evaluation. The nonrecursive counter is also used as a global oracle that is available to all other
modules, as described in Section 6.1. Our system thus combines DRed¢ with modular reasoning, so we call it M-Dred®. The
system is written in C++ and it runs on Linux.

DRed® and B/F® were shown to outperform standard DRed and B/F on a wide range of inputs, so they provide a natural
baseline for comparison with M-DRed".

7.2. Test benchmarks

We compared our test systems on a range of real-world and synthetic benchmarks. For each benchmark, Table 3 shows
the numbers of explicit (|E|) and derived (|I|) facts, nonrecursive (|I1,,|) and recursive (|I1,|) rules, and strata (S), as well
as the numbers of modules in the partition of the benchmark program (but we do not count the generic modules based on
standard rule matching). We next briefly describe each benchmark.

Claros® is a dataset about archaeological artefacts, and its structure is described by an OWL ontology. We used the lower
bound extended (Claros-LE) program by Motik et al. [61], which was obtained from the Claros ontology by removing axioms

3 https://eng.ox.ac.uk/claros/.
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with features such as existential quantification and disjunction that cannot be captured in Datalog, converting the remaining
axioms into rules, and manually adding several ‘difficult’ rules.

LUBM [37] is a well-known benchmark that models individuals and organisations in a university domain. We used the
lower bound extended program by Motik et al. [61], which was obtained analogously to Claros-LE.

DBpedia [52] contains structured information extracted from Wikipedia. Various Wikipedia categories are represented
using the SKOS vocabulary [58], which defines several transitive properties. We used the Datalog subset of the SKOS RDF
schema. The materialisation of DBpedia-SKOS is too large to fit into the memory of our test server, so we selected a subset
of five million facts using uniform sampling.

DAG-R is a synthetic benchmark consisting of a randomly generated dataset containing a directed acyclic graph with 10k
nodes and 100k edges, and a program that axiomatises the ‘connected’ predicate as transitive.

The Family benchmark was derived from the Family History Knowledge Base (FHKB) [79] that captures genealogical
data. The FHKB ontology is interesting because it contains several transitive and symmetric-transitive properties, and we
extracted the Datalog subset of the ontology in the usual way. The dataset of FHKB is very small so, to obtain a more
substantial dataset, we extracted a subset of the publicly available Familinx* genealogical dataset and retrofitted it to the
FHKB ontology.

The Relations benchmark is obtained from the Relations Ontology [77], a widely used component of numerous biomedical
ontologies. The ontology does not contain any data, so we created a synthetic dataset using the Watdiv Data Generator [4].
This benchmark provided us with many nontrivial regular chain rules, which allowed us to evaluate our algorithms from
Section 6.4. However, the Datalog program also contains many transitive and symmetric-transitive rules so, since transitivity
axioms are chain rules, it is not obvious how to partition the program into modules. To study how partition choices affect
the reasoning performance, we partitioned the Datalog program in three different ways. The STD version provides us with
a baseline: all transitive and symmetric-transitive rules were assigned to tc and stc modules, and all remaining chain rules
were handled using standard seminaive evaluation. The ALL version naturally refines the STD version: in each stratum,
we selected a maximum subset of the chain rules not already assigned to tc and stc modules that satisfies the regularity
condition by Horrocks and Sattler [41], and, if the result was not empty, we created one rch module for the stratum. We
thus obtained eight rch modules containing a total of 119 rules; the largest such module contained 73 rules. Finally, as
we discuss shortly, our experiments showed that our algorithms for regular chain rules can incur a nontrivial overhead.
Therefore, we created a custom (CUS) version with just one rch module that consists of two transitivity rules and several
chain rules that we noticed were difficult for seminaive algorithm.

Seq is a synthetic benchmark designed to test the object sequencing module. The program contains just one rule of the
form (50). The dataset contains 2,000 facts of the form P(a), and 1,999,000 facts axiomatising the ordering predicate <.

7.3. Test setup and results

To test incremental reasoning, we needed sets of facts to be removed or added. Thus, for each benchmark dataset E, we
selected subsets E; and E; using uniform sampling. For all benchmarks other than Seq, E; contained 1,000 facts, and E;
contained 25% of E. For Seq, E1 contained 50 facts of the form P(a), and E, contained 500 facts of that form—that is, 25%
of all the facts in E that are of the form P(a).

We conducted all experiments on a Dell PowerEdge R730 server with 128 GB RAM and two Intel Xeon E5-2660 2.6 GHz
processors running Fedora 33, kernel version 5.8.15. For each benchmark, we loaded the benchmark dataset E into our
system and then measured the wall-clock time needed to accomplish the following reasoning tasks. First, we computed
the materialisation of E. Next, to see how various incremental algorithms deal with small changes, we deleted and then
reintroduced subset E;. Finally, to see how incremental algorithms deal with large changes, we deleted subset E;. Since
materialisation and incremental reasoning is achieved in the same way in all of our algorithms, we did not measure the
time for reintroducing E,. The results of all of our tests are shown in Table 4. Since addition is performed in exactly the same
way in DRed® and BJF¢, we report the times only for the former. Similarly, the partitioning of the program into modules
is irrelevant for the DRed® and B/F¢ algorithms, so we report the times of DRed® and B/F¢ just for the STD version. Finally,
M-Mat was an order of magnitude slower on Relations-ALL than on Relations-STD, which suggests that the algorithms for
regular chain rules from Section 6.4 can incur a nontrivial cost. We believe that these overheads would also dominate the
incremental reasoning tests so, in order to run our experiments more quickly, we omitted the incremental reasoning tests
for Relations-ALL.

7.4. Discussion
As one can see from our results, M-Mat significantly outperformed the standard seminaive evaluation on all benchmarks
apart from Relations-ALL. Performance improvements range from 3.7 times on LUBM-LE and 5.2 times on Claros-LE, to

around 100 times on DAG-R and Family and almost four orders of magnitude on Seq. Most benchmarks contain transitive
rules, and many also contain symmetric-transitive rules; moreover, the datasets contain patterns that make evaluation of

4 https://familinx.org/data.html.

27


https://familinx.org/data.html

P. Hu, B. Motik and 1. Horrocks Artificial Intelligence 308 (2022) 103726

Table 4

Materialisation and incremental reasoning times in seconds.
Benchmark Materialisation Small deletions Small additions Large deletions

Mat M-Mat DRed® B/F¢ M-DRed® DRed* M-DRed® DRed® B/F¢ M-DRed®

Claros-LE 4996 962 1216 585 1 1 0 4733 5132 365
LUBM-LE 1268 339 4 0 0 0 0 1568 844 210
DBpedia-SKOS 4191 120 759 515 31 3 0 4026 87287 206
DAG-R 3799 35 3262 1302 104 137 17 4595 10580 139
Family 12052 102 6781 7375 12 432 1 9750 20274 47
Relations-STD 13714 1613 16754 50610 637 568 26 12488 262417 1640
Relations-ALL 20345 - - -
Relations-CUS 680 414 19 842
Seq 8393 0 27 27 0 27 0 254 251 0

these rules difficult. For example, the program of Claros-LE contains a symmetric-transitive predicate relatedPlaces, and
the materialisation contains large cliques of constants connected to each other via this predicate. DBpedia contains long
chains/cycles over the transitive skos:broader predicate [13]. Similarly, the Family benchmark contains the isBloodRelationOf
symmetric-transitive predicate. The cost of exploring all rule instances dominates the performance of reasoning, and our
techniques seem to be very effective at reducing this cost by exploring only a subset of these rule instances as we discussed
in Sections 6.2-6.5. In many cases, the improvement is actually in worst-case complexity, which drops from 0(n?) to 0 (n?)
and O(nlogn) for stc and seq, respectively.

M-Mat was slower than Mat on Relations-ALL, but much faster on Relations-STD and Relations-CUS. Our investigation
revealed that the slowdown is due to two issues: the overhead of maintaining global sets 19, A%, and X can outweigh the
benefits of distinguishing ‘external’ facts from ‘internal’ ones; moreover, when there are many interconnected chain rules,
matching the ‘external’ facts in many NFAs can be costly. Nevertheless, results for Relations-STD and Relations-CUS show
that our algorithms can still be very useful when they are applied to regular chain rules that generate a large number
of ‘internal’ facts: materialisation and large deletions were twice as fast in the latter case, and the performance of small
deletions and additions was improved too. Thus, an important question for our future work is to develop techniques that can
automatically identify cases in which our optimisation for regular chain rules is likely to lead to performance improvements.

On incremental reasoning tasks, M-DRed¢ is faster in most cases by at least an order of magnitude than DRed‘ and
B/F¢; moreover, updates are instantaneous for Seq. Again, the improvement is often due to the reduction in the worst-case
complexity. For example, when a fact of the form relatedPlaces(a, b) is deleted in Claros-LE, DRed® can end up considering
up to n> rule instances where n is the number of constants in the clique containing a and b; in contrast, the stc module
enumerates all elements of the clique, allowing an update to be completed in O(n?) steps. The worst-case complexity
analysis also explains the difference between Mat and DRed® on Seq: Mat handles four times as much data as DRec® on
large deletion so, since rule matching is cubic, one could expect a slowdown of a factor of around 4> = 64; this is not far
from the actual slowdown factor of 33 (i.e., 8,393 vs 254). In contrast, by using well-known and highly optimised sorting
algorithms, the seq module eliminates virtually all overheads of rule matching, which renders the difference between M-Mat
and M-DRed® negligible.

The B/F¢ algorithm performs significantly worse than DRed‘ on all but two benchmarks for large deletions. This is
because B/F¢ uses ‘backward’ rule evaluation to search for alternative derivations, which can be very inefficient when rules
are complex. As more facts are deleted in the input, more ‘backward’ rule evaluation is needed; thus, B/F¢ can be more
efficient than DRed® on small deletions, but on large deletions DRed® is more efficient because it completely eliminates
‘backward’ rule evaluation. Please note, however, that our framework is sufficiently general to capture both algorithms, so
the optimised algorithms from Sections 6.2-6.5 can be used with B/F¢, DRed¢, or indeed most related algorithms proposed
in the literature.

We point out an apparent oddity in the results for DAG-R: for both DRed‘ and M-DRed¢, update times for small deletion
were larger than for the initial materialisation, and they were close to the times for large deletions. This is because deleting
1,000 edges from the graph caused a large part of the materialisation to be overdeleted and rederived. Doing so was much
more costly than initial materialisation; moreover, the number of deleted edges was only slightly larger in the case of large
deletions, which is why the times for small and large deletions were close. Nevertheless, M-DRed® was faster than DRed®
by at least two orders of magnitude on both types of deletion.

Incremental additions are in general easier to handle than deletions. Intuitively, when an incremental addition algorithm
derives a fact that is already contained in the materialisation, the derived fact can simply be ignored without adding any
further work. In contrast, when any of the incremental algorithms identifies a fact during overdeletion, this fact can be
ignored only if the nonrecursive counter for the fact show that the fact actually holds. Therefore, overdeletion tends to
involve much more work and is generally much harder than fact addition. This is clearly reflected in Table 4. Nevertheless,
M-DRed® was several times faster than DRed® on small additions in all cases apart from LUBM-LE, where both algorithms
computed the update instantaneously.

Finally, the results for the two versions of the Relations benchmark show that specialised algorithms for regular chains
can lead to significant improvements: the CUS version is around two times faster than the STD version on materialisation
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and large deletions. We take this as confirmation that, despite the complexity of implementation, our algorithms for regular
chains may bring important benefits to performance-sensitive applications.

8. Conclusion

We have proposed a modular framework for the computation and maintenance of Datalog materialisations. The frame-
work supports the integration of custom algorithms for specific types of rules with standard Datalog reasoning methods.
Moreover, we have presented such custom algorithms for programs axiomatising the transitive and the symmetric-transitive
closure of a binary predicate, dealing with regular chain rules, and sequencing totally ordered elements. Finally, we have
shown empirically that our algorithms consistently outperform the existing ones on a wide range of benchmarks, and that
they are faster by several orders of magnitude in many cases. Thus, our algorithms can play a critical role in performance-
sensitive applications that need to deal with complex rules. In our future work, we shall identify other modules that can
be implemented more efficiently using custom algorithms. Moreover, we shall also consider the problem of automating the
process of partitioning a Datalog program into modules. At present, our system expects a module partition to be produced
manually; moreover, our evaluation results have shown that the performance of our approach can depend on the exact par-
tition used, particularly when using complex chain rules. To identify a partition that promises optimal performance, we shall
consider developing a model for estimating the cost of a given partition, which would allow us to consider the partitioning
problem as a kind of optimisation problem.
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Appendix A. Proof of Theorem 15

Theorem 15. Let IT be a program, let A be a stratification of I1 with maximum stratum index S, let MSkwith1 <s<Sand1<k< N
be the module partition of TI w.r.t. A such that module functions for each M*K are correct, let Eq, ..., Em be datasets, let Iy be
result of applying Algorithm 2 to T1, A, and Eg, and, for 1 <i <m, let I; be the result of successively applying Algorithm 3 to TI, A,
Ei =Ei_1\Ejand E;r =E;\ Ei_1. Then, I; = M [E;] foreach0 <i <m.

For the rest of this section, we fix an arbitrary program I, an arbitrary stratification A of I, and arbitrary modules Mk
with 1 <s < S and 1 <k <n;g that constitute a module partition of IT w.r.t. A such that module functions for each MSk are
correct. Moreover, we also fix an arbitrary sequence of datasets Ey, ..., En, we let Iy be result of applying Algorithm 2 to
I, A, and Eo, and, for 1 <i <m, we let I; be the result of successively applying Algorithm 3 to I1, A, E;” = E;_1 \ E;, and
E,.+ =E;\ E;j_1. Finally, let Hf,;k be the call history for module MK obtained by such invocation of Algorithms 2 and 3; and
forO<i<mand1<j<h;jlet Hf;‘ be the subset of Hfﬁk up to and including call C; ;. Note that our algorithms always call

the functions of all modules in some stratum in parallel. Thus, for any two modules M5 and M5 belonging to a stratum
with the same index s, histories Hfﬁk and Hf,;k, consist of the same number of calls, and, for each 0 <i<m and 1 < j < hp,
calls C; j and C} i from these two histories are of the same type and have the same arguments (but, clearly, their results
can differ). Specifically, the numbers ho, ..., hy in these histories depend only on the stratum index s, so we often refer to
ho, ..., hym without specifying a history. We now prove by induction on m that the claim of Theorem 15 and the following
properties hold for each module MSk:

(H1) call history Hﬁ,’lk is compatible with I, A, s, and Ey, ..., Ej,;, and
k . k - . _
(H2) Hy* ends with [y p, := Add"™ (I 5, AL s A PAT ] where Jip, =@ and Too[Em]= = ((ma, \ Ay ) U
AT, )yNO=s,
m,hpy

For the induction base, in Claim 34 we consider applying Algorithm 2 to Eg. For the inductive step, in Claim 35 we assume
that Theorem 15 and properties (H1) and (H2) hold for m — 1, and we show that they also hold after applying Algorithm 3
to En. In all cases, it is obvious that the arguments of each call satisfy the conditions specified in Table 1, so we do not
discuss this point any further for the sake of brevity.
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Claim 34. Theorem 15 and properties (H1) and (H2) hold for m = 0.

Proof. We consider the run of Algorithm 2 on Eg. For each stratum index s and each module M5, the last call in Hg is
clearly of the form Jop, := Add"/’s’k[lo,flO EAah ,Aa“ho Rho], the loop in lines 13-18 for stratum with index s terminates
only when Jgp, € A =, and applying property (M1) below for m ensures that property (H2) holds.

Now let 19 = ¢ and let I° be the content of I after stratum with index s is processed. By induction on s, we prove that
property (H1) holds each s > 0 and that IS = I [Eq]=° holds as well; for s = S, these clearly imply Claim 34. The base case
holds trivially for s = 0. For the induction step, we assume that I°~! = [To,[Eo]<* holds, and we prove properties (M1)-(M3)
shown below, which imply our claim.

Soundness and property (H1). Let I3,I5,... and A§, A3, ... be the contents of I and A, respectively, in successive iterations
just after line 15 for the stratum with index s. We now show by induction on the steps of Algorithm 2 that, for each
1< j<ho,

(M1) for each M5k, call Jo,ji= AddMS'k[onji((), Aa ] satisfies conditions in Table 2, and IS IpjuU AO pa and
(M2) Ij C Meo[Eo]=* and A; C Meo[Eol’.

For the base case j=1, consider line 12. For an arbitrary module MSk, the call is of the form ]01 = AddMS'k[(/)'(/)

1:0], where A+ =I"1TU(EgNO%) =1Ij C T [Eo]™® and the first equality holds by line 10; thus, properties (Al.a)

and (M1) hold. Thls call is thus correct in the context of Eg, IT, A, and s by the assumption of Theorem 15, so

]8’; C Meo[Eg]l N O° =Iu[Egl’. By combining the outputs of all modules in line 15, we have A} € I[Eo)%, so property
(M2) holds.

For the inductive step, assume that properties (M1) and (M2) hold for some j — 1 and consider line 18. For an arbitrary

module M5k, the call is of the form ]S k= AddMS'k[Io,]- 0, A0+j ] where Io j = Is _, and AJr o= AS 1- The previous call
MS: ke .

is clearly of the form ]0] 1 = Add [10] 1:0, AO_) 1 0] 1

j—1 by induction assumption, so we have Ig _I _1=1oj-1U AT

], so property (A2.a) holds Moreover property (M1) holds for

0.j—1 S required for property (A2.b). In addition, property
s,k

(M2) holds for j — 1 by induction assumption, so we have Ao,j = A_S’;] C Io[Ep]®. Finally, A? =Joi1E Ag,j = Aj;]
holds obviously by the structure of the algorithm, as required for property (A2.c). Thus, property (M1) holds for j. This
call is thus correct in the context of Eg, IT, A, and s by the assumption of Theorem 15, so ] C Moo[Eg]l NOS =T [Eol®.
Hence, as in the previous paragraph, we conclude that property (M2) holds for j.

Completeness. Let 75,73, ... be the sequence of datasets and let Z3  be the dataset from the construction of Il [Eq] for
stratum with index s from equation (5). By induction on this sequence, we next show the following property:

(M3) Z? C I holds for each i > 0.

By the inductive assumption on s, we have I~ = Z3;1. For the base case, Z§ = 75,1 U (E N O%) C I, where the inclusion
holds due to line 10. For the inductive step, we assume that property (M3) holds for j — 1, and we show that it holds
for j as well. To this end, we consider an arbitrary fact F € 7} \ 7} , derived by an instance ro of a rule r € IT%; thus,

=h(ro) and Z7_, [=b(ro). Since I is stratified, all atoms occurrmg in b~ (ro) belong to a stratum with index less than
s; moreover, IS N O<S 1 =TI} ,NO=* clearly holds; thus, Z{ , =b~ (ro) implies I* =b~ (ro). Moreover, I} | =b*(ro)
implies b+ (ro) CZ? ,,and Z? , satisfies property (M3) by the induction assumption, so we have b (ro) C I°. This means
that, either b*(ro) €I holds in line 11, or b™(ro) C1U A holds in line 18 at some point during the algorithm’s execution.
By the definition of module partition, there exists a module MK such that r € MS¥. The corresponding call to AddM™* in
line 11 or 18 is correct in the context of Eg, IT, A, and s by property (M1), so F € Ma[@:@, 1] C Ay or F € Ma[l:0, A1 C Ay
holds, where the membership of F is ensured by Definition 8. Thus, F € I*, and property (M3) holds. O

Claim 35. If Theorem 15 and properties (H1) and (H2) hold for m — 1, they also hold for m.

Proof. We consider the run of Algorithm 2 on E; for m > 1. The induction assumption for m—1 ensures that [ = I[Em—1]
holds during the entire run up to line 24.

Let 1=, let I* be the content of (I\ D)U A after stratum with index s is processed, and let I3, be the content of
(I\D)U A after function Overdeletion processes stratum with index s. By induction on s, we prove (H1) and the following

property:
(U1) IS NO=S = Moo [Em]=S.
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For each module M5, the last call of the algorithm is clearly of type AddMS’k, and property (H2) holds in the same way as
in the proof of Claim 34; for s =S, these clearly imply Claim 35. The base case holds trivially for s = 0. For the inductive
step, we assume that property (U1) holds for s — 1, and we consider the three phases for stratum with index s.

Overdeletion maintains property (H1). Let d be the index of the last Del™™* call. Moreover, let I, E,... and A, A}, ... be
the contents of (I\ D) U A and A, respectively, in successive passes through line 34 for the stratum with index s. We now
show by induction on the steps of function OVERDELETE that, for each 1 < j <d,

(U2) for each Mk, call Jp j:= — Del™™[1, I miiBm s A;JEAm’j] satisfies conditions in Table 2, and I$ = (I, ; \ A, H U A+
(U3) A3 € Moo lEp 1T

For the base case j=1, consider line 28. For any module M*K, the call is of the form jfnk = DelM™[I, 1 AWpY

’ m]
m1 4], where I7, .1=1. The previous call is clearly of type AddM™* , and is clearly satisfies properties (D1.a) and
(D1.b). Property (Dl c) follows from property (H2) for m — 1. Property (D1.d) holds trivially. Moreover, property
(U1) holds for s — 1, so I*"1NO<S =Ty [En]<%; thus, in line 28 we have D\ A =TIoo[En_11"°\o[En]=* and
A\ D =Tlo[En]=* \ oo[Em—1]=%; finally, line 26 ensures A = (E; \ E;_1) N O°; consequently, properties (D1.e) and (D1.f)
hold. In addition, I3 = (I}, A\AL DU A* 1 clearly holds, as required for property (U2). This call is correct in the context of
Em, I, X, and s by the assumption of Theorem 15, so we have ] 1 SINO° C Mg[Em—11=*. By combining the outputs of
all modules in line 31, we have Aj C IIo[En—11°, so property (U3) holds
For the inductive step, assume that properties (U2) and (U3) hold for some j— 1 and consider line 34 For an arbitrary
module MK, the call is of the form ]S‘k = DeIMS'k[I, In AL i 0 Am ] where In = Ij;] and A;’j = Aj‘fr' The previous

call is clearly of the form ]m] 1! .= DelM** [I,I,’;” 1 Am’j_l,A;j 1 m71._1], S0 property (D2.a) holds. Property (D2.b)

holds trivially. Moreover, property (U2) holds for j—1 by induction assumption, so we have 11’1‘1 = Ij =y mj—1 \A;J Dy

+
Amj 1
A =285 S MeolEm—1. Finally. Ay ;= ]fﬂk] 1 €A, S MuolEi—1] holds obviously by the structure of the algorithm.
Thus property (U2) holds for j. This call is thus correct m the context of En;, I, A, and s by the assumption of Theorem 15,

S0 ] i< INOS CIlo[Enm—1]°. Hence, as in the previous paragraph, we conclude that property (U3) holds for j.

as required for property (D2.c). In addition, property (U3) holds for j — 1 by the inductron assumption, so we have

Overdeletion is complete. 'We now prove that the overdeletion phase indeed deletes all facts of O° that no longer hold due to
the update. Towards this goal, let Z3, Z7, ... be the sequence of datasets and let Z  be the dataset from the construction of
MMeo[Em—1] for stratum with index s from equation (5). By induction on this sequence, we next show the following property:

(U4) (T} \ Mool Em]=) N 15, =10

For the induction base, property (U1) ensures I*NO<% =Tl [En]~*; moreover, all facts added to set D in the
overdeletion phase are from 0%, so I3 NO=S = I N O = [[Em]=*. Since Z5; ! = Mog[Em—11=*, we clearly have (Z3;1\
olEm]=*) NI}, = 9. Now I§ =Igo‘1 U (E N O®%) by equation (5). Thus, ZJ \ Moo[En]=* CE~NO% and E- NO° NI} =0 due
to lines 26 and 30. Consequently, property (U4) holds for i =0.
For the induction step, we assume that property (U4) holds for some i — 1, and we consider an arbitrary fact F € Z7 \ 7}
derived by instance ro of a rule r € TT° such that F ¢ I [E;]=5. The last observation implies Iy [Em]=S fb(ro). By the
definition of module partition, there exists a module M>K such that r € M>X, We now consider the following possibilities.

e There exists a negative body literal L € b~ (ro’) such that Ieo[Em]=* b= L. Then Meo[En]=* =1} NO° and the fact that
L contains atoms from stratum with index less than s ensure I}, = L. Moreover, property (H1) ensures that the call to
DelM™" in line 28 is correct in the context of Em, T, A, and s, so we have F € Mp[I,I[:AU (D \ A), A\ D]. But then,
lines 31 and 30 ensure F ¢ I3, as required.

e P Cbt(ro) \ Teo[Em]=* C O=*—that is, at least one positive body all of ro does not hold after update, and all such
atoms are from stratum with index less than s. But then, we have (b (ro) \ Mo[Em]=5) N I}, =% and F ¢ I}, by the
call in line 28 in the same way as in the previous case.

o O°N (b (ro) \ Moo[Em]=*) # @. Since b* (ro) CZ7_,, property (U4) for i —1 ensures O° N (b™ (ro) \ Moo [Em]=H) NI = 0.
But then, there is a point when the last fact in O° N (b* (ro) \ Moo[Em]=®) is in the set A, all other facts are in D, and
Del™** is called in either line 28 or 34. But then, we have F ¢ [} in the same way as in the previous two cases.

Rederivation maintains property (H1). Consider the call of the form ]ff = RedMs‘k[I, I?,j iAj ;] in line 37 for some module
MSk. Properties (R.a), (R.b), and (R.c) hold trivially, and property (R.d) follows from (U2). Moreover, we have I;‘_j =1}, so
property (D1.d) for the first Del™™ call and the fact that only facts from O° are added to D during overdeletion ensure
I N0~ =Tlo[Em]™* and I}, NO° € Myo[Em—11°; moreover, property (U4) implies (TMeo[Em—11"°\ Moo[Em]=*) NI} =1,
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which together with earlier observations ensures I}, N O° C Moo[Em]=®, as required for the last inclusion of property (R.e);
the left equality in property (R.e) follows from the observation that the first deletion call satisfies properties (D1.d), (D1.e),
and (D1.f) and in all calls of type D2 satisfy property (D2.d)—that is, all deleted facts are from stratum with index s. Finally,
DNO° =Tls[Em—11° \ I}, holds at the point when the call is made, which, together with how argument A; ; is computed,
ensures property (R.f).

Addition is sound and it maintains property (H1). Let d be the index of the first AddM™* call in the addition phase. Moreover,
let 1(51+1’Ir51+2’ ... and Agﬂ, Asz, ... be the contents of I and A, respectively, in successive iterations just after line 45 for
the stratum with index s. We now show by induction on the steps of Algorithm 2 that, for each d < j <hp,

(U5) for each MS¥, call Jmj= AddMS'k[Im,jzA,;_’j, A:w‘ : AEJ] satisfies conditions in Table 2, and I; = j\ Ay )V A;,j,
and
(U6) I5N0=* C Moo[Em]=* and A C Meg[Enl.

For the base case, consider line 42. For an arbitrary module MS¥, the call is of the form ];;kj = AddMS’k[ISAT;].,
A;’jEAH‘j], and the previous call is of the form [y j_1:= RedMS'k[I,IT’;LjilEAmyj_l]. Properties (A3.a) and (A3.b) clearly

hold. Properties (A3.c) and (A3.e) hold because the first call to the Del™™* function satisfies properties (D1.e) and (D1.f);
property (U3) ensures that all facts removed from the materialisation during the deletion phase are in O°; and prop-
erty (R.f) ensures that all facts introduced by rederivation are also in O°. Moreover, IPj_l = I3, which implies property

(A3.d). Furthermore, line 38 ensures (Em—1 N Em N Ap j—1) € A;’j and A7 ;= ]f,;’fj_l C A;J; also, the call to Add™™" is
correct in the context of Ep, IT, A, and s by the assumption of Theorem 15, which implies ]f,;’_‘j CMuoo[Em] NO° = Moo[Em]’;
thus, property (A3.f) holds. In addition, I = (I'\ A,;’j) U A;,j clearly holds, as required for property (U5). By combining the
outputs of all modules in line 38, we have Afj C Mx[Em]®, so property (U6) holds.

The proof for the inductive step is analogous to the proof used to prove Claim 34, so we omit the details for the sake of
brevity.

Addition is complete. We now prove that the addition phase indeed derives all facts of O° that hold after the update.
Towards this goal, let Z3, 73, ... be the sequence of datasets and let Z3, be the dataset from the construction of I [E]
for stratum with index s from equation (5). By induction on this sequence, we next show the following property:

(U7) Tf € Mool En] = = I,

For the base case, property (U4) ensures I} N O<* = IM[En]=* so, since all facts added to sets D and A are from O°, we
clearly have I NO=$ = Muo[Em]=* = Z55!. By equation (5), A =T551 U (Em N O%). Now consider an arbitrary fact F € . If
F eI}, then I}, C I° ensures F e I°. If F ¢ I}, but F € Eq_1 N Eyy, then F € D holds in line 38, so F is added to A in that
line and line 44 ensures F € I°. Finally, F ¢ Epn—1, then F is added to A in line 40, so line 44 ensures F € I°.

For the inductive step, we assume that property (U7) holds for some i — 1, and we consider an arbitrary fact F € Z7 \ 7}_,
derived by instance ro of a rule r € IT°; note that this implies F ¢ Ep,. There exists a module M*¥ such that r € MS*. Now if
F € I3, then I}, C I° ensures F € I°; thus, in the rest of thus proof we assume that F ¢ I}, holds. We consider the following
possibilities.

o I}, =b(ro). Clearly, then IT[Epn—1] =b(ro) holds as well, so F € (IT°)g[!, I}, : A] holds assuming F € A is satisfied.

Moreover, F € D and F ¢ E \ E~ both hold in line 37, and the calls to Red"*" in this line are correct the context of
Em, T1, A, and s. Thus, F € A holds in line 38, so line 44 ensures F € I°.

e I F=b(ro) and all atoms occurring b(ro) are from stratum with index less than s. By the assumptions thus far,
we clearly have Tyo[Em—1]"° £ b(ro) and T [Em]=* E=b(ro). Moreover, in line 42, we have A\ D = Ioo[Em]= \
Meo[Em—1]1=* and (D \ A) N O=% = Meo[Em—_11=° \ oo[Em]=5. Thus, there exists either a positive body atom B € b™ (ro’)
such that A\ D = B, or a negative body literal L € b~ (ro) such that D\ A = L. The call to AddM™ is correct in the
context of E,, I, A, and s, so it returns F, which is eventually added to A in line 44. Thus, we have F € IS.

o There exists a positive body atom B € b™ (ro’) from stratum with index s such that F ¢ I5,. By induction assumption, we
have b™ (ro') C I¥, which implies B € I°. Thus, at some point during the algorithm’s run, either b*(ro) C(I\D)UAU A
holds in line 42, or b (ro) N A # @ holds in line 48. The call to AddM™ in that point is correct in the context of Ep,
and I, so it returns F, which is eventually added to A in line 44. Thus, we have F € I*. O

Appendix B. Proof of Theorem 18

Theorem 18. Functions Add®® Del®®) and Red®®®) are correct.
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Consider an arbitrary binary predicate R, program II, stratification A of I, stratum index s such that tc(R) C IT°, se-
quence of datasets Ey, ..., Ey of datasets, and a call history H for tc(R) that is compatible with IT, A, s and Eo, ..., E;,. We
assume that H is of the form as specified in Definition 12. Moreover, for each 0 <i <m and each 1 < j <n;, let XiRj and
YR. be the values of X® and YR, respectively, after call C; ;. Finally, we define X§, =YX =0 and, for 1 <i<m, we let

xR XR :
IOWe nle):tnlﬁtroduce some useful abbreviations and notation. To simplify the notation, let M =tc(R) for the rest of this
section. Also, let S be a set of facts. Then, R-part[S] is the subset of S containing precisely all facts of S whose predicate is
R. Moreover, for constants u and v and integer ¢ > 0, we write u ~f v e S if there exist constants wg, w1, ..., w, such that
u=wp, wg=v, and R(wj_q, w;) €S for each 1 <i <¢; in other words, u and v are connected in S by a chain of R-facts
of length £. Moreover, we write u ~ v € § if there exists £ > 0 such that u ~-¢ v € S; in other words, u and v are connected

in S by a chain of R-facts of an arbitrary (possibly zero) length. Finally, for A another set of facts, let
close[S, A]={R(u, v) | there exist £ > 1, constants wy, ..., w¢, and an integer k with 0 <k < ¢ such that
wo=u, wy,=v, and R(Wy, Wiy1) € A and R(Wm, Wpy1) € S form (B.1)
with 0 <m < £ and m #k}
We prove Theorem 18 by showing that, for each 0 <i<m and each 1< j<h;, call G;; in H satisfies properties

(T2)~(T4).

(T1) If call C;; is of the form J; j:= AddM[I,] A7 T A+ Am ], then the following properties hold.

R- part[(I,]\A )UA ]U]l]—MOO[X 1 € HoolEil (B.2)
R
Yij=0 (B.3)
(T2) If call C; j is of the form J; j:= DeIM[I°j, L FAT N A+ Tj], then the following properties hold.

close[Xfy, (17 ; \ If ) U A ;1= R-part[(IP ; \ I} DU AT JU Ji jU Y,
X{ = XFo\ (U9 \ 17 ) U AL S R-part[I] ;] € R-part{If ;] = Moo[X['o]
Y 19 N o[Ei=

(T3) If call C; j is of the form J; j:= RedM[l° ¢Aj ], then the following properties hold.

i,j’ 7 .
R-part[I] ;1U Ji j © Moo[ij] C (R-part[I{ ;1\ Ai U Ji j C Mool Eil° (B.7)
YR =0 (B.8)

(T4) Call C; ; is correct.
We prove this by double induction on i and j, where we consider each call C; ; of type from Table 2. The base case involves

a call of type Al, and the inductive step involves all remaining calls. We split the proof into a separate claim for each
module function.

Claim 36. If C;  is of the form J; ; := AddM[I; ;i AT ,A+ ‘A™]andeitheri=0and j=1, or j > 1and call C; j_1 satisfies proper-
J i PR i,j 2]

ties (T1)-(T4), then C; ; satisfies properties (T1) and (T4).

Proof. We first capture the preconditions for the call C; j. These are established either at the beginning of the algorithm,
or by the preceding call C;j_q. In particular, we define datasets I’, I”, and ]’ and prove that they satisfy the following
properties:

R-part[(I; j \ A; )U A ] C R-part[I"lU ]’ C MOO[X,-'?F]] C R-part[I'|U J' C M o[Eil (B.9)
R-part[I'|U J' € i, \ A;j) u A;rj (B.10)
Towards this goal, call C; ; can be of one of the following three types.

e Assume that C; j is of type Al. We let I'=1" = ]’ =, and it is obvious that properties (B.9) and (B.10) hold.
e Assume that C; j is of type A2. Thus, Ar; =¢ and call C; j_ is of the form J; j_1: := AddM Ui j—1:A; AT, AT

JAT mo.

i,j—1 i,j—1 i,j—1
Welet J'=Jjj_1and I'=1"=1;;= (I, J-1\ A DU A,J 1» Where the last equality holds by condition (A2.b) from
Table 2. Property (A2.c) ensures J' = A" "o which with I” =1; ; and A= ¢ ensures the left-most inclusion of prop-
erty (B.9). Moreover, condition (B.2) holds for i and j — 1 by the induction assumption, so the remaining inclusions
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of property (B.9) hold as well. Finally, J' C Aij holds by property (A2.c), which together with I’ =1;; and A =0

ensures property (B.10).
e Assume that C;;j is of type A3. Thus, call C;j;—q is of the form J;j_q:= RedM[Iﬁj_l,IEj_]EA,-,]-_1]. We let

J'=Jij—1, we let 1”212qu and we let I’:If’jf]\A,'_j,l. Properties (A3.b) and (A3.d), and M CII° en-
sure R—part[li,j\Ai_’j]gR—part[I“]: and property (A3.f) ensures A;t‘j:]/; together, these ensure the left-most
inclusion of property (B.9). Moreover, condition (B.7) holds for i and j — 1 by the induction assumption, so
it clearly ensures the remaining inclusions property (B.9). Finally, conditions (R.f) and (A3.d) jointly ensure
Aifj NO° = A j-1UWEiN0O%\ I?,jfl); and condition (A3.f) ensures (E; NO%)\ Ilf"];] C A;’“j; jointly, these observa-
tions clearly imply property (B.10).

We are now ready to prove that call C; ; satisfies properties (T1) and (T4). In particular, property (B.3) holds trivially: it
is established either at the beginning of the history or by the preceding call, and Algorithm 4 does not modify set YX.

Inclusions R-part[(I; j \ Aifj) U A?,_j] UJij € Moo[ij] and R-part[(I; j \ A;j) U A?,Lj] U Ji,j € TIso[Eil® in property (B.2)
can be shown from the first and second inclusion in property (B.9) by a straightforward induction on the steps of Algo-
rithm 4. Roughly speaking, for each fact R(u, w) produced by the algorithm, there are facts R(u, v) and R(v, w) that have
been produced previously and that satisfy these inclusions; hence, R(u, w) is both in the transitive closure of ij and in
[T [E;]°. The proof is routine and we omit the details for the sake of brevity.

The remaining part of property (B.2) involves proving inclusion Moo[ij] C R-part[(I; j \ A,.fj) U Afj] U Ji,j. For an ar-
bitrary fact R(u, w) € Moo[ij], if R(u, w) eMoo[XiR.fl] holds, then property (B.9) ensures R(u,w) € R-part[I']U J’, so

\J
property (B.10) ensures R(u, w) € (I; j \ A;j) U A,Tfj, as required. To complete the proof, we next show that, for all constants

u and w and integer £ such that u ~‘w e ij and R(u, w) ¢ MOO[XI.RJ._I], we have

(0) R(u, w) € R-part[(Ii j\ A; ) U A?:j] U Jij, and
(#) fact R(u, w) is added to the set Q at some point during the call C; ; of Algorithm 4.

Note that R(u, w) ¢ Moo[ij,J implies R(u, w) ¢ R-part[I”1U J’ by the first inclusion of (B.9), which, by the left-most
inclusion of (B.9), implies R(u, w) ¢ R-part[(I; ; \ A;j) u ATJ-]- Property (B.2) then holds because R(u, w) € Moo[ij] implies
that there exists £ such that u ~¢ w e ij. We prove (¢) and (4) by induction on £.

e For the base case, consider arbitrary constants u and w such that u ~! w e XiRj and R(u, w) ¢ MOO[X,.RF]]. Thus, fact

R(u, w) was added to set X® during the algorithm’s run, which is only possible in line 50. But then, R(u, w) € A’
implies R(u, w) € AT\ A™, which is clearly sufficient for ({); moreover, fact R(u, w) is clearly added to Q in line 49,
so (4) holds.

e For the inductive step, assume that properties ({) and (4) hold for ¢ — 1, and consider arbitrary constants u and
w such that u~fwe Xi’?j and R(u, w) ¢ MOO[X[’?J.?]]. Clearly, there exists a constant v such that u~1!v e ij and

vstlywe X,.R]. hold. We have the following possibilities.

- Assume R(v,w)eMoo[fo]\(Afj\A;"j). Thus, we have R(v,w)eMoo[ijfl] and R(v,w)¢Ajj\A?j.
By the above observation, the former ensures R(v, w) € (Ii,j\Ai_j)UAfrj. Moreover, if R(v, w) eA;rj, then

R(v,w) ¢ Al.+j \ Ag‘j ensures R(v,w) e A,f"j. Consequently, we have R(v,w) e (I;j\ A; Py AT]" Furthermore,

R(v,w) e Moo[ij,ll and R(u, w) ¢ Moo[ij,J ensure R(u,v) € Xi’?j \ ijfl. In other words, R(u, v) is added
to X® during the call, which is possible only if R(u, v) € A’. Thus, facts R(u, v) and R(v, w) are considered in
line 52.

- Assume R(v,w)¢Moo[x}fj_1]\(A§j\A;f'j). Then, either R(v,w)eMoo[xfj_l]m(Afj\A;?j) or R(v,w) ¢
Moo[ij,ll In the former case, R(v, w) is added to Q in line 49; and in the latter case, fact R(v, w) is added to
Q since the inductive assumption holds for ¢ — 1. Since R(u, v) € ij. facts R(u, v) and R(v, w) are considered

in lines 55 and 56.
Either way, fact R(u, w) is considered either in line 53 or in line 57. Now if R(u, w) € A;rj \ A[";, then (¢) clearly holds,
and R(u, w) is in added to Q in line 49 so (4) holds as well. Otherwise, we have R(u, w) ¢ R-part[(I; ; \ Aifj) u A;‘?j]
by the left-most inclusion of property (B.9), so R(u, w) is added to Q and J in line 53 or 57.

This completes our proof of property (B.2).
Finally, we prove (T4)—that is, that call C; j is correct. For the upper bound, consider an arbitrary fact R(u, v) € J; j; then,
property (B.2) ensures R(u, v) € I[E;J%, and lines 53 and 57 ensure R(u,v) ¢ (I; j \ Ai‘j) u Ai+j, as required. To see that
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Ji,j also satisfies the lower bound, consider arbitrary F € Ma[l; j: Ai’j, A;Lj]. By Definition 8, we have F € M[(I,-,j \ Ai’j) u
A;fj] and F ¢ (I; j \ AU A;,“j. The former and the equality in property (B.2) jointly imply F € M[MOO[X,-Rj]] c Moo[ijL
thus, property (B.2) ensures F € R-part[(I; j \ Ai”j) U A;rj] U Ji,j. But then, F ¢ (I; j \ AEj) u Afj clearly ensures F € J; j, as
required. O

Claim 37. If C; j is of the form J; j := DeIM[lﬁj, 7 AL, A,.ij tAT] and

e i>1, j=1,and call C;_q p, , satisfies properties (T1)-(T4), or
e j>1andcall C; j_ satisfies properties (T1)-(T4),

then C; ; satisfies properties (T2) and (T4).

Proof. We first capture the preconditions for the call C; ; by proving the following properties. Please remember that, at the
beginning of this section, we defined X%, =X} p,_, and YR, =Yk, .., for eachi>0.

close[xfo, 19\ 17 1= R-part[I? ; \ I} JU AT, U ijq (B.11)
X2 =X{\ AP\ 1D ) S R-part[I] ;] € R-part[I ] = Moo [Xf)] (B.12)
ijq CI9; N Mool Bl (B.13)

Towards this goal, call C; ; can be of one of the following two types.

e Assume that C;; is of type D1. Condition (D1.a) and property (B.3) for Ci_qp,_, ensure Yl.Rj_] =, as required
for property (B.13). Moreover, condition (D1.d) ensures Il‘.’j\l;“j =, which, together with A;“j = and YiRj—l =0,
clearly ensures (B.11). Finally, property (B.2) for call Ci_q,_, and conditions (D1b) and (D1.c) jointly ensure
R—part[If].] = Moo[X,'Ro]y which, together with If_]. \ I?j =), clearly ensures property (B.12).

e Assume that C;; is of type D2. Condition (D2.c) ensures R—part[lﬁj\lgj] :R—part[I,F”j\((Ilf"ji1 \Ai_,jfl)UAlﬂ,—jfl)]:

set Afj_1 contains no fact from stratum s, and so M C I1° ensures R-part[l?j\I?j] =R—part[13j \ (Ilf‘j_1 \ AL
Call history H is compatible with IT, A, s, and Eo,..., Ey, so Definition 11 ensures Ai_jfl - Il’,‘_jfl; property (B.5)

holds for i and j — 1 by the inductive assumption; and conditions (D1.d) and (D2.b) ensure I?j :I?j_l; together,

all of these observations ensure R-part[llffj \ Iﬂj] = R—part[(I;’,];] \Ilf‘.jq) u Ai_’jfl]. Together with condition (D2.d) and

property (B.4) for i and j — 1, this ensures (B.11). Moreover, condition (D1.d) or (D2.b) (depending on the type of
the previous call) ensures I?Jq =Tl[Ei—1], and property (D2.b) ensures Iﬁjzl'[oo[E,-,1]; thus, I?,j—l =Iﬁj; but
then, since property (B.6) holds for i and j — 1 by the induction assumption, this implies property (B.13). Finally,
property (B.5) holds for i and j — 1, and so we have ijfl =Xfo\((1?,j4 \Ilf"jfl) U Ai_yjfl); together with con-

ditions (D2.b) and (D2.c), and the fact that AF. . contains no R-facts, this implies ij_] :Xfo\(lfj\l?j); in

i,j—1
addition, ijq :Xf0 \ (U9, \ I} ;) UAT;_,) clearly ensures that Xf];] is disjoint from A;;_,, which together
with Xf];] C R—part[[i“’jil] and condition (D2.c) ensures Xf];] C R—part[[ﬂj]; moreover, R—part[IRj] C R—part[Iﬁj] fol-

lows from the same property for i and j — 1, conditions (D2.b) and (D2.c), and the fact that Aijq contains no R-facts;
finally, the rightmost equality of property (B.12) follows from the same property for i and j — 1 in property (B.5) and
condition (D2.b). Hence, (B.12) holds.

Next we prove that call C; j satisfies properties (T2) and (T4).

For the C direction of property (B.4), we consider an arbitrary fact R(u, v) eclose[XiRO,(If].\Iﬂj)UAfj], and we

next prove R(u,v)e (I;?j \ IPj) u Ai_j UJjijju YiRj. By the definition of cIose[X,.RO, (I;?j \ IPj) U Ai_j] in equation (B.1),
there exist constants wg, wi,...,w; with u=wg and v =wy, and also there exists an index k with 0 <k < ¢ such
that R(wy, wiy1) € (Iﬁj \ I?j) u Agj and R(Wp, Wimy1) € Xi’?o for m#k. Now R(wg, Wiiq) € Iﬁj \ Igj clearly implies
R(Wg, Wiy1) € Iﬁj. Otherwise, R(Wg, Wi11) € Ai’j holds; call history H is compatible with II, A, s, and Eg,...,En so
Definition 11 ensures Aifj - I;‘_j; and property (B.12) ensures R—part[IEj] - R—part[lﬁj]; hence, R(wg, Wii1) € I;?_j holds as
well. But then, property (B.12) ensures R(wy, Wk41) eMoo[X,RO]. In other words, for each m with 0 <m < ¢, we have

U~ Wy € XI.R0 and wpy, ~ VvV € XI.RO. We next consider the following two cases.

e There exist (not necessarily consecutive) m and n with 0 <m <n < ¢ such that R(wp, wy) € (Iﬁj \ I,T‘j) U A,.mj U Yi’_‘jil.
Then, the 2 direction of property (B.11) ensures R(wWp, wy) € close[XR, I? ;\ 17 ;1, which, together with u ~ wp € xR

and wp ~ Vv € XI.R0 established earlier, ensures R(u,v) € cIose[XiRO, I?j \ I?j]. The C direction of (B.11) then ensures
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R(u,v) e (19 \ I} U AT, U ijfl;

which together ensure R(u, v) € (Iﬁj \ I,T‘j) u A,._j UJiju YI.Rj, as required.

e For all integers m and n with 0 <m <n < ¢, we have R(Wm, wn) ¢ (I7;\ I] ) UAT; U YI.RJ._].

but then, Definition 13 ensures A", C A;;, and ijfl C Yl.R]. clearly holds, all of

Thus, we have

R(Wi, Wip1) € (I \ 17 ) U A and R(wy, wip) & (I \ 1P ) U AT U Y,

which imply R(wy, wiy1) € A\ (A;f‘j u Yi’?j_l); consequently, R(wy, wi,1) € A’ holds after line 60 of Algorithm 5.

We next show by induction on s from k to O that
R(ws, v) € (A7 \ATD U Jij U Y\ YR ) (B.14)

holds for each 0 <s <k, and that fact R(ws, v) is added to set Q at some point during the execution of Algorithm 5
in call C; ;. Then, (B.14) for s =0 clearly implies the C direction of property (B.4).

In the base case s =k, we have two possibilities. If k + 1 = ¢, then R(ws, v) = R(k, kx11); thus, fact R(ws, v) is added to
Q in line 60, and moreover R(w, Wiy1) € Ai_j \ (ATj u YiRj—l) implies (B.14) for s = k. In the rest of this proof, we as-
sume k + 1 < £. Then, w1~ v € XI'RO and property (B.12) ensure R(Wy,1, V) € 119].; by R(Wgy1,V) ¢ (I?j\IRJ)UA?ij
Y,.'fjil, we have R(wyy1,Vv) € Iﬂj \ (A;‘?j inlqu); hence, R(Wyy1,v) €I’ holds in line 60. Thus, R(wy, wiyq) € A’

and R(wy,1,Vv) €I’ are considered in line 62. Now R(wy, v) ¢ (I;’j \ Ilf‘j) U A?‘j U Y,.Rj_1 holds by our assumption, so

R(wy,v) € Moo[Xfo] - Iﬁj implies R(wy, V) € IEJ. \ (Ag‘j u Yi’fjfl). Now if fact R(wy, v) passes the check in line 63,
the fact will be added to Q in line 64, and to either J in line 65 or YX in line 66; hence, R(wy, v) € Jiju ij, which

alongside R(wy, v) ¢ (I?;\ I pU AT, U ij_1 ensures R(wy, v) € J; jU (Yi’fj \ ij_l), as required. The only remaining
possibility is if condition in line 63 is not satisfied. Let J’ and Y’ be the values of J and YR, respectively, against

which fact R(wy, v) is checked in line 63. Then, R(wy,v) € I7;\ (A; ;U J'UY") and R(wy, v) € I} \ (AT U ij_l)

imply R(w, v) € (A; ;U J UY)\ (AT U Y}fj_l). Thus, if R(wk, v) € A7\ (AT U Yl.’fj_]), then fact R(wyg, v) is added
to Q in line 59. Moreover, if either R(w,v) € J' C Jij or R(wg, v) €Y'\ Yi'?jil c Yi’?j \ Y,.'fjil,
added to Q earlier in line 64. Either way, property (B.14) holds.

For the inductive step, we consider arbitrary 0 <s <k such that property (B.14) holds for s+ 1 and fact R(Ws1,v)
is added to Q. Thus, fact R(wsy1, V) is extracted from Q in line 68 at some iteration of the loop in lines 67-73.
We have established R(ws, wsy1) € Xfo earlier, and we have R(ws, wsi1) ¢ Iﬁj \ Ilf‘,j by our assumption; together with

property (B.12), we have R(ws, wsy1) € ijq' and so fact R(ws, wsy1) is considered in line 69. Consequently, fact

R(ws, v) is considered in line 70. Now analogously to the base case, we can conclude that fact R(ws, v) satisfies
property (B.14) and that it is added to Q.

then fact R(wy, V) is

This completes our proof for the C direction of (B.4).

For the D direction of property (B.4), let N be the number of iterations of the loop in lines 67-73 during the execution
of call C; j; moreover, let J° Y°, and QO be the values of J, YR, and Q, respectively, before line 67; finally, for each
1<n<N,let J", Y™ and Q" be the values of J, YR, and Q, respectively, after the n-th iteration of lines 67-73. We prove
by induction on n that

U9\ IT)HUAUJ"UY" U Q" Colosel X[y, (19, \ 1] U AT ]. (B15)

Since J; j=JV and Yi’?j = YN, the D direction of property (B.4) follows from property (B.15) for n = N.

e For the induction base, consider an arbitrary fact R(u, w) € (lfj \ I{‘j) UA;;U JTUYTU QM If R(u,w) € (Iﬁj \ I,T‘j) U
A;j, we have R(u,w) e close[Xfo, (Iﬁj \ IIT‘J) u A;j] trivially by the definition in equation (B.1). If R(u, w) € Yi’_‘jil,
then the 2O direction of property (B.11) ensures R(u,w) € close[XF, I NI71C close[XF. AN pUAL If
R(u,w) is added to Q° in line 59, then R(u, w) € Ai_j trivially implies the required property. The only remaining
possibility is that R(u, w) is added to Q° and either J° or Y in lines 65-66. Then, there exists a constant v that
satisfies the condition in line 62—that is, R(u,v) € Ai’j \ (A;“j u YiRj_1) and R(v,w) e I{‘j\(Ai’jUij_1). The lat-
ter observation and property (B.12) ensure R(v,w) € Moo[XiRO], so clearly R(u,w) e cIose[Xl.RO, (I;?j\llf‘j) U Ai_j], as
required.

e For the inductive step, we assume that property (B.15) holds for n — 1 with 0 <n < N, and we consider an arbitrary
fact R(u, w) € (I,F’j \ Iﬂj) U Ai_j U J"UY"U Q™. The only nontrivial case is when fact R(u, w) is added to this set in the
n-th iteration. This, in turn, is possible only if R(u, w) is added to J", Y™, or Q" in lines 72-73 of the n-th iteration.
Then, there exists a constant v such that fact R(v, w) is extracted from Q" ! in line 68, and R(u,v) € XiRji]. The

former and the inductive assumption ensure R(v, w) € cIose[XfO, (I;’j \ Ilf‘j) u Ai’j]. Moreover, property (B.12) ensures

ijfl c Xfo, so R(u,v) e Xfo holds. Clearly, we have R(u, w) € close[Xfo, (I9;\ I ) U A7;], as required.
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For property (B.6), consider arbitrary R(u,w) € Yi’fj. If R(u,w) e ijfl, then property (B.13) ensures R(u,w) € Iﬁj N
Moo [Ei1=S. If R(u,w) is added to YR in line 66, then line 63 and the R—part[IEj] - R—part[I;?_j] part of property (B.12)
ensure R(u, w) € Iﬁj: moreover, line 65 and Definition 16 ensure R(u, w) € I [E;]=%; thus, R(u, w) € Iﬁj N Moo Ei]=5. The

remaining possibility of R(u, w) being added to YR in line 73 is analogous, so we omit the details for the sake of brevity.
For property (B.5), the leftmost equality follows from the leftmost equality in (B.12) and how X® is updated in line 74;
the rest of the property follows immediately from property (B.12).
To see that J;; satisfies its lower bound, consider an arbitrary fact R(u,v) eMD[I;?_j, RjEA;j,A:fj]\HOO[E]. Let r
be the only rule in M. Then, by Definition 9 there exists rule instance ro of r such that Iﬁj E=b(ro), Iﬂj E=b(ro),
P\ AU Afj K b(ro), and R(u,v) =h(ro) € (I} ;\ A7 U A?,Lj all hold. A:’i contains no R-facts, so we clearly have

Igj \ A ¥b(ro) and R(u,v) € Iﬂj \ A Let b(ro) = {R(u, w), R(w, v)}. Then, IPJ Eb(ro) and Iﬂj \ Ar b(ro) en-

sure b(ro) N A # 0. Without loss of generality, assume that R(u, w) € Apje Together with I;’j Eb(ro) and R-part[lﬁj] =

MOQ[XfO] from property (B.5), this implies R(u, v) eclose[XfO, (Iﬁj\lgj)UA;j]. Then, property (B.4) clearly ensures

R(u,v) € (I?,j \ I,'n,j) u A:j U Jiju ij. Together with R(u,v) € I?,j \ A;j, this implies R(u,v) € ],-JUij. Moreover,

R(u, v) ¢ T [E] and property (B.6) ensure R(u, v) ¢ ij. Hence, R(u, v) € J; j holds, as required.

Finally, we show that J; ; satisfies the upper bound. Lines 63 and 70 imply J;; < R—part[Ilf‘j\Ai_j], which together
with property (B.5) implies J; j € Iﬁj. Moreover, R belongs to stratum s, so J; j S I?j nosn ((IIT‘J \AHU Ai*j) holds, as
required. O

Claim 38. If call C;  is of type (R) and call C; j_ satisfies properties (T1)-(T4), then call C; j satisfies properties (13) and (T4).

Proof. For the leftmost inclusion of property (B.7), call C;j_q involves the Del™ module function so properties (B.4)

and (B.5) for i and j—1 ensure R-part[I}; 1\ (A7; ;U Jij-1 uyi’fj_1) C Mool XR)1\ close[ X, I\ D UAT 4]

Now consider an arbitrary fact R(u,v) € R—part[l?];]] \ (A,._ji1 U Jij-1 UYIRFI); then, there exists a chain of facts in

Xio that connect u and v, and none of these facts belong to (I?.j_1 \I?j_]) UA

j — 1 ensures that all these facts belong to X; j_1, so we have R(u,v) e Moo[ijq]. The choice of R(u, v) is arbitrary,
so we have R-part[I]; ;]\ (Ai_.j_l UJij-1U Yi’?j_l) c Moo[ij_l]. Together with properties (R.b) and (R.d), and the fact

Jj
that Afj_1 contains no R facts this implies R-part[I} ;] € YR U MOO[XIRJ_J. Line 76 ensures XR. = xR U YiRj_l,

i,j—1 i,j i,j—1
have R—part[lgj] - MOO[XIRJ.]. Moreover, due to line 79, each fact R(u, v) € J; ; satisfies R(u,v) € MOO[XiRj]. Consequently,
the required property holds.

For the second inclusion of property (B.7), property (B.5) for i and j—1 and the fact that call history H is compatible with

But then, property (B.5) for i and

SO we

I, A, s and Eo, ..., Ey ensure XI.RJ._l C Meo[Ei_1]=5. Moreover, property (B.6) for i and j — 1 ensures Yf]._1 C HeolEi—1155.
As a result, line 76 ensures Xf;=X{; ;UYf; | CTlEi-1]=5, and s0 MoolXf;] € MoolMeolEi—11%°] € Mool Ei—1]=°

holds. We next prove Moo[ij] \ (R-part[lgj] \ Ajj) € Ji,j, which implies our claim. Consider an arbitrary fact R(u, v) €
Moo[ij] \(R-part[Iﬁj] \ Aj j) holds. Then, Moo[ij] C Muo[Ei_1]=° and property (R.c) ensure R(u,v) € I;fj. Together with
R(u,v) ¢ R-part[[ﬁj] \ A; j this implies R(u, v) € A; j. Consequently, R(u, v) is considered in line 78 during the execution
of call C; ;. Since R(u,v) € Moo[ij] holds, v is clearly reachable from u via R facts in ij, and so R(u,v) € A;j en-
sures that R(u,v) is added to ] in line 80. The choice of R(u, v) is arbitrary, so the second inclusion of property (B.7)
holds.

For the third inclusion of property (B.7), conditions (R.c), (R.e), and (R.f), and M C IT° ensure R—part[[ﬁj] \ Ajj € ool Ei .
Moreover, property (B.5) for i and j — 1 ensures ij_1 - Il.,j_1 \Aifj_l, which together with conditions (R.d) and (R.e), and
M C TIIS ensures Xf];] C Il [E;il%; in addition, property (B.6) for i and j — 1 ensures Yi’?jq C I [E;]%; hence, line 76
ensures ij = ij_1 U ij_l C Two[E;1%, which in turn implies Moo[ij] C Ioo[E;1°. Together with the leftmost inclusion
of (B.7) this implies J; j € IN[E;]*, as required.

Property (B.8) holds by line 77.

Next we show that J; ; satisfies its lower bound—that is, MR[I,?’J,I?JEAL]»] C Ji,j holds. To this end, consider ar-
bitrary FeMR[If’j,IR].EAi,j]. Let r be the only rule in M. By Definition 10, there exists rule instance ro such that
F=h(ro) € A; j, and Iﬁj Eb(ro), and Iﬂj E=b(ro) all hold. Without loss of generality, let b(ro = {R(u, v), R(v, w)}) and
h(ro) = R(u, w). Then, I{'; =b(ro) implies R(u,v) € If'; and R(v, w) € I ;. By property (B.7) we have R(u,v) € Moo[ij]
and R(v, w) eMoo[ij], and so R(u, w) eMoo[ij] holds as well. R(u, w) € A; j ensures that R(u, w) is considered in
line 78 during the execution of C;j, and R(u, w) eMoo[ij] ensures that R(u,w) is added to J in line 80—that is,
R(u, w) € J; j holds.

Finally, J;i j € 1o [E;]* follows from the rightmost inclusion of (B.7); moreover, line 80 ensures J; j € A; j, which together
with condition (R.f) ensures J; j N Iﬂj =; hence, J; j € IoolEil \ IIT‘J holds, so J; j satisfies the upper bound. O
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This completes the proof of Theorem 18. To see that Proposition 19 is correct, note that property (B.2) holds even if set
XR® is replaced with another set X’ of R-facts satisfying Moo[XR] = Moo[X'].

Appendix C. Proof of Theorem 24
Theorem 24. Functions AddS®) | Delse(®) and Red®) gre correct.

Consider an arbitrary binary predicate R, program I, stratification A of I, stratum index s such that stc(R) C IT¥, se-
quence of datasets Eg, ..., En, and a call history H for stc(R) that is compatible with IT, A, and Ej, ..., E;. We assume that
H is of the form as specified in Definition 12. For each 0 <i <m and each 1 < j <n;j, let ij and YiRj be the values of XR

and YR, respectively, after call C; j. We define XX =Y& =0 and, for 1 <i <m, we let X = X,.Ri].nii] and YR =Y}, -
We next introduce some useful abbreviations and notation. To simplify the notation, let M = stc(R) for the rest of this
section. Just like in Appendix B, for S a set of facts, R-part[S] is the subset of S containing precisely all facts of S whose

predicate is R. Finally, for X® a set of sets of constants, we say that XR is valid if the sets in X® are disjoint, and we let

close[X®]={R(u, v) |3U € XR such thatu € U and v € U} (C1)

Before proceeding with the main proof, we first prove a clam that characterises the CLoSEEDGES function. This will allow
us to later simplify the analysis of the Add™ and RedM functions.

Claim 39. For each call of the form | := CLOSEEDGES(A), let X; and X, be the values of XR before and after the call. Then, if X1 is
valid, then X3 is also valid and

R-part[A] C close[X1] U J =close[X2] € Mso[close[X1] U R-part[A]]. (C2)

Proof. Consider an arbitrary execution of the function where X; is valid. Notice that X® can only be updated in
line 86, line 87, or line 89; clearly, none of these operations breaks the validity of X%, so X, is valid as well. To
see that R-part[A] C close[X2] holds, consider an arbitrary fact R(u, v) € R-part[A]. This fact is considered in line 85;
moreover, lines 88 and 89 ensure that u and v end up in the same set in X,, so R(u, v) € close[X,] holds. To prove
close[X2] C close[X1] U ], consider an arbitrary fact R(u, v) € close[X>] \ close[X1]. If u = v, then u appears in X, but not in
X1, so u is introduced into X3 in either line 86 or line 87; either way, R(u, v) € J holds. If u # v, then u and v are put into
the same set in line 89, so line 90 ensures R(u, v) € J. To prove close[X1]U J C close[X>], note that close[X1] C close[X>]
holds trivially since each set in X® only grows during the execution of the call; moreover, for each fact R(u, v) added to J
in lines 86, 87, or 90, constants u and v belong to the same set in X, which clearly ensures R(u, v) € close[X>]. Finally,
close[X2] € M[close[X1] U R-part[A]] holds intuitively because the rules in M axiomatise R as symmetric and transitive;
as a consequence, predicate R is also reflexive on every constant occurring in X». Thus, R corresponds to an equivalence
relation whose equivalence classes are contained in X,. This intuition can be proved formally by a simple induction on the
steps of function CLOSEEDGES; the proof is routine but somewhat verbose, so we omit the details for the sake of brevity. O

We are now ready to prove Theorem 24. To this end, we show that, for each 0 <i <m and each 1< j <h;, call (;; in
H satisfies properties (S1)-(54).

(S1) If call C; j is of the form J; j:= AddM[I; j: AT

ij A,.+. : ATj], then the following properties hold.

»J

R-part[(li j \ A; ) U Afj] UJij= cIose[ij] C Mool Eil (C.3)
YR =0 (C4)
(S2) If call G; ; is of the form J; j:= DeIM[Iﬁj, I?,j : A;j, Aifj : Ag‘j], then the following properties hold.
R-part{If ;1\ (A ;U Ji jUYF)) =close[X['] € R-part[I} ;] € R-part[I{ ;] (C5)
Y& I N T [E1=° (C6)
(S3) If call G; ; is of the form J; j:= RedM[Il?.j, IP,j ¢Aj j], then the following properties hold.
R-part[I7 ;1U J; j C close[XF,1 € (R-partlI? ;1\ A j) U Ji.j C MoolEil°

yfj =0 (C.8)
(S4) Call G ; is correct, and set ij is valid.
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We prove this by double induction on i and j, where we consider each call C; ; of type from Table 2. The base case involves
a call of type Al, and the inductive step involves all remaining calls. We split the proof into a separate claim for each
module function.

Claim 40.If C; j is of the form J; j:= AddM[I,;j : Ai_j, A,.JrjEAlT”j] and either i =0 and j =1, or call C; j_1 satisfies properties
(51)-(54), then C; j satisfies properties (51) and (54).

Proof. We first capture the preconditions for the call C; j. These are established either at the beginning of the algorithm, or
by the preceding call C; j_i. In particular, we show that set XiRj_1 is valid; moreover, we define datasets I’, I”, and J’ and
prove that they satisfy the following properties:

R-part[(I; j \ A7) U AH‘j] C R-part[I"lU ]’ C cIose[ij_l] C R-part[I'|U J' C Mo[Eil° (C.9)
R-partll'TU J' € (i j\ AU AT, (C.10)
Towards this goal, call C; ; can be of one of the following three types.

e Assume that C; ; is of type Al. Then, XiRji1 = so set XiRji1 is clearly valid; moreover, we let I'=1"= J' =, and it
is obvious that properties (C.9) and (C.10) hold.

o Assume that C; j is of type A2. Thus, A;; = and call C; 1 is of the form J; j_1 :=Add [I; j_1: A7 1, A 1AT, 1.
Property (S4) holds for i and j — 1 by the inductive assumption, so set XI.R];1 is valid. We let J' = J; j_1, and we let

r=1r"=I;=Uj-\ AU Afj_l, where the last equality holds by condition (A2.b) from Table 2. Property (A2.c)
ensures | = A;.“j, which with I” =1; j and A= # ensures the left-most inclusion of property (C.9). Moreover, con-
dition (C.3) holds for i and j — 1 by the induction assumption, so the remaining inclusions of property (C.9) hold as

well. Finally, J' € A:rj holds by property (A2.c), which together with I’ =1; ; and Agj = () ensures property (C.10).
o Assume that C; ; is of type A3. Thus, call C; j_1 is of the form J; j_1:= RedM[Iﬁj_1, 121_1 A j—1]. Property (S4) holds
for i and j—1 by the inductive assumption, so set Xleq is valid. We let J' = J; j_1, we let I”:Ilf‘jq, and we
let I'= 119,]‘—1 \ Aj j—1. Properties (A3.b) and (A3.d), and M C IT® ensure R-part[/; j\ Ajle R-part[I”]; and property
(A3.f) ensures A;“j = J/; together, these ensure the left-most inclusion of property (C.9). Moreover, condition (C.7)
holds for i and j — 1 by the induction assumption, so it clearly ensures the remaining inclusions of property (C.9).
Finally, conditions (R.f) and (A3.d) jointly ensure Ar; NO°*=A;j-1UW(EiNO%)\ I,T‘j_l); and condition (A3.f) ensures
(E;N0O%\ ]21_1 c Afj; jointly, these observations clearly imply property (C.10).
This completes our proof for the preconditions for C; ;, and we are now ready to show that C; j satisfies (S1) and (S4).

For the C direction of the equality in property (C.3), consider an arbitrary fact R(u, v) € R-part[(I; j \ Aifj) u Aifj] U Jij.
If R(u, v) € R-part[(I; ; \ A;j)UAﬂ‘j], then by property (C.9) we have R(u,v) eclose[Xi’?jil]; since ijil and ij cor-
respond to the values of X® before and after the execution of the CLOSEEDGEs call made in line 82 during the
execution of call C;j, Claim 39 ensures cIose[XiRj_l] - cIose[ij]; hence, R(u,v) e cIose[XiRj] holds, as required. If
R(u, v) ¢ R-part[(I; j \ Ai‘_j) @) Alff‘j], then R(u, v) € R-part[(I; j \ Ai_,j) U A:’j] U Ji,j ensures R(u, v) € R-part[Aifj \ A{f‘j] U Jijs
set Ai+j \ A;“j is the argument of the call to function CLOSEEDGES in line 82, and J; j is contained in the call’s result, so
Claim 39 ensures R—part[Ai*j \AMNIU i € close[XiRj]: hence, R(u, v) € cIose[XiRj] holds in this case as well.

For the O direction of the equality in property (C.3), we prove cIose[ij] \ R-part[(I; ; \ Aifj) u A;’Lj] C Ji,j- To this end,
we consider an arbitrary fact R(u, v) € close[X[;]\ R-part[(li ; \ A; ) UA[;]. Then, R(u, v) ¢ R-part[(l; j \ A; ) UA[;] and
properties (C.9) and (C.10) jointly ensure R(u, v) ¢ cIose[Xl.’?jq]; together with R(u,v) € cIose[XiRj] and Claim 39, this en-
sures that R(u, v) is contained in the result of the call to CLoSEEDGES in line 82. Finally, R(u, v) ¢ R-part[(I; ; \ Ai_j) u Afj]
ensures that R(u, v) is not removed from the result in line 82. Consequently, we have R(u, v) € J; j, as required.

For the rightmost < of property (C.3), line 82 and Claim 39 ensure cIose[XiRj] C Moo[close[XiRj_J U R—part[Ai*j \ AT
Property (C.9) ensures cIose[XiRjil] C Tlwo[Eil*; moreover, condition (Al.a), (A2.c), or (A3.f), depending on the type of C; ;,
ensures R-part[Afj \ Alff‘j] C I1[E;]°. Hence, we have cIose[Xl.Rj] C Moo[Mo[ET] € T [ET, as required.

Property (C.4) holds trivially: it is established either at the beginning of the history or by the preceding call, and Algo-
rithm 7 does not modify set YR,

Finally, we show that property (S4) holds. We have already established that Xf];l is valid; furthermore, XR is updated
in line 82 of call C; j, so Claim 39 ensures that X,.Rj is also valid. Property (C.3) and line 82 ensure that J; ; satisfies the

upper bound. To see that J; ; also satisfies the lower bound, consider an arbitrary fact R(u, w) € MA[I,-,J'EA;J., A;“j]. Thus,
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there exists a rule instance ro with r € M such that b(ro) 52 I j, and b(ro) C (I; j \ Ay )U AT
(Ii,j \ A;j) U A,.ij all hold. We have the following possibilities for the choice of r.

i and R(u,w) =h(ro) ¢

e Rule re M is of the form (30). Then, R(u, w) =h(ro) implies b(ro) ={R(w,u)} C (Ii,j\Ai_.j)UA;fj. Thus, prop-
erty (C.3) ensures R(w,u) € cIose[ij], and so w and u belong to the same set in X.R. Hence, we have R(u, w) €
close[xfj]; thus, property (C.3) ensures R(u, w) € R-part{(l; j \ A; ;) U A+ 1V Jijs ﬁnally R(u, w) ¢ (i j\ AU A,?_Lj
ensures R(u, w) € Jj j. '

e Rule r € M is of the form (31). Then, there exists a constant v such that b(ro) = {R(u, v), R(v, w)} € (I; ; \ A ) u A+
Analogously to above, u, v, and w belong to the same set in XR Hence, R(u, w) eclose[C}QJ], thus, property (C.3)
ensures R(u, w) € R-part[(; ; \ A )U A+ 1U Ji j; finally, R(u, w) gé Uij\ A )U Alfj ensures R(u, w) € J;j. O

Claim 41. If C; j is of the form J; j := DeIM[Il PIEA A+ AP and
e i>1, j=1,and call C;_q p, , satisfies properties (S1)-(54), or
e j>1andcall C; j_ satisfies properties (S1)-(54),

then C; ; satisfies properties (52) and (54).

Proof. We first capture the preconditions for the call C; ;. Please remember that, at the beginning of this section, we defined
xR, =xk, ,_, and YRo=YR . .., for each i >0. Set XR] , is valid by property (S4). We next prove the following.

R-part[I7 ;]\ (A"} UYR

i j— )= cIose[Xi’jfl] C R—part[lf1 -] - R—part[19 -] (C11)

YIR] 1& I?] N Moo[Ei]=* (C12

~—

Inclusion R—part[I” I\ (Am U YIR] < R—part[[ﬂj] holds trivially. Call C; j can be of one of the following two types.
e Assume that C;j is of type D1. Condition (D1.a) and property (C.4) for Ci_qp,_, ensure YR _1 =19, as required for
property (C.12). Moreover, condition (D1.d) ensures the rightmost inclusion of (C.11). Furthermore conditions (D1.c)
and (D1.d) jointly ensure R- part[ln 1= R-partl(li—1n_, \ A;_4 i 1) U Al Lhi e which, together with AT} = Yf]_l =0,
property (C.3) for i — 1 and hj_1, and condition (D1.b), clearly ensures the equality in (C11).
e Assume that C;; is of type D2. Condition (D2.c) ensures R-part[[n ]:R—part[(InA 1\Ai’j l)UA:r _q11; set Al] 1
contains no fact from stratum s, and so M C I1° ensures R- par'[[ln ]_ R-part[I} -1 \A,’ i_11. Together with condi-
tion (D2.d) and property (C.5) for i and j — 1, this ensures the equallty in (Cll) For the rrghtmost inclusion of (C.11),
condition (D1.d) or (D2.b) (depending on the type of the previous call) ensures I° _1 =TH[Ei-1], and property (D2.b)
ensures I° =Tl [Ei_1]; thus, I°] 1_I ; but then, R- part[ln 1=R- part[I”] 1 \A” 1] and the rightmost inclusion
of property (C.5) for i and j — 1 jointly ensure R-part[I} ]g R part[1° -], as required. Finally, property (C.12) follows
from property (C.6) for i and j — 1, and I” 1= I° o "
This completes our proof for the preconditions for C; ;, and we are now ready to show that C; ; satisfies (S2) and (S4).

For the C direction of the equality in (C.5), we prove R-part[I] ;]\ (A; ;U YIRJ LU cIose[XR DS Jiju YlR], together with
Y,R] 1€ Y, i this ensures the required property. Consider an arbltrary fact R(u,v) € R-part[ln ] \ (A ; u YIR] 1Y cIose[ij]).
Then, AT C A7 and property (C.11) ensure R(u,v) € cIose[X ij— 115 together with R(u, v) ¢ cIose[X,,]], this ensures that u
and v belong to a set that is removed from X® in line 97 during the execution of C;, j- But then, lines 94-96 ensure that
R(u, v) is added to either J in line 95 or Y® in line 96; in the former case, R(u, v) € R-part[IEj] \ A:j and line 98 ensure
R(u,v) € Ji j; and in the latter case, we clearly have R(u, v) € Yi’fj. Either way, we have R(u,v) e J; jU Yi’fj, as required.

For the D direction of the equality in (C.5), consider arbitrary R(u,v) € cIose[ij]. Then, the way XR is updated in
line 97 ensures R(u,v) close[ijq], which together with property (C.11) ensures R(u, V) € R-part ]\(Am u Y,R] Bk
this clearly ensures R(u, v) € R—part[If‘ »] Now assume for the sake of a contradiction that R(u, v) € Aw U Ji,ju Y”. Then,
R(u,v) ¢ AT, UYRJ , ensures R(u, v) € (A \ A) U Jij U(YR \Y,] 1); thus, R(u, v) is considered in line 93, 95, or 96.
In each of these cases, the set in XR 1 contammg u and v is removed in line 97; since ijq is valid, we have
R(u, v) géclose[ij]. which is a contradlctlon Consequently, we have R(u,v) ¢ A; ;Y Jij UYR so fact R(u,v) belongs
to the required set.

The way X® is updated in line 97 ensures cIose[ij]chose[ij_l]; together with cIose[ij_l] C R-part[I{ ;] €
R—part[lﬁ j] from property (C.11), this ensures the remaining inclusions of property (C.5).
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For property (C.6), consider arbitrary R(u,v) € YR If R(u,v) eYl] 1» then property (C.12) ensures R(u,v) € I°
Moo [Ei1=S. If R(u,v) is added to YR in line 96, then lines 93 and 94 ensure that u and v belong to a set in X” 1
thus, R(u,v) € cIose[ij_1], which together with the rightmost inclusion of property (C.11) ensures R(u,v) € Iﬁj. More-
over, the oracle function returns true for R(u, v) in line 95, so by Definition 16 we have R(u, v) € I1o[E;]; together with
M C ITS, this ensures R(u, v) € Io[E;]=5. Consequently, R(u, v) € I° N Mso[E;]1=5 holds, as required.

Finally, we show that property (S4) holds. We have already establlshed that X i1 is valid; furthermore, X® is updated
during the execution of C; j is line 97, which clearly does not affect the validity of XR: hence, set ij is also valid.
Moreover, line 98 ensures J; j C Il“j \ A oset Jij contains only R facts, so the rightmost inclusion of property (C.11)
and M C IT° ensure J; j C R-part[ln ]C I° NO°®; hence, J; j € I° NnosN ((In \ApU A+ ) holds, as required by the upper
bound. To see that J; ; also satlsﬁes the lower bound, consider an arbitrary fact R(u, w) € MD[I, j, AI T A+ ] \ Mo[Ei]-
By Definition 9, there exists a rule instance ro with r € M such that b(ro) € I? i b(ro) I} L b(ro) ¢ (IL] )U A, i
and R(u,w) =h(ro) € (I?_j \ Ai’j) U A;’“j all hold. Set A:'j contains no R-facts, so R(u, w) € I{‘d \ A;j holds. We have the
following possibilities for the choice of r.

e Rule re M is of the form (30). Then, R(u, w) =h(ro) ensures b(ro)={R(w,u)}. Together with b(ro) Q (In
AE],) u A,.*j and b(ro) gI , this implies R(w,u) € A . Assume for the sake of a contradiction that R(w,u) € Am
holds. Then, the call must be of type D2, and so property (D2.d) implies R(w,u) € J; j_q—that is, w and
u belong to a set removed from XR during the execution of Cij—1. Together with R(u,w) ¢ I1o[E;], this
implies R(u,w) e J; - 1_A CA”, which is a contradiction. Hence, we have R(W,u)eAifj\A,f“j. Moreover,
R, w)el!;\ A}, and R(u, w) ¢ Moo[Eil, and AT; € Aj;, and property (C.12) jointly ensure R(u, w) € R-part[I7 ;]\
(A;“j u ij_l); but then, property (C.11) ensures R(u, w) € cIose[ij_l]. Consequently, the set in ij_l containing
u and w must be considered in line 93 during the execution of C; j. Then, fact R(u, w) is considered in line 95;
moreover, function T is correct in the context of E; and IT, so R(u, w) € J; j holds.

e Rule r € M is of the form (31). Then, there exists v such that b(ra) ={R(u, v), R(v, w)}. Analogously to above, we have
R(u,w) e cIose[C - ] Moreover, b(ro) C I;‘] and b(ro) ;(_ (1 ._.) U Af imply that one of the two facts must be
in A i We next consider the case when R(u, v) € A ; the case of R(v,w) € Ar 1s analogous and we omit it for the
sake of brevity. For the sake of a contradiction, assume that R(u,v) e Am, = Jij-1 holds Then, the set containing u, v,
and w is removed from X® during the execution of Ci,j—1, which contradlcts R(u,w) € cIose[XfFl]. Hence, we have
R(u,v) e A; \A"‘ Line 93 and R(u, w) € cIose[X,] 1] ensure that R(u, w) is considered in line 95. Finally, function
T in the context of E; and I1, so R(u, w) € J; ; holds. O

Claim 42. If call C; j is of type (R) and call C; j_q satisfies properties (S1)-(S4), then call C; j satisfies properties (S3) and (54).

Proof. For the leftmost inclusion of property (C.7), call C; j_1 involves the Del™ module function so properties (C.5) for i
and j — 1 ensures R- part[I”] A (Al_] Uiy Y” < cIose[X i 11- Together with properties (R.b) and (R.d), and the
fact that Af] 1 contains no R-facts, this implies R- part[In 1< Y,] 1 Uclose[ij_l]. Moreover, line 99 and Claim 39 ensure
Yf];] C cIose[Xf]], cIose[ijil] C cIose[le]], and J; j C close[Xf]]. Hence, R-part[lﬂj] UJij < cIose[ij] holds.

For the second inclusion of property (C.7), property (C.5) for i and j — 1, M C IT%, and condition (D2.b) or (D1.d)
(depending on the type of previous call) ensure close[ij_1] C M [Ei_1]°. Moreover, property (C.6) for i and j — 1 en-
sures YR 1 € HeolEi—1%. As a result, line 99 and Claim 39 ensure cIose[XR ] CMoo[cIose[XR ]UY,RJ 1] S MlEiqg
and so condltlon (R.c) ensures cIose[XR ]C R~ part[l° ]. We next prove cIose[XR 1\ (R~ part[I° 1\ Aij) € Ji,j, which
implies the required property. To this end consider an arbitrary fact R(u, v)eclose[Xf]]\(R part[IﬁJ]\A,,]). Then,
cIose[XR ]CR- part[l° .] ensures R(u,v) € R- part[I° .]. Together with R(u, v) ¢ R~ part[I ]\A,-,j, this implies R(u, v) € A; ;.
Then, condltlon (R.f) ensures R(u,v) ¢l ' which together with condition (R.d) and property (C5) for i and j—1 en-
sures R(u, v) ¢close[ij71]. But then, R(u,v) € cIose[ij], line 99, and Claim 39 ensure that R(u, v) is returned by the
CLoSEEDGES(Y®) call made in line 99. Together with R(u, v) € A, j, this ensures R(u, v) € J; j, as required.

For the rightmost inclusion of (C.7), conditions (R.c), (R.e), and (R.f), and M C IT¥ ensure R—part[1° ]\Ai j S ool Eil.
Next we show that J; j C IToo[E;]* holds. Property (C.5) for i and j — 1 ensures cIose[X” 1J € R~ part[I”] A A” 1» Which
together with conditions (R.d), (R.e), and M C IT ensures cIose[ij_l] C I1[E;]l°. Moreover, property (C.6) for i and j—1
ensures Yi’fjfl C Moo[Eil’. As a result, line 99 and Claim 39 ensure J; j C Moo[close[ijq] U ijfr] C Meo[Eil.

Property (C.8) holds due to line 100.

Finally, we show that property (S4) holds. The inductive assumption ensures that XX i.j—1 is valid, and XR is only updated

in line 99 during the execution of C; j; hence, Claim 39 ensures that XiRj is also valid. Moreover, line 99 clearly ensures
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Ji,j € Aj j; then, by condition (R.f) we have J; jN I{‘j = {; together with the rightmost inclusion of (C.7), we conclude that
Ji,j satisfies the upper bound. To see that J; ; also satisfies the lower bound, consider arbitrary R(u, w) e MR[I?J., I?j PAG .
By Definition 10 there exists rule instance ro- with r € M such that R(u, w) =h(ro) € A; j, and b(ro) € I? ;, and b(ro) € I;‘j

i,j’
all hold. There are two possibilities, which we discuss below.

e Rule re M is of the form (30). Then, R(u, w) =h(ro) implies b(ro) = {R(w, u)}. Together with b(ro) C Iﬂj, con-
ditions (R.b) and (R.d), and the fact that Aqu contains no R-facts, we have R(w,u) 6121—1 \ (A7 Y i)
Property (C.5) for i and j—1 ensures R(w,u) eclose[ijfl] U ijfl; hence, line 99 and Claim 39 ensure
R(w,u) e cIose[ij], which in turn implies R(u, w) € cIose[ij]. Moreover, R(u, w) € A;j implies R(u, w) ¢ I,T‘J.,
which together with condition (R.d) and property (C.5) for i and j — 1 implies R(u, w) géclose[ijf]]. But then,
R(u,w) e cIose[ij], line 99, and Claim 39 ensure that R(u, w) is returned by the CLoSEEDGES(Y®) call in line 99; but
then, R(u, w) € A; j ensures R(u, w) € J; j, as required.

e Rule r € M is of the form (31). Then, there exists v such that b(ro) = {R(u, v), R(v, w)} holds. Analogously to above,
we have {R(u,v), R(v,w)} gclose[ij] and R(u, w) ¢close[ij_1]. The former ensures R(u, w) eclose[ij]. Con-
sequently, line 99 and Claim 39 ensure that R(u, w) is returned by the CLOSEEDGES(YR) call in line 99; but then,
R(u, w) € A; j ensures R(u, w) € J; j, as required. O

Appendix D. Proof of Theorem 30
Theorem 30. Functions Add™, Del™en and Red™=" are correct.

Consider a regular chain program I, program I, stratification A of I, stratum index s such that I, C IT°, sequence
of datasets Eg, ..., Em, and a call history H for Il that is compatible with I1, A, s and Eo, ..., Em. Let H be the set
of all head predicates appearing in ITcn, let S be the set of all predicates appearing in I, and let 8 =P\ =H,
For each predicate R € =H, we fix an NFA NR = (QR, %;, 8%, qR, FR) that recognises precisely the unfoldings of R w.r.t.
IT,ch; we assume that each NFA is free of e-transitions, satisfies qf ¢ FR and does not share states with any other NFA.
We assume that the call history H is of the form as specified in Definition 12. For each 0 <i <m and each 1< j<n;,
let I ;, Al Xij, Yij and each ZF}; with R e =7 be the values of 19, A9, X, Y, and ZF, respectively, after call C; ;.
Finally, let I§ ;= AJ o= Xo,0=Yo,0=Z§, =1 for each Re £# and, for 1 <i<m, we let I}y =17, Alg=al |
Xi,O = Xifl,hiq' Yi,O = Yi*1~hi—1 , and ZiI?O = Zinl,hi_1 for each R € ZH.

We next introduce some useful abbreviations and notation. To simplify the notation, let M = I1,, for the rest of this
section. Also, for S a set of facts and T a set of predicates, T-part[S] is the subset of S containing precisely all facts of S
whose predicate is in T; by abuse of notation, we write {R}-part[S] as R-part[S] when R is a predicate. We use analogous
notation when S is a set of g-facts and T is a set of states. Furthermore, for R € ©¥ a predicate and X and A datasets, we
define close®[X, A] as follows.

closeR[X, Al = {q(u, v) | there exist £ > 1, statesqo,...,q¢ € QR, binary predicates Ry, ..., Ry_1,
constants wy, ..., Wy, and an integer k with 0 <k < £ such that qp = qf, wo=1u, (D1)
qe=q, we ="V, qir1 €8%(qi, R;) fori with0 <i < ¢, and )
Rk (Wg, Wiy1) € A and Ryy(Wi, Wint1) € X form with 0 <m < € and m # k}
To simplify the notation, we abbreviate closeR[X, X] as just close®[X]. For R € £ a predicate, X a dataset, and B a g-
dataset, we define ext®[B, X] as follows.
extR[B, X]={q(u, v) | there exist £ > 0, states qq, ...,q¢ € QR, binary predicates R, ..., Ry_1,
and constants wy, ..., wg such thatq, =q, w, = v, qo(u, wo) € B, and (D.2)
qit+1 € 8% (qi, R;) and R;(w;, wiy1) € X foriwith0 <i < £}

Finally, for B a g-dataset, we define fin[B] as follows.

fin[B] = {R(u, v) | 3q € FX such that q(u, v) € B} (D.3)

Before proceeding with the main proof, we first prove a clam that characterises the ADDEDGEs function. This will allow
us to later simplify the analysis of the Add™ and RedM functions.

Claim 43. For each call of the form J9:= ADDEDGES(A, Q, B), let 19 be the value during the call, and let X1 and X> be the values of
X before and after the call. If closeR[X1] = Q R-part[I9] U extR[Q, X1] and ext?[B, X1] € Q R-part[19] hold for each binary predicate
R e =H, then X5 = X1 U £P-part[A] and (D.4) holds for each binary predicate R € =.
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closeR[X2]= Q R-part[1? U J9] (D.4)

Proof. Consider an arbitrary call as specified in the claim. Note that X is only updated in line 108, so X = X; U =" -part[A]
clearly holds. Next we show that (D.4) holds for each binary predicate R € . To this end, consider arbitrary binary predi-
cate R € =1 appearing in the head of a rule in M.

For C direction of property (D.4), we prove (D.5). We next consider the two inclusions of this property in isolation.

closeR[X21\ Q R-part[I9] C extR[BU J9, X5]\ Q R-part[I19] < Q R-part[ J] (D.5)

For the first inclusion of (D.5), we consider an arbitrary g-fact q(u, v) € closeR[X3]\ Q R-part[I9]. If q(u, v) € closeR[X1],
then q(u, v) € extR[Q, X1] holds by the claim assumption; line 106 ensures Q € J9; and X; C X, clearly holds; thus, we
have q(u, v) € extR[B U J9, X»], as required. Otherwise, we have q(u, v) € closeR®[X>]\ close®[X1]. Then, by (D.1), there ex-
ist an integer ¢ > 1, states qo,...,qe € QF, and facts {Ro(Wg, W1),..., Re—1(We—1, Ww¢)} € Xo such that g :qf. wo =1,
qe=q, and wy=v, and qi;1 € 8R(q;, R;) for 0 <i<£. Moreover, q(u,v) ¢ closeR[X;] ensures that Ry(wy, wiy1) € X1
for at least one k with 0 <k < {. Without loss of generality, we can choose k to be the smallest index satisfying
Ri(Wg, Wii1) € X2\ X1 € ZP-part[A]. We consider the following possibilities.

e k=0. We thus have, Ro(wq, W1) = Rp(W, Wiy1) € =P -part[A], so fact Ro(wo, w1) is considered in line 107. But then,
qo = qf and q; € 8%(qo, Ro) ensure that q;(wg, wq) is considered in line 110; this ensures q;(wg, w1) € Q R-part[B U
J9, which in turn ensures q(u, v) = q¢(wg, we) € extR[BU J9, X;], as required.

e k> 0. Since k is the smallest index such that Ri(wy, wiy1) € X2 \ X1 holds, Ri(w;, wiy1) € X7 holds for each 0 <i <k.
Thus, qx(wo, wy) € closeR[X1] holds. We further have the following possibilities.

- qe(wo, wg) € QR-part[I9]. Then, Ri(wg, Wii1) € >P_part[A] ensures that Ry (wy, Wg41) is considered in line 107.
But then, qi(wq, wi) € QR-part[I9] and qi41 € 8%(qx, Rx) ensure that g1 (Wo, Wy,1) is considered in line 112;
this ensures q1(Wo, Wk4+1) € Q R-part[B U J9], which in turn ensures q(u, v) = q¢(wo, w¢) € extR[BU J9, X5].

- qr(wo, wi) ¢ QR-part[I9]. Then, closeR[X{]= Q R-part[I7] U ext®[Q, X{] implies qx(wo, wi) € extR[Q, X1]; more-
over, Q CBU J? and X; C X, imply ext®[Q, X;] C extR[BU J9, X3], so we have qi(wo, wy) € extR[BU J9, X5];
finally, this ensures q(u, v) = q¢(wg, w¢) € extR[BU J9, X5].

For the second inclusion of (D.5), we prove instead that ext®[B U J7, X5] € Q R-part[19 U J9] holds. Consider an arbitrary
g-fact q(u, v) € extR[B U J9, X,1; then, by (D.2), there exist an integer £ > 0, states qo, . .., q¢, binary predicates Ry, ..., Re_1,
and constants wo, ..., w, such that g, =q, wy =v, qo(u, wo) € BU J9, and q;j,1 € 8%(q;, R;) and R;j(w;, wiy;) € Xy for i
with 0 <i < ¢. We prove by induction on i with 0 <i < ¢ that property () holds.

(0) gi(wo, wi) € extR[B, X11U Q R-part[ J9]

For i = — 1, property (¢) ensures q(u, v) € ext®[B, X;]U Q R-part[ J9] € Q R-part[19 U J9] = Q R-part[I7 U J9], as required.
For the base case, property () holds trivially for i = 0. For the inductive step, consider arbitrary i with 0 <i < ¢ such that
property () holds for i — 1; we show that property () holds for i as well. We have the following three cases.

o qi_1(wp, wi_1) eext®[B, X1] and Ri_1(wi_1, w;) € X1. Then, q; € 8%(qi_1, Ri—1) ensures q;(wg, w;) € extt[B, X1], as
required by property ().

o gi_1(wo, wi_1) € extR[B, X1] and Ri_1(wi_1, w;) € X2 \ X1 € =F-part[A]. Then, lines 107, 111, and 112 of the algo-
rithm ensure that q;(wg, w;) € Q R-part[B U J9]; note that g;_1(wo, wi_1) € I9 holds in line 111 because ext®[B, X;] C
Q R-part[19] holds by the assumption of our claim. Thus, q;(wg, w;) € ext®[B, X11U Q R-part[ J9] holds, as required by
property (O).

o gi_1(wg, wi_1) ¢ extR[B, X{]. Then, property (¢) for i — 1 ensures q;_1(wo, wi—1) € Q R-part[J9], so gj_1(wg, wi_1) is
added to J9 and Q in line 106, 110, 112, or 116. The g-fact gj_1(wgp, w;_1) is thus removed from Q in line 114 at
some point. But then, Rj_1(wi_1, w;) € X and line 115 ensure that g;(wg, w;) is considered in line 116, which in
turn ensures that g;(wg, w;) € Q R-part[BU J7] C extR[B, X1]U Q R-part[ J9] holds, as required by property ().

We now prove the D direction of property (D.4). Precondition close®[X1]= Q R-part[I7]UextR[Q, X;] and X; C X, en-
sure Q R-part[19] C close®[X1] C closeR[X3]. To complete the proof, we show that Q R-part[ J9] C closeR[X3] holds as well.
To this end, let N be the total number of iterations for the loop of lines 113-116; moreover, let ]g be the value of J9 right

before line 113, and, for each 1 <k <N, let jg be the value of J9 after the k-th iteration of lines 114-116. We show by

induction on k with 0 <k <N that QR-part[ /] € close®[X;] holds; then, QR-part[J]] < closeR[X;] for k=N ensures the
required property.

e For the base case, note that each g-fact q(u,v) € QR-part[jg] is added to ]g in line 106, 110, or 112. In the first
case, assumption closeR[X1]= Q R-part[19] U ext®[Q, X1] ensures q(u, v) € closeR[X;] C closeR[X3]. In the second case,
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lines 107-110 ensure that there exists R;(u,v) € X, such that q e 8%(gR, R;), which implies q(u, v) € closeR[X2].
In the third case, lines 107, 109, and 111 ensure that there exist qi(u, w) € QR-part[I?] and R;(w, V) € X3
such that qe8%(gq, Ri) holds; then, closeR[X1]1= QR-part[I7]UextR[Q, X;] and close®[X1] C closeR[X2] ensure
q1(u, w) € closeR[X,], which in turn ensures q(u, v) € closeR[X3], as required.

e For the inductive step, consider an arbitrary k with 1 <k < N such that QR—part[]Z_1] C closeR[X>] holds, and con-
sider an arbitrary g-fact q(u, v) € QR-part[]Z]. If qu,v) e QR-part[]zfl], then the inductive assumption for k — 1
ensures q(u, v) € close®[X,]. Otherwise, q(u, v) is added to ],‘z in line 116. Thus, line 114 ensures that some g-fact
q1(u, w) is extracted at some point from the set Q; since all facts added to Q are also added to 9, we also have
qi(u,w) e QR—part[]z_l]; but then, the inductive assumption for k — 1 ensures q;(u, w) € closeR[X3]. In addition,
line 115 ensures that there exists R;j(w,v) € Xo such that q € §%(q1, R;) holds. Together, these observations ensure
q(u, v) € closeR[X3], as required. O

We now prove Theorem 30 by showing that, for each 0 <i <m and each 1< j<h;, call C; in the history H satisfies
properties (N1)-(N4).

(N1) If call G; ; is of the form J; j :=AddM[I; j: A Afr'%Al’{‘j], then the following properties hold.

L,j 7,

close®[X; j1=Q"-part[I] jlforeach R e A (D.6)
=Popartl(1; j \ A ) U Al 1= 2P-part[X; j] € Xi j € Too[Ei]=* (D.7)
fin[I{ ;1 =S -partl(1; ; \ A7) UAT; U Ji j1 € Mol BT (D.8)
A?’j:Yi.j:ijzﬂforeachR exf (D.9)

(N2) If call C; j is of the form J; j:= DeIM[Iﬁj, Iﬂj : A;j, A,.‘fj : A;T‘j]. then the following properties hold.
QR -part[1] jc close®[X; j1 € close®[Xi o] = Q -part[I] )] for each R € £" (D.10)
extR[A;{j, Xij1S QR-part[A?J.] C closeR[X; 0, I\ 17 U A7l foreach R »H (D.11)
»P-part[I?; N (1] \ ADI= 2P -part[X; 1< Xij = Xio\ (U7;\ I} ) U AP S NAf AT (D.12)
fin[closeR[X; . I\ 1P ) U AT 1 =R-part{(I9; \ I} ) UA; U Ji jUY; jl foreach R »H (D.13)
fin[Igj] =3 -part[I}; \ (AU JijUYiplc sH-part[I] ;] € = -part[I ;] =fin[I{ ;] (D.14)
Yij I N ool Ei]=° (D.15)
Z}; 2 {u | there exist g and v such that q(u, v) € Q *-part[I] ; \ Igj]} for each R € £/ (D.16)
Aﬁj =) P Igj and A;{j n 11‘.{]. =@ and ﬁn[A;{j] NUP N (AU i jUYip) =0 (D.17)

(N3) If call C; j is of the form J; j:= RedM[Iﬁj, Iﬂj ¢Aj j], then the following properties hold.

close®[X; j1= QR—part[Iﬁj] for each R € =/ (D.18)
%P -part[I? iNI1= »B-part[X; j1C Xi.j € HoolEil=* (D.19)
ZH-PartUEJ- U Jijlc fin[[ﬁj] c EH-part[(I?_j \Ai ) U Jijl1 € Mol EiP (D.20)
Aﬁjzy,-,jzzfj:@foreachRez“ (D.21)

(N4) Call G; ; is correct.

We prove this by double induction on i and j, where we consider each call C; ; of type from Table 2. The base case involves
a call of type Al, and the inductive step involves all remaining calls. We split the proof into a separate claim for each
module function.

Claim 44. If C; j is of the form J; j := Add’V'[I,-,j : Ai‘_j, Ai*j : Alf”j] and eitheri =0and j =1, or j > 1 and call C; j_1 satisfies proper-

ties (N1)-(N4), then C; ; satisfies properties (N1) and (N4).

Proof. We first capture the preconditions for the call C; j. These are established either at the beginning of the algorithm, or
by the preceding call C; j_q. In particular, we prove that the following properties hold.
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close®[X; j_1]1= QR-part[I] i _qlforeach R e =H (D.22)
part[(ll i\A; ]) U A ]_ »B -part[X; j—1] € Xi, j—1 C Il E; =S (D.23)
H_part[(1; ; \ A,.’].) UATIC fm[r"] e s part{(Ji j\ A U A+ 1€ MeolEil (D.24)

Towards this goal, call C; j can be of one of the following three types.

e Assume that C; j is of type Al. For each R € H both sides of the equality in property (D.22) are empty, so the equality
holds. Moreover, I; ; = A_ =A _X,j 1 =19 ensures property (D.23). Finally, I; ; = A_ = A”‘ = IqJ 1 =1 ensures
the first and second mclusron of property (D.24), and condition (Al.a) and M C ITS ensure the thrrd inclusion.

e Assume that C; j is of type A2. For each R € >H property (D.6) for i and j — 1 ensures closef [Xij-1]1= QR-part[Iﬁj_l],

so property (D.22) holds. Moreover, property (D.7) for i and j — 1 and condition (A2.b) ensure EB—part[I,;j] =
xB-part[X; j_1]; thus, AP, = Ji j—1 from condition (A2.c) and B part[J; j_1]1= Aj; =0 ensure =B-part[(I; j \ AU
A{f‘j] = EB-part[Xi,J-q], so the equality in (D.23) holds; property (D.7) for i and j — 1 also ensures the remaining in-
clusions in property (D.23). Finally, property (D.8) for i and j — 1 and conditions (A2.b) and (A2.c) jointly ensure the
first inclusion of property (D.24), as well as fin[Igjq] < xH-part[l; ;U AT € Moo[Eil’. Then, A;; =¢ and A]; € ARL]'
from condition (A2.c) ensure the second inclusion of property (D.24); in addition, EH—part[l,-,j u AT}‘] C I[E;i]® and
A,.J,rj C I[E;]* from condition (A2.c) ensure the third inclusion of property (D.24).

o Assume that C; ; is of type A3. For each R € X, property (D.18) for i and j—1 ensures close®[X; j_1]= QR- part[Iq] 11,
so property (D.22) holds. For (D.23), note that property (D.19) for i and j — 1 ensures X5- -part[I? o1 N I” 1=
»B-part[X; j_1]; moreover, A7 = Ji,j—1 from condition (A3.f) and >B-part[ J; j—1]1 = ensure ZB—part[AT]] =¢; fur-
thermore, conditions (A3.b), (A3 d), and (R.c) ensure Z5-part[I; i\Al= L -part[I? 1N In _11; together, all of these

observations ensure that EB—part[(I, NAYAYS )U A”‘ 1= EB-part[I°] ﬂI”] 1= B part[Xl] 1] holds, as required by
the equality in (D.23). The remaining C relatlons 1n (D.23) directly follow from (D.19) for i and j — 1. Next we prove
property (D.24). Conditions (A3.b) and (A3.d), and M C IT°, ensure ZH—part[Il i\A; ] - E”—part[[ _1] together with
the leftmost inclusion of property (D.20) for i and j — 1 and A = Jij—1 from condition (A3 f) this ensures the
leftmost inclusion of property (D.24). Furthermore, conditions (R.c), (R.f), (A3.b), (A3.d), and (A3.f), and M C IT° ensure

part[(l ij— 1\ALj—D) U Jij- 1]C2 pal’t[(lu\A,J)UA+]
together with property (D.20) for i and j — 1 this ensures the second inclusion of property (D.24). Finally, condi-

tions (A3.b), (A3.d), and (R.e), and M C IT° jointly ensure =H-part[I;, i\Ar ] C M [E;]%; together with A+ C Mgo[Ei]=S
from condition (A3.f), this ensures the rightmost inclusion of property (D 24)

We are now ready to prove that call C; ; satisfies properties (N1) and (N4). For each R »H, property (D.22) ensures
extR[Il] 10 Xij-11 <€ QR- part[I,] 1 thus, the preconditions for the ADDEDGEs call in line 102 are satisfied.

For property (D.6), Claim 43 and the way 19 is updated in line 103 ensures closef [Xijl= QR-part[Iﬁj], as required.

We now prove property (D.7). Line 102 and Claim 43 ensure X; ;= X;j_1U ZP—part[Aifj \ A"‘ ]. Now for the equality
of the property, X; j=Xj j_1U EP-part[A+ \ A" ensures »B-part[X; j] = ZB-part[X; j_1] U xB- part[AJr \ Al'j]; together
with the precondition Z&-part[(I; j \ A; puanl= B-part[X; j_11, we have EB-part[(I; ;\ AU A:j] = EB-part[x,, il, as
required. Moreover, condition (Al.a), (A2 c) or (A3 f), depending on the type of C; ;, ensures A+ C Moo[E;]=5; together with
property (D.23) and X; j = Xj j_1 U PR part[A+ \Am ], this ensures the remaining inclusions of property (D.7).

For the C direction of the equality in (D.8), consider an arbitrary fact R(u, v) € fm[Iﬁ]]. By (D.3), there exists g € FX such
that q(u, v) eI holds If qu,v) e I” 1» then property (D.24) ensures that R(u, v) belongs to the required set. Otherwise,
line 103 ensures that q(u, v) belongs to J7; but then, line 104 ensures R(u, v) € (I; j \ A} ) u A, iy U Ji,j» as required. For the
D direction of the equality, consider an arbitrary fact R(u, v) € £H- -part[(I;,j \ A} )U A+ U Ji,j1. We discuss the following
three possibilities.

e R(u,v)exH- -part[(l; ; \ A ;) U AT";]. Then, property (D.24) ensures R(u, v) efin[lﬁj_]] gﬁn[lf{j].

e R(u,v)exH- part[AJr \A; ] Smce R is an unfolding of itself, automaton N® recognises R. Hence, there exists
q € FR such that g eéR(qs,R). Moreover, line 102 and Claim 43 ensure R(u,v) € H- part[AJr \ A1 € Xi j. Thus,
q(u, v) € closeR[X; ;] holds; but then, property (D.6) ensures q(u, v) € QR-part[I?,j]: together with q € FR, this ensures
R, v) e fin[lgj].

e R(u,v)e E”—part[],;j]. Then, lines 103 and 104 ensure R(u, v) € fin[Izj].
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To complete the proof of property (D.8), we prove fin[IZj] C I [E;]°. To this end, consider an arbitrary fact R(u, v) € fin[Igj].
By (D.3), there exists a state g € FR such that q(u, v) € Iq holds. Moreover, property (D.7), line 102, and Claim 43 then en-
sure q(u, v) € closeR[X; ;] = closeR[X; j_1 U ZP- part[AJr \ A];11. Together with X; j_1 C o[ Ei]=* from precondition (D.23)
and Af] C Meo[E;]=5, this ensures q(u, v) € closef [MMso[E;i ]<S] But then, our assumption on q € FR and Proposition 27 en-
sure that we have R(u, v) € Mo [TI[Ei1=°] C M [E; %, as required.

Property (D.9) trivially holds since these sets are empty before the call and they are never updated during the call. We
now prove that C; ; is correct. The rightmost inclusion of property (D.8) and line 104 ensure that J; ; satisfies the upper
bound. For the lower bound, consider an arbitrary fact R(u, v) € Ma[l; j: A p A*] Then, there exists an instance of a rule
in M of the form

S1(co,€1) A+ A Sp(En—1,Cn) = R(Co, Cn) (D.25)

such that R(co, cp) ¢ (I j \ Ai_j) U A;“j holds, and Si(ck—1,cr) € (I;j \ A,._j) U A,?_Lj holds for each k with 1 <k <n. We prove
that for each k with 1 <k <n, there exist facts Ry 1(ck,0,Ck1),---» Ri,m, (Ck,my—1, Ck,m,) € Xj,j such that the sequence of
predicates Ry 1, ..., Rgm, is an unfolding of Sy, and ¢y o =ck—1 and ckm, = ¢, both hold. To this end, consider arbitrary k
with 1 <k <n. There are two cases.

o Sy e xH_thatis, Sy is a head predicate in M. Then, Sy(cx_1, ) € Ui j\ A; ) UAF
property (D.6) ensure the required property.
o Sy e xP\ =H_that is, S is a predicate in M that never appears in the head of a rule. Then, Si(ck_1,ck) € Ui 3\ Ai’j) u

A+ and property (D.7) ensure Si(ck—1,Ck) € Xj j, and so the required property holds.

i the equality in property (D.8), and

Either way, the required property holds. The sequence of predicates Ri,1,....Rimys--.,Rn1,...Rom, is an unfolding of
R, and all facts belong to X;;, so there exists q(u, v) e closeR[X; .j] such that g e FR holds. Then, property (D.6) and
property (D.8) ensure R(u,v) e ZH-part[(]; NAYAYS )U A ;U Ji,j]l; together with R(u,v) ¢ (Ii,j\ A; )U A, It this ensures
Ru,v)e Jij. O

Claim 45. If C; j is of the form J; j:=Del™[I? , I ;: AT, A+ ATl and

e i>1, j=1,and call C;_q p,_, satisfies properties (N1)-(N4), or
e j>1andcall C; j_1 satisfies properties (N1)-(N4),

then C; ; satisfies properties (N2) and (N4).

Proof. We first capture the preconditions for the call C; j by proving the following properties.

QR—part[I?j 11 € close®[X; j1] € close®[Xi 0] = Q "-part[I{ ;] for each R € =" (D.26)
extR[A,] 1 Xi j-11 € QR-part[A] ; ;1< close®[Xi o, I?; \ If ;] for each R € = (D.27)
-part[1° ni = »B -part[Xi j—11 € Xi j—1 = Xio \ (Iﬁj \I7 Rl I° N In (D.28)

fin[close® [Xi.0, 19 ; \ If ;11 = R-part[(I? ; \ If ) U AT, U Y j 1] for eachR e 2” (D.29)

fin[l‘i’_]._]] = 2”-part[1 A (AP UY o)1 € 2 -part(I] ;1 € =M -part[I? ;] = fin[I] ] (D.30)

Yij-1 19 N Mool Ei]=° (D.31)

{u | there exist g and v such that q(u, v) € Q *-part[I{ ) \ I lianc z#;_, foreach R e =" (D.32)
B\ Al Al nil, =0, and fin[A], 1N U]\ (AT UYij-1)) =0 (D.33)

Towards this goal, call C; j can be of one of the following two types.

e Assume that C; j is of type D1. Property (D.6) for i — 1 and h;_; ensures property (D.26), and A?];] =) ensures
property (D.27). Furthermore, condition (D1.c), property (D.7) for i — 1 and h;_1, and M C IT° ensure EB—part[I?_j] =

B—part[X,‘,j_ﬂ; in addition, the rightmost inclusion of (D.7) for i — 1 and h;_1 and condition (D1.d) ensure the remain-
ing part of property (D.28). For property (D.29), both sides of the equality are empty for each R € ¥, so the property
holds. For (D.30), property (D.8) for i —1 and h;_1 clearly ensures fin[lzj_1] = ):”-part[(li_],,.,H \Aiil,h,q)UAitl.hH u

Ji—1,n;_,1; together with M CII° and conditions (D1.c) and (D1Db), this ensures fin[I‘.I 1= 2‘4”—part[1n -]; moreover,
property (D.9) ensures Y; j_1 =, which together with A"‘ = () ensures f|n[1q] 1]— PILLE par'([ln \(Am uYi -l
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as required by the leftmost equality in (D.30); in addition, fln[Iq] 1= poLL part[In -] and condition (D1.d) ensure
fin[Igj71] = E”-part[lgj] = E”—part[lﬁj], so the remaining part of (D.30) holds as well. Property (D.31) trivially holds

since Y; j_1 is empty. For property (D.32), consider an arbitrary R e »H: property (D.9) for i — 1 and h;_; ensures
ZR _1 =/, and the right-hand side of the inequality is empty as well, so the property clearly holds. Finally, property

(D 33) trivially holds since Aq =0\ 1=
e Assume that C;j is of type D2 Property (DlO) for i and j — 1 ensures (D.26). To show property (D.27), consider
an arbitrary predicate R € £F. Inclusion extR[A” 10 Xi,j-11 € QR- part[A?J_l] follows from property (D.11) for i and

j — 1; moreover, Au 1 € 11] 1 A” 1 € I,"] 1 Af] 1N Ifj 1 =4, and conditions (D1.d), (D2.b), and (D2.c) ensure

S\ DUA =1\

then, property (D.11) for i and j — 1 ensures QK- part[Aq _1] Cclosel[X; o, I \In -], as required. For (D.28), prop-
erty (D.12) for i and j — 1 ensures EB—part[I°] 10(1;‘] D\ A 1)]_EB—part[X,J 11; then, A” N =0,
I? ;=19 =TelEi_1], and condition (D2.c) ensure B part[I{; N1} ;1= ¥B-part[X; j_1], as required. Property (D.12)
for iand j—1 also ensures X j 1= Xjo\ ((I} i1 \ 7 e 1) UA”_]) =X,-,0\(I \I” ) C Il°j 011“1, as required by the
remaining part of (D.28). For property (D.29), consider an arbitrary R € £/, Property (D.]3) for i and j — 1 ensures

finfclose® [Xi 0, (I 4y \ I ;_1) U A[;_; 11 = R-part[(If;_y \ I?;_)UA;; ;U Jij1UYijql;

together with (I° \In DUA =1 \IEj and condition (D2.d), this ensures the required property. For (D.30),
property (D.14) for 1 and j—1 ensures

finlI} ;_y1=S"-partlI?;_; \ (A7 ;4 U Jij-1 UYi -0k

set Ai*j_l contains no fact from stratum s, so we have EJH—part[Ilf‘j_1 \A;j_1] = EH-part[(lf‘, 1 \Ai’j DU Ai*]- 0
together with conditions (D2.c) and (D2.d), these observations ensure fin[I?] 1= poLL part[l \(A U Yij-1)], as re-
quired in (D.30). Property (D.14) for i and j—1 also ensures - part[l"J 1< poLL part[1° 4] _fln[l 0] which together
with I, =19, ,, and pILL part[AJr _,1=9, and condition (D2.c) ensures x- part(I] ;1< ZH part[I? ]_fln[IqO] as re-
quired by the remaining part of (D 30). Properties (D. 31) and (D.32) follow from (D. 15) and (D.16) for the previous call,
respectively. Finally, qu ] quo\lu 1 A?,pl ﬂI 1_@ and fm[A i Jnap e 1\(A,_J U Jij1UYij) =0
follow from property (D.17) for i and j — 1; then, (D2.c) and (D2.d), and M C IT® ensure fm[A?J_ n (Il”] \ (A;“J
Yi j—1)) =¥, as required.

This completes our proof for the preconditions of C; j. Next we show that C; j satisfies (N2) and (N4).
We first prove a property that is useful for establishing (D.10) and (D.11). In particular, we prove property (D.34) for each
R e =H, where J7 is the value of the set after line 128.

ext' AT U I X jq1C QR—part[A?J;l U J9 (D.34)

i,j—1

To this end, consider an arbitrary R € £¥ and an arbitrary g-fact q(u, v) eextR[A?J?1 U J9, X; j—1]. By (D.2), there ex-
ist £>0, states qo,...,q¢ € QF, binary predicates Rq,...,R;_1, and constants wo, ..., w, such that g =q, wy; = v,
qo(u, wo) € A” 1UJ9, and giyq € 8R(gi, Ri) and R;(wi, wiq1) € Xi j—1 for 0 <i < ¢. By induction on 0 <m < ¢, we show
qm(u, wn) € QR- part[Aq ;1 U J9]; then, for m = ¢, this ensures q(u, v) € QR- part[Aq 1 U J9]. The base case where m =0
i,j—1 U Jq 15
show that gm(u, wm) € QR-p art[Aq 1 U J9 holds as well. We have two possibilities. If gm—1 (1, wn—1) € QR- art[Aq] 1]
then precondition (D.27) ensures qm(u, W) € QR-part[A?j_1]. Otherwise, we have qm_1(u, Wm—1) € Q R-part[ J9]. Each g¢-
fact added to J9 is also added to Q, so qm_1(u, wn—1) is added to Q at some point during the execution of the
call. Consider the execution of the loop of lines 124-128 when qpm—1(u, wp—1) is extracted from Q in line 125. Then,
Rm—1(Wm—1, W) € X; j—1 and qp € 88(gm—1, Rm—1) satisfy the condition in line 127; hence, qm(u, wn) is considered in
line 128, which in turn ensures qm (u, wp) € QR—part[A?j_1 U J9], as required.

For property (D.10), we prove QR—part[I?_j] C closeR[X; ;] for each R € =; then, property (D.26) ensures (D.10). To this
end, we consider an arbitrary R € =" and an arbitrary g-fact q(u, v) € QR-part[I?_j], and we show that q(u, v) € cIoseR[X,-,j]
holds. First, property (D.26) ensures q(u, v) € cIoseR[X,-,j_l]. Then, by equation (D.1), there exist £ > 1, states qo, ..., q¢ € QF,
binary predicates Ry, ..., R¢—1, constants wo, ..., W, and an integer k with 0 <k < £ such that qo :qf, wo=1U, q;=q,
we="v, qiy1 €8R(q;,R;) for i with 0<i<¢, and Rn(Wm, Wmy1) € Xj j—1 for each m with 0<m <{. Assume for
the sake of a contradiction that q(u, v) ¢closeR[X,', j] holds. Then, there exists an integer k with 0 <k < £ such that

holds trivially. For the 1nduct1ve step, consider m with 0 <m < ¢ such that gm,— 1(u Wm_1) € QR-part[A?
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Ri(Wi, Wig1) € Xi j—1 \ Xij holds. Without loss of generality, assume that k is the smallest such integer. The way X is
updated in line 135 ensures Rp(wy, Wi41) € A,.’j. We discuss the following cases.

e k = 0. Then, Ry(wg, Wii1) € Aifj ensures that Ry(wg, Wiy1) is considered in line 119. Then, qri 1 € 8R(qr, Ry),
gk = qo = q¥, and lines 120-121 jointly ensure qy1(Wo, Wyi1) € QR—part[A?,j_1 u Ja].

e k>0 and qx(wo, wy) € QR—part[I?J_l]. Then, Ry(Wg, Wi41) € Ai’,j ensures that Ry (wy, wyy1) is considered in line 119.
Moreover, g1 € 8% (qk, Ri), qr(Wo, i) € QR—part[If,j_l], and lines 120 and 122 ensure that qy,1(Wo, Wk41) is con-
sidered in line 123, which in turn ensures gy,1(Wo, Wi41) € QR—part[A?,j_l U Ja.

e k>0 and qx(wg, wy) ¢ QR-part[Igjq]. Then, qx(wo, wi) € closeR[X; j_1] and (D.26) ensure gx(wo, w) € QR—part[Iﬁo];
together with qg(wo, wy) ¢ QR—part[Iﬁjil] and (D.33), this ensures qg(wg, wg) € QR—part[A?J;
8®(qk, Ry) and precondition (D.27) jointly ensure qk+1(Wo, Wiy1) € QR—part[A?‘jil].

11- But then, qy41 €

Thus, gg+1(Wo, Wi41) € QR-part[Aﬁj_1 U J9] holds. But then, property (D.34) for R ensures q¢(wg, wy) € QR-part[A?,j_l U
J9], which in turn ensures q(u, v) € QR—part[A?’j_1 U J9]. Together with precondition (D.33) and the way 19 is updated in
line 135, this ensures q(u, v) ¢ QR—part[Igj], which is a contradiction. As a result, q(u, v) € cIoseR[Xi_j] holds, as required.
For property (D.11), consider an arbitrary R € ©H. Then, line 135 ensures Xij € Xjj—1 and A?,j:Aqu U J9; to-
gether with property (D.34) for R, these ensure extR[Aﬁj, Xijl1< QR—part[A?‘j]. We prove Q R-part[ 9] C closeR[X; 0. 9\
I?J) u A;j], which together with QR—part[A?,jil] gcloseR[Xi,o,Iﬁj\I,f"j] from precondition (D.27) and the way AY is
updated in line 135 ensures QR—part[Agj] gcloseR[Xi,o,(If’j\IEj)UA:j]. To this end, let N be the total number of
iterations for the loop of lines 124-128; let ]g and Qo be the values of J9 and Q, respectively, before the loop,
and for each k with 1<k <N, let ]g and Qj be the values of J9 and Q, respectively, after the k-th iteration
of the loop. We next prove Qf-part[Ji] < close®[Xio, (I7; \I7 ) UA;] by induction on k; then, for k = N, we have

Q R-part[ J9] C closeR[X; o, 9\ I} ) U A1, as required.

e For the induction base k = 0, consider an arbitrary q-fact q(u, v) € QR—part[]g]. Then, q(u, v) is added to ]g in line 121
or 123. In the former case, lines 119, 120, and 121 ensure q(u, v) € close®[X; o, Ai‘j] C closeR[X; 0, (I;’j \ I;‘j) U Ai‘j].

In the latter case, lines 119, 120, and 122 ensure that there exists q1(u, w) € QR—part[I?’jil] and R{(w,v) € Al’j such
that g € 88 (g1, R1) holds; but then, QR—part[I?’jil] CcloseR[X; j_1] from precondition (D.26) and X; j—1 C Xio from
precondition (D.28) ensure q(u, v) € close®[X; o, Al close®[X; o, (I?J \ I?,j) UA;;l as required.

e For the inductive step, consider arbitrary k with 1 <k <N such that QR-part[]zfl] gcloseR[X,',o, (Iﬁj \ Iﬂj) u Afj]
holds; we show that QR-part[],‘Z] - cIoseR[Xi,o, (Iﬁj \ I?,j) U Aifj] holds as well. Consider an arbitrary g-fact q(u, v) €
QR-part[ J11. If q(u, v) € QR-part[ J]_,], then the inductive assumption ensures q(u, v) € closeR[X; o, U2\ HUATL
Otherwise, q(u, v) is added to ]Z in line 128 during the k-th iteration of the loop. Then, lines 125 and 127 ensure that
there exist a g-fact q1(u, w) € QR-partfQ*~1] and Ry(w, v) € X; j_1 C Xi o such that q € 8% (g1, R1) holds. Each g-fact
added to Q%1 is also added to ],‘371, so by the inductive assumption we have q1(u, w) € cIoseR[Xiﬁo, (I;’J \ IEJ.) u AEJ],
which ensures q(u, v) € cIoseR[X,-yo, (I?J \ Iﬂj) U Aifj], as required.

For property (D.12), we first prove ZB—part[Ilf”jﬂ(IEj\A;j)]: EB-part[X,-,j]. For the C direction, consider an arbi-
trary fact R(u,v) € EB—part[Iﬁjﬂ (IF,]'\AE,‘)]? then, R(u,v) € EB-part[IEj ﬂIEj] and precondition (D.28) ensure R(u,v) €
EB—part[X,',j_ﬂ; together with R(u,v) ¢ Aifj this ensures R(u, v) € ):B—part[Xj,j_l \A;j]: then, line 135 ensures R(u,v) €
EB—part[XLj], as required. For the D direction, consider an arbitrary fact R(u,v) € ZB—part[Xi,j]; then, the way X is up-
dated in line 135 and precondition (D.28) ensure R(u,v) € EB—part[Xi,j_l]gZB—part[Iﬁjﬂlﬂj]; line 135 also ensures
R(u,v) ¢ AEJ, S0 EB-part[lﬁj N (Iﬂj \ A,.’,j)] holds, as required. The remaining part of (D.12) also follows from precondi-
tion (D.28) and the way X is updated in line 135.

Next, we prove property (D.13). Consider an arbitrary R € =", For the C direction, consider an arbitrary fact R(u, v)
such that R(u, v) € fin[closeR[X,-,o, (lﬁj \ Iﬂj) U Afj]]- Then, by (D.1) and (D.2), there exist £ > 1, states qop,...,q¢ € QR with
qe € FR, binary predicates Ry, ..., Re—1, constants wy, ..., wy, and an integer k with 0 <k < ¢ such that qg =q§, wo =1,
We =", qiy1 €8R(qi, Ry) for 0<i<¢, and Rp(wy, Wipq) € (Ilffj \ Iﬂj) U Aifj and Rypy(Wm, Winy1) € Xio for 0<m <€ and
m # k. We prove that for each m with 0 <m < ¢, there exist facts {Rm,0(Cm,0, Cm,1)s - - -» Rm.np—1(Cm,np—1, Cm.ny)} S Xi,o such
that the sequence of predicates Ry, - - Rmn,—1 is an unfolding of Ry, and cpo0 = wm and ¢y pn,, = Wm1 hold. Note that
this property trivially holds for each m with 0 <m < ¢ and m # k. For m =k, we discuss the following two possibilities.
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If Ry € £B, then it is straightforward to see that Ry(wy, Wiyq) € EB-part[(I;{ S\ Ppuasic zﬂ-part[lg = B -part[X; o]
holds, where the last equality follows either from property (D.7) for i —1 and h;_; or from the same property for
the previous call. Otherwise, we have Ry e XF, so the last equality in (D.30) and the last equality in (D.26) en-
sure the required property. Now Rpo---Rmn,—1 is an unfolding of Ry for each m, and Rg---R,—1 is an unfolding
of R, sequence Roo---Rong—1---Rm---Re—1,0---Re—1,n,_,—1 is clearly an unfolding of R for each 0 <m < ¢; moreover,
Rm.t(Cm.t, Cm,t+1) € Xio holds for each 0 <m < ¢ and 0 <t <ny. These observations ensure R(u, V) e fin[closeR[X,',g]], SO
preconditions (D.26) and (D.30) ensure R(u, v) € R—part[lﬁj]. We have the following possibilities.

e There exists m with 0 <m < ¢ such that Ry(wp, Wnt1) € (Iﬁj \ Iﬂj) u AI'.T"j UY; j_1 holds. If Ry € B, then Ry(wm,
Wm41) cannot be an element of A;’i‘jUY,-‘jq since A,’{‘j and Y;j_q1 only contain derived facts. Thus, we have
Rmn(Wm, Wm41) € Iﬁj \ I;“J; together with the fact that Roo---Rong—1---Rm---Re—1,0---Re—1,n,_,—1 is an unfolding
of R and that the relevant facts are all in X; o this ensures R(u, v) € fin[closeR[X; 0, I?_j \ I,f‘j]]: but then, precondi-
tion (D.29) ensures that R(u,v) belongs to the required set. Otherwise, we have R, € £, so precondition (D.29)
ensures Ry (Wm, Wimy1) € fin[closeR [ X o, If’j \ I7 ;]1, which in turn ensures R(u,v) € fin[closeR [X; o, 1191- \ I ;11; hence,
R(u, v) belongs to the required set in this case as well.

e There exists no m with 0<m < ¢ such that Rp(Wpy, Wpmi1) € (Iﬁj\lﬂj)UAH‘jUYi,j_l holds. Thus, for each
m with 0<m<¢ and m#k, we have Rm(wm,wm+1)eX,-,0\(1;’j\I{‘j), and so precondition (D.28) ensures
Rin(Wm, Wm 1) € Xi j—1. Moreover, Ri(wi, Wit1) € (I \ I ) U Ap; and Ri(wi, Wir) ¢ (I \ 17 ) U AT, U Y g en-
sure Rg(Wg, Wiy1) € Afj \ (Alf“j UY; j—1). We have the following possibilities.

- k= 0. Then, Ri(wy, Wiy1) € Ai_’j\(AE‘jUY,-J_Q ensures that fact Ry(wyg, wiy1) is considered in line 119.
Moreover, qiy1 € 8%(qy, Rk), g =qo=qF, and lines 120-121 ensure gy (Wo, Wii1) € QR—part[A?,Fl U J9.
Together with qi,1 € 8%(qi, R;) for 0<i<¢, q, € FR, and precondition (D.27), this ensures that q,(u,V) €
FR—part[A;{j_l U J9] holds. If q¢(u, v) € FR—part[Aﬁj_l], then R(u, v) efin[Aﬁj_l]; by (D.33), we have R(u,v) ¢
1?_1 \ (A?fj U Yj j—1); together with R(u,v)elI?., this ensures R(u,v) e (Ilffj \ I;“J.) U AE‘]. UY; j—1, which is a

ij’
subset of (I;?j \ I;‘j) u Ai_j U Ji,j UY; . Otherwise, we have qe(u, v) € FR-part[ J9], and so R(u,v) is con-
sidered in line 132. If it passes the check, lines 133 and 134 ensure R(u,v) € J; jUY;;; if R(u,v) does
not pass the check, then R(U,V)¢IE]-\(A'~7]»U],',]'UY1',]') holds, which together with R(u,v)ell‘?j ensures
R(u,v) e (Iﬁj \ IEj) U A;j U Ji,j UYi j, as required.

- k>0 and qx(wg, wy) € QR—part[I?jfl]. Then, Ry(wg, Wi41) € Ai‘j \ (A;“j UY; j_1) ensures that fact Ry (W, Wii1)
is considered in line 119. Moreover, gx4+1 € SR (qk, Ri), q(wo, wy) € QR—part[I?jil], and lines 120 and 122 ensure
that qy4+1(wo, Wi41) is considered in line 123, which in turn ensures qgt1(Wo, Wi41) € QR—part[A?’jil U J9]. In
the same way as in the first case, we have q¢(u,v) € FR-part[A?j_l U J9]. Then, in the same way as in the
previous case, we have R(u, v) € (Il‘.’j \ I?j) U Ai’j U Ji,j UY; j, as required.

- k>0 and q(wo, wy) ¢ QR-part[Il‘.{jq]. Then, qyx(wo, wy) € closeR[X; j_1] and (D.26) imply gqx(wo, wy) €
QR—part[I?O]; by (D.33) we have qi(wg, wg) € QR—part[A?ji]]; then, precondition (D.27) ensures qi(wgq, W) €
closeR[X; o, I,F’j \ I?j]. Hence, by (D.1), there exist k' > 1, states qg,...,q, € QR, predicates Py,..., Py_;, con-
stants vo, ..., vy, and an integer t with 0 <t <k’ such that gy = qf, g}, = qi, vo = wo, vie = wy, g}, € 8%(q. Py)
for each i with 0 <i <K/, and P¢(v¢, veyq) € I,F’j \ I?j and Py (Vm, Vmy1) € Xi o for 0 <m <k’ and m #t. Then,
a5 =qf, qj,, €8%(q}. Py) for each i with 0<i<Kk, qj, =qi, qir1 €8%(qi. Ri) for k<i<¢, and g, € F® en-
sure that N® recognises Pg---Py_1Rg---Re—1. Hence, sequence Pg---Py_q1Rg---Re—1 is unfolding of R; since
Ri.0- - Rkn,—1 is an unfolding of Ry, sequence Po--- Py _1Rko- - Rin,—1Rk+1--- Re—1 is an unfolding of R, and
so N® must recognise this sequence. Thus, there exist integer n and states qg.---- 4y € QR with qn € FR such
that n=kK +ne+ € —k—1), g/ ; € 8R(q§/, P;) for each integer i with 0 <i <K, q;,; € SR(qg/, Ry i) for each

integer i with k' <i<k'+mn, and finally q esR(qg/, Ri_i—n,+k+1) for each integer i with k'+mn, <i<n.

By Pe(ve,Vey1) €17\ I} ;. Pm(Vm, Vm41) € Xio for 0<m <k’ and m#t, we have gy (wo, wi) = qj (vo, Vi) €

close®[X; o, I?; \ 171, Then, {Ryo(cko0,Ck,1); - Rim—1(Chom—15 Ckon )} € Xij0, Cko = Wi, and Cpp, = Wiiq im-

Py qy ., (Wo, Wiet1) € closef[X; o, [P\ 175 Finally, {Riqq (Wie1, Wie2), - Re—1(We—1, we)} € Xj 0 ensures

qn(u, v) ecloseR[Xiyo,lﬁj\IRj]; together with g/ € FR this ensures R(u, v) € fin[closeR[X; o, I\ 17115 by pre-

condition (D.29), fact R(u, v) belongs to the required set.

This completes our proof of the C direction of the property. For the O direction, consider an arbitrary fact R(u, v) such

that R(u,v) € R—part[(lﬁj \ IEj) u A;j U JijuYi;l If Ru,v)e R—part[(Iﬁj \ I;‘_j) u Alff‘j UY; j_1], then precondition (D.29)
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ensures R(u, v) € fin[closeR[X; o, Ifj \ I{‘j]] C fin[closeR[Xi o, (I?]. \ I?j) U Ai’j]], as required. Otherwise, it is straightforward
to see that R(u,v) € R—part[(Ai_j \ A;"j) U Ji,j U (Y;j\ Y j—1)] holds, and we discuss the following two cases.

e R(u,v)e R-part[A[j \ A?"j]. Then, since R is an unfolding of itself, there exists a state g € F® such that q € §%(qR, R)
holds; hence, we have q(u, v) € closeR[X; o, AT \ATIC closeR[X; o, I\ I ) U A7 1; together with q € FR. this en-
sures R(u, v) & fin[closeR[X; o, (Iﬁj \ Iﬂj) UA;;]L as required.

e R(u,v) e R-part[]J; jU(Y;j\Y;j;j—1)] Then, R(u, v) must be considered in line 132 so, due to line 129, there exists
q € FR such that q(u, v) € J9 holds. Therefore, line 135 ensures q(u, v) € Af{j, and so q € FR and property (D.11) ensure
that R(u, v) € fin[closeR[X; o, (Iﬁj \ IEj) UA holds, as required.

To see that property (D.14) holds, we prove fin[Igj]=ZH—part[IEj\(A;jU]i,jUY,‘,;)]; the rest of property (D.14)
follows directly from precondition (D.30). For the C direction, we prove EH-part[(Ai’,j \ A;t‘j) U JijUYij\Yij—]l S
fin[A?’j_1 U J97; then, preconditions (D.30) and (D.33), and line 135 ensure fin[Iﬁj] - ZH—part[IEj \ (Ai’,j U Ji,jUYipl To
this end, consider an arbitrary fact R(u,v) € E”—part[(AiTj \APDU JijU(Yij\ Yij—Dl If Ru,v) e E”-part[Ai_J \ Al
then R(u,v) is considered in line 119; moreover, R is an unfolding of itself, so NR recognises R—that is, there ex-
ists ¢ € F® such that qe8R(gf,R) holds; but then, lines 120 and 121 ensure q(u,v) € FR-part[A]; ;U J9], as re-
quired. If R(u,v) € E”-part[]i,j U (Y j\Yij-1)], then the fact is considered in either line 133 or line 134; either way,
lines 129-132 ensure R(u, v) € fin[ J9], as required. For the D direction (i.e., E”—part[lzj \ (Aifj UJijuYiplc fin[Iﬁj]), con-
sider an arbitrary fact R(u,v) € ZH-part[IEj \ (Aifj U Ji,jUYi ], then, A;T,‘j - A,.Tj, Yi j—1 €Y, and precondition (D.30)
ensure R(u, v) efin[1ﬁ1_1]. Assume for the sake of a contradiction that R(u, v) € fin[J9] holds. Then, there exists q € FR
such that q(u, v) € J? holds, and so lines 129 and 130 ensure that R(u,v) is considered in line 132; our assumption
R(u,v) e ):”—part[llf"j \ (AEJ U Ji,j UY; ;)] ensures that R(u, v) passes the check in line 132; hence, R(u, v) is added either
to Y in line 133 or to J in line 134, which is a contradiction. Therefore, R(u, v) ¢ fin[ J9] holds, and so R(u, v) € fin[Igj_l]
and line 135 ensure R(u, v) € fin[Iﬁj], as required.

For property (D.15), consider an arbitrary fact R(u,v) € Y; ;. If R(u,v) €Y;;j_1, then (D.31) ensures R(u,v) € Iﬁj N
Moo[E;]1=%, as required. Otherwise, we have R(u,v)€Y;;\Y;j_1, and so R(u,v) is added to Y in line 133. Since
the oracle function returns true, we clearly have R(u,v) € IIso[E;]; line 130 ensures R € £H, and so M C IT° ensures
R(u, v) € TIo[E{]=°. Moreover, line 132 ensures R(u, V) € EH—part[Iﬂj], which together with EH—part[IEj] - EH—part[Iﬁj]
from precondition (D.30) ensures R(u, v) € Iﬁj.

For property (D.16), consider arbitrary R € £ and u for which there exist q and v such that q(u, v) € QR-par'[[If_0 \ If_j].
Ifq(u,v) e QR—part[Ig0 \ I?,j—l]' then precondition (D.32) ensures u € Zi’?ji1 c ij. Otherwise, q(u, v) € QR—part[I?‘ji1 \Iﬁj]
holds, so line 135 ensures q(u, v) € Q R-part[ J7]. As a result, lines 129-131 ensure u € ij,

For property (D.17), properties A?J - I?,o \ If’j and A;{j N If’j = clearly follow from precondition (D.33) and the way
17 and AY are updated in line 135. To see that fin[A;{j] N (I?,j \ (A;j U Ji,jUYi j)) =9 holds, consider an arbitrary fact
R(u,v) efin[Agj]. If R(u,v) efin[Agj71], then precondition (D.33) ensures R(u,v) ¢ I};\ (Af;UY; j_1); together with
ATj C A;j and Y; j_1 € Y; j this ensures R(u, v) ¢ IEJ. \ (A;j U Ji,j UYi j), as required. Otherwise, we have R(u, v) € fin[ J9],
and so R(u, v) must be considered in line 132, which clearly ensures R(u, v) ¢ IRJ. \ (Aifj U JijuYij.

Finally, we show that C; j is correct. To see that J; ; satisfies the upper bound, consider an arbitrary fact R(u, v) € J; j.
Then, lines 130 and 132 ensure R(u,v) e Z"-part{I};\ A;;]; together with E"-part{I};] < £"-part[I?;] from prop-
erty (D.14), this ensures R(u,v) € E”-part[ll?_j]; moreover, M C IT° ensures R(u, v) € O%; thus, we have R(u,v) C Iﬁj N
o’ N ((121. VA7 )Y Af), as required. To show that J; j also satisfies the lower bound, consider an arbitrary fact R(u,v) e

5] »J

MD[I,F’]., Ilf‘j : Ai’j, A;rj] \ I [E;]. Then, there exists an instance of a rule in M of the form

as required.

S1(co,€1) A+ A Sp(Cn—1, ) — R(co, cn) (D.35)

such that u=cg, v=cy, R(co,Cn) € (IIT‘J \ Aifj) U A;“j, Sm(Cm—1,Cm) € Il?fj ﬂIEj holds for each m with 1<m<n, and
there exists k with 1<k <n such that Sy(cx_1,ck) ¢ (I,T‘J \ Agj) U A:“j holds. Then, properties Sy(ck_1,Ck) ¢ Iﬂj and
Sk(ck—1,cx) ¢ Iﬂj \ A;j ensure Sg(Cx_1,Ck) € AEj- Next we prove that, for each m with 1 <m <n and m #k, there exist a
total number of £p, facts Ry, 1(Cm,0, Cm,1)5 - - - » Rm, ey (Cm,e—1, Cm,e,,) € Xi,0 such that the sequence of predicates Ry 1--- Rm,¢,,
is an unfolding of Sy, and cp,0 =cm—1 and cm¢,, = cm both hold. To this end, consider arbitrary m with 1 <m <n. There
are two cases.
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e Sy e =H_that is, S;; is a head predicate in M. Then, Sy (cm—1,¢m) € Il i the rightmost equality in (D.14), and the
rightmost equality in (D.10) ensure that there exists state q € FR such that q(u, v) € close®[X; ¢, so the required prop-
erty holds.

e SpexB_that is, S, is a predicate in M but it does not appear in the head of any rule. Then, Sy (Cm—1,Cm) €
EB—part[Iﬁj] ensures Sy (cm—1,Cm) € Xi 0; hence, the required property holds as well since Sy, is an unfolding of itself.

Since Si---Sp is an unfolding of R and, for each m with 1 <m <n and m #k, sequence Rp 1---Rm¢, is an unfolding
of Sm, it is straightforward to see that sequence Rq11---Ri¢; -+ Rk—1,1 Re—1,0_; SkRka1,1 - Rkt1,64 " Rn1 - Rug, I8
an unfolding of R. Hence, N recognises this sequence; moreover, {Ry;.1(Cm.0.Cm.1)s--.» Rm. e (Cm,en—1 Cm [m )} € Xi o holds
for each m with 1 <m<n and m#k, and Si(cx—1,cx) € A - holds; jointly we have R(u, v) fin[closeR[X; o, Ai‘j]]. But
then, property (D.13) ensures R(u,v) € (I° \In DUAS iy j, j U Y; j; moreover, A' i contains no fact from stratum s, so
R(u,v) e (In \A; )U A+ ensures R(u,v) e I \A
have R(u, v) € j,,J, as requrred O

i furthermore R(u,v) ¢ I'IOO[E] ensures R(u,v) ¢ Y; j; together, we

Claim 46. If call C; j is of type (R) and call C; j_ satisfies properties (N1)-(N4), then call C; ; satisfies properties (N3) and (N4).

Proof. For property (D.18), we show that QR- part[lq _JUextR[Q, Xi j_1]=closeR[X; j_1] and extR[B,X;;_1] €
QR- part[Iq _4] hold for each R e »H, where Q and B are the values of the second and third arguments, respectively,
of the ADDEDGES call made in line 140. Then, Claim 43 and the way 9 is updated in line 141 jointly ensure property (D.18).
Consider an arbitrary R € =H. Property extf[B, Xij—1]1 S QR- part[Iﬁj_l] trivially holds since B is empty. Next we show that
(D.36) holds.

QR-partlI];_;1Uext"[Q, X; j_1]1=close"[X; j_1] (D.36)

For the C direction, property (D.10) holds for i and j — 1 by the inductive assumption, so we have QR—part[Iﬁj_l] C
close®[X; j_1]; moreover, lines 138-139 ensure QR-part[Q] C closeR[X; j_1], so we have extR[Q, X; j_1] C closeR[X; j_1].
Consequently, the C direction of (D.36) holds. For the 2 direction, we prove C|OSGR[X,"]‘,1]\ QR—part[If_jil] cextf[Q, Xij-1].
To this end, consider an arbitrary q(u, v) € cIoseR[Xi,j_ﬂ \ QR—part[I?’jil]. Then, by (D.1), there exist facts {Ro(wg, w1), ...,
Re—1(we_1, wp)} € X j—1 such that u = wqg and v = wy, and states {qo,...,qe} S QR such that qs =(qp and q = qy, and
gi+1 € 8%(qi, Ry) for 0 <i < £. Moreover, properties (D.10) and (D.12) for i and j — 1 ensure q(u, v) € Q R- part[I 0 \I i 1

together with (D.16) for i and j — 1, this ensures ueZ Hence, the conditions in line 138 are satisfied, and

i,j—1°
q1(wo, wq) is added to Q in line 139. Together with R;j(w;, wit1) € X; j—1 and qi41 e 8R(q;, Ry) for 1 <i < ¢ this ensures
qu, v) = qe(wo, w¢) € extR[Q, X; j_1], as required.
Next, we prove that property (D.19) holds. Property (D.12) holds for i and j—1 by the inductive assumption, so we clearly
have Xf-part[I?; 1 NP\ A D1 =ZPpart[X j11 € Xijo1 S 19, N7\ A ). Call Cij_1 is of type (D1) or
Pin m((I”J N\ A D UAS DT =2 -part[Xi j1];
together with condition (R.d), this ensures 8- part[l?l

D2); either way, A is disjoint from I? and so we have 8- part[I
1] 1

i,j—1°
moreover, conditions (D1.d), (D2.b), and (R.c) ensure I,F’ = II°] 1
I?j] = ):B-part[Xi,j_l]; furthermore, line 140 and Claim 43 ensure X;j=X;;j_1UY;j_1, but Y;; 1 contains only de-
rived facts, so it is straightforward to see that %B-part[X; ]]_EB—part[Xl j—1] holds; putting it all together, we have
ZB—part[I‘? : ﬂlf‘ .]: P -part[X; j], as required in (D.19). Finally, we prove X; ; C I1oo[E;]=*. To this end, Xjj—1 € Il] 1N
(I”j 1 \Al] ) and condition (R.d) ensure X; j_1 C Il i set Xi j—1 contains only facts from stratum s or lower, so condi-
tion (R.e) ensures X; j_1 C Ioo[E;1=°; moreover, Y; j_1 C ITo[E;]1=° holds by property (D.15) for i and j— 1; thus, we have
Xi,j=Xij-1UYij1C Mo[Ei]=5, as required.

For the leftmost inclusion of (D.20), we consider an arbitrary fact R(u, v) € EH-part[I,!‘J U Ji,j]1 and consider the following
possibilities.

e R(u,v)e E”-part[lﬂj \'Y; j_1]. Then, condition (R.d) ensures R(u,v)e E”—part[((lﬂj_1 \Afj_1) U Al.+ _D\Yijal

predicate R belongs to stratum s, and Ai“;;l contains no fact from stratum s, so we have R(u,v) € EH part[I”J 1\
(AEJ._l UY; j—1)]; together with condition (R.b), this ensures R(u, v) € EH—part[IRj_l \ (Aifj_1 U Ji,j—1UYj j-1)]. Prop-
erty (D.14) holds for i and j — 1 by the inductive assumption, so we have R(u, v) efin[Iﬁj_l]: then, the way 9 is
updated in line 141 ensures R(u, v) € fin[Igj], as required.

e R(u,v)e E”—part[Y,-,jq]. Since R is an unfolding of itself, automaton NR recognises R. Hence, there exists q € F} such
that q € §R(gR, R). Moreover, line 140 and Claim 43 jointly ensure R(u,v) € -part[Y; j_1] € =-part[X; ;]. Conse-
quently, we have q(u, v) € ClOSeR[Xfyj]; but then, property (D.18) ensures q(u, v) € QR-part[I?_j]; together with q € FR,
this ensures R(u, v) € fin[I?j], as required.
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e R(u,v)e E”-part[j,;j]. Then, line 142 ensures R(u,v) € fin[I?_j], as required.

For the second inclusion of (D.20), consider an arbitrary fact R(u,v) such that there exists q(u,v) € FR-part[I?_j].
Then, property (D.18) and Claim 43 ensure q(u, v) € cIoseR[Xi,j] = cIoseR[X,-,j_1 UY; j_1]. Together with properties (D.12)
and (D.15) for i and j — 1, we have q(u, v) € closeR[[To[Ei—1]=°]. Then, q € FR and Proposition 27 ensure R(u,v) €
MoolMoolEi—11=%] € MeolEi—1]; together with condition (R.c), we have R(u, v) € If,j. Now if R(u, v) ¢ A; j, then fact R(u, v)
clearly belongs to the required set. Otherwise, R(u, v) € A; j, q(u,v) € FR—part[Iﬁj], and line 142 ensure R(u, v) € J; .

For the third inclusion of (D.20), consider an arbitrary fact R(u, v) € E”—part[(lﬁj \Aj U Jijl. If R, v) e E”—part[lﬁj\
A jl, then M CTI° and conditions (R.c), (R.e), and (Rf) ensure R(u,v) €Il [E;]*. Otherwise, we have R(u,v) €
H-part[ J; j1; then, due to line 142, there exists q(u, v) € FR—part[Igj]. Property (D.18) ensures q(u, v) € closeR[X; j1, which
together with the rightmost inclusion of (D.19) ensures q(u, v) € closeR[ITo[Ei]=°]. In the same way as above, we have
R(u, v) € I [E;]°, as required.

Property (D.21) trivially holds due to line 141. We next prove that C; j is correct. Property (D.20) ensures J; j € Ioo[E;1%;
moreover, line 142 ensures J; j € A; j, which together with condition (R.f) ensures J; j N I{‘J ={; hence, J; j € Ioo[Ei]* \ Iﬂj
holds, and so J; j satisfies the upper bound. For the lower bound, consider an arbitrary fact R(u,v) € MR[I?J, Ilf‘,].EAi,j].
Then, there exists an instance of a rule in Iy, of the form

S1(co,c1) A+ A Sp(cn—1,cn) = R(co, cn) (D.37)

such that u=co, v=cy, R(co,cn) € Ajj, and Sg(ck—1,¢k) € Iﬁj ﬁIRj holds for each k with 1 <k <n. We prove that, for
each k with 1<k <n, there exist facts {Ry 1(Ck,0,Ck 1) --- Rim (Ck,mp—1, Ckom,)} € Xi,j such that the sequence of predi-
cates R 1, ..., Rgm, is an unfolding of Sy, and ¢ o =cx—1 and ¢y m, = ¢k both hold. To this end, consider arbitrary k with
1 <k <n. We have the following two cases.

o S e =M _that is, Sy is a head predicate in M. Then, Si(ck_1,Cx) € Iﬂj, the leftmost inclusion of property (D.20), and
property (D.18) ensure the required property.

e Sy e xB_that is, Sy is a predicate in M but it does not appear in the head of any rule. Then, Si(ck_1,ck) €
EB—part[IﬁjﬂIRj] and property (D.19) ensure Si(ck—1, Ck) € Xi, j. Since Sy is an unfolding of itself, the required property
holds.

Since the sequence of predicates Ry 1,...,Rim;,...,Rn1,...Ram, is an unfolding of R and all the facts belong to X; j,
there exists q(u, v) € cIoseR[X,;j] such that g € FR holds. Then, property (D.18) ensures q(u, v) € FR—part[Igj]; together with
R(u,v) € A j and line 142, this ensures R(u, v) € J; j, as required. O

Appendix E. Proof of Theorem 33
Theorem 33. Functions Add®e9(P-R.<) peg|ea(P.-R.<) ‘qnd Red®edP-R-<) gre correct.

Consider an arbitrary unary predicate P, binary predicates R and <, program TII, stratification A of IT, stratum index
s such that seq(P, R, <) C IT%, sequence of datasets Ey,..., E, of datasets, and a call history H for seq(P, R, <) that is
compatible with I1, A, s and Ey, ..., En,. We assume that H is of the form as specified in Definition 12. We also assume
that the implicit assumptions from Definition 32 are satisfied; this clearly ensures that R and < do not occur in a rule head
in IT \ seq(P, R, <). Also, for A to be a valid stratification, predicates P and < must be assigned to a stratum with index less
than s. For each 0 <i<m and each 1 <j <h;, let Sfj be the values of SP after call Ci,j. Furthermore, we define 55.0 =0
and, for 1 <i <m, we let Sfo = Sszl.hi_l' Finally, to simplify the notation, let M = seq(P, R, <) for the rest of this section.

We prove Theorem 33 by showing that, for each 0 <i<m and each 1< j<h;, call G;; in H satisfies properties
(N1)-(N3).

(N1) If call G; ; is of the form J; j := AddM[I; ;: A AifjiAE‘j], then the following property holds.

Sij=1{b| P(b) € x[Eil} (E1)

(N2) If call Cjj is of the form Jj = DeIM[Iﬁj, I7iA7, A;ijA;‘jj] or Jiji= RedM[Iﬁj, I7 ;A j1, then the following prop-
erty holds.

551 =1{b| P(b) € MolEi—1] NTo[E;]} (E.2)

(N3) Call G; ; is correct.
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We prove this claim by double induction on i and j, where we consider each call C;; of type shown in Table 2. The
base case involves a call of type Al, and the inductive step involves all remaining calls. We structure our proof into five
claims.

Claim 47. If call C; ; is of type Al, or of type A3 and call C; j_1 satisfies properties (N1)-(N3), then C; ; satisfies properties (N1) and
(N3).

Proof. Assume that C; j is of the form J; ; = AddM[I; Nk A A+ Am] We next define set E’ and show that properties
(E.3) and (E.5) are established either at the beginning of the algorlthm or by the preceding call C; j_1.

SPi_ = {b] P(b) € Mao[E'] N Mao[E;]) (E3)
Ij j = Teo[E'] (E4)
[(1ij \ A7) UAF 1IN0 = Ma[Ei]™ (E5)

Towards this goal, call C; ; can be of one of the following three types.

e Assume that C; ; is of type Al. We define E’ = ¢J. Properties (E.3) and (E.4) hold trivially, and property (E.5) is implied
by property (Al.a).
e Assume that C; j is of type A3. We define E' = E;_;. Call C; j_; is of the form J; ;4 _RedM[Il] 1 l] 114 -1l

so property (E.2) holds for i and j — 1 by the inductive assumption, and it implies property (E.3). Moreover, proper-
ties (A3.b), (A3.c), and (A3.d) imply properties (E.4) and (E.5).

We are now ready to prove that call C; ; satisfies properties (N1) and (N3).

For the C direction of property (E.1), consider an arbitrary constant b € Sf i If be SP , holds already, then prop-
erty (E.3) ensures P(b) € IToo[E'] N TI[E;] C Mo[E;], as required. Otherwise, we have b € S \Sl j—1 SO b is added to Sfj
in line 144, which ensures P(b) € A,Tfj; but then, property (E.5) and P(b) € O<° ensure P(b) e M [E;i]. For the D direction
of property (E]) consider an arbitrary constant b such that P(b) € I1[E;]. If P(b) € [1o[E’], then property (E.3) ensures
be Sf] 1 € Sl j»as required. Otherwise, we have P(b) € I1oo[E;] \ I1so[E']; property (E.4) ensures Ijj= I [E’]; and prop-
erty (E.5) ensures P(b) € (I; j \ A )U A+ together, these observations imply P(b) € A;rj, in which case line 144 ensures
be Sfj, as required.

We next prove J; j = Ma[lj : Al i A+ ], which ensures that call C; j is correct. For the C direction, consider an arbitrary
fact R(e, f) € Ji,j, and let r’ be the mstance of rule (50) where x is mapped to e and y is mapped to f.

e Assume R(e, f) is added to J;j in line 146. Then, lines 145 and 146 ensure P(f) e A;rj and e e Sfj; moreover,
properties (E.1) and (E.5) ensure P(e) e (I \ AU Afj. Thus, we have (I j\ AU Afj EPEe)AP(f)n(e< f).
Moreover, by the condition in line 145, constant e is the immediate predecessor of f in SP , so properties (E.1)
and (E5) ensure (I;j\ A; ;) U A+ = not3z.(P(2) A (e < 2) A (z < f)). Hence, we have (I; j\ A LS A+ k=r'. More-
over, P(f)eAf and A ﬂI,]_M ensure P(f) ¢ I; j, which in turn ensures I; j F=r'. Fmally, lme 150 ensures
Ree, f) & Ui\ A U A+ so R(e, f) € Malli jiA; i A+] holds, as required.

e The case when R(e, f) is added to Jij in line 147 is analogous to above one, so we omit the details for the sake of
brevity.

e Assume R(e, f) is added to J;; in line 149. Then, there exists a constant g with e < g < f such that {e, f} C Sf].

and P(g) e A . hold. Properties (E.1) and (E.5) then ensure (I;;\ A_ yu A;rj = P(e) AP(f) A (e < f). Moreover,
P(g) e A and A i< Ij j, and A in I;,j =9 ensure P(g) ¢ (I; j \ A; )U AI L together with properties (E.1) and (E.5),
we have g¢5£1. But then, e and f are adjacent in Sf] by line 149 so (Ii,j\ A;pU A+ E not3z.(P(2) A (e <
Z) A (z < f)) holds by properties (E.1) and (E.5). Thus, (I; j \ A; ) U A+ =1’ holds. Furthermore P(g) e A
e<g< f ensure I; j =1'; and line 150 ensures R(e, f) ¢ (I,_, \ Aw) U AL. Thus, R(e, f) € Mall; jiA
as required.

”_I,Jand

Py A*] holds,

For the D direction, consider an arbitrary fact R(e, f) € Ma[l; j: A 1]’ A+ ], and let r’ be the instance of rule (50) where x
is mapped to e and y is mapped to f. Thus, we have I; j &1/, (I;, ]\A )UA+ =1, and R(e, f) ¢ (i \Au) UAL But
then, properties (E.1) and (E.5) and (I; ; \ A; )U AJr =1’ ensure {P(e), P(f)} Cij\A; )U AF
in SP with e < f. Moreover, I; j k=1’ ensures that one of the following two cases holds

i and e and f are adjacent
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o Assume I; j = P(e) A P(f) A (e < f). Together with {P(e), P(f)} € (Ii j \ A )U AJr this ensures {P(e), P(f)}ﬂAl?fj #+
#, so we have P(e) € A*. or P(f)e Af For the former case, P(e) is con51dered in lme 145. Since f is the immediate
successor of e in SP fact R(e, f) is added to J in line 147. Then, line 150 and R(e, f) ¢ (I;,j \ A; )U A+, ensure
R(e, ) € Ji,j, as requrred The case where P(f) € A+ is analogous, so we omit the details for the sake of brevrty

e Assume I; j F=not3z.(P(z) A(e<2) A(z < f)). Thus there exists a fact P(g)el;; such that e <g < f holds. In
addition, (I; ;\ A; )U A+ =1’ ensures P(g) ¢ (I \Al ]) u A:r] Hence, we have P(g) e A:J so P(g) is consid-

ered in line 148. Smce e and f are adjacent in S , fact R(e, f) is added to J in line 149. Then, line 150 and
R(e, f) ¢ (;, i\AL j)UA+ ensure R(e, f) € J; j, as requrred

This completes our proof for J; j = Malli j:A; I A+ ] C M[(I, i\AT )U A+ ] C T [E;]°, where first inclusion follows from

Definition 8, and the second inclusion follows from property (E.5) and the fact that all body atoms of rule (50) belong to a
stratum with index less than s and that the head atom of the rule belongs to stratum s. Hence, call C; ; is correct. O

Claim 48. If call C; ; is of type A2 and call C; j_1 satisfies properties (N1)-(N3), then C; j satisfies properties (N1) and (N3).

Proof. The previous call C; j_ involves the Add¥ function, so property (E.1) holds for i and j— 1 by the inductive assump-
tion. Moreover, Ai_j = holds in all calls of type A2, and condition (A2.c) and the fact that P belongs to a stratum with
index less s than ensure that Af contains no P-facts. Thus, property (E.1) remains preserved for i and j; and Algorithm 13
ensures Ji j = Mall; ;! Al i A*]_(ZJ so call C; j is correct. O

Claim 49. If call C; j is of type D1 and call C;_q p,_, satisfies properties (N1)-(N3), then C; ; satisfies properties (N2) and (N3).
Proof. Assume that C; j is of the form J;:= DeIM[Il 1 , 1A A+ Aml] with i > 1, so condition (D1.d) ensures (E.6).

Moreover, call Ci_y, , involves the AddM function, so the inductive assumptlon ensures that property (E.1) holds for i — 1
and h;_q and can be rewritten as (E.7).

131 21?1 ZHOO[E1'71] (E6)
Sio=1{b | P(b) € I?}} (E7)
We are now ready to prove that call C;; satisfies properties (N2) and (N3).

We first consider property (E.2). In particular, line 157 ensures SI.Pl = SiPO \{b| P(b) € A}, and condition (D1.e) ensures

A NO= =Too[Ei—1]7° \ Tl [E;]1=%; thus, since predicate P belongs to a stratum with index less than s, property (E.2)
holds

We next prove J; :MD[I;)l,Il"1 Ay, A?Lr]' which ensures that call C;q is correct. For the C direction, consider an

arbitrary fact R(e, f) € J; 1, and let 1’ be the instance of rule (50) where x is mapped to e and y is mapped to f.

e Assume R(e, f) is added to J;i1 in line 153. Then, lines 152 and 153 ensure eesfo and P(f)eAi”]. Proper-
ties (E.6) and (E.7) ensure P(e) eI?; =17, and A CI”1 implies P(f)eI”; thus, Iﬁl EPEe) AP(fyn(e<f)
holds. Furthermore, line 153 ensures that there ex1sts no P(g) e 110,1 with e < g < f, or e would not be the im-
medlate predecessor of f in Slo; hence, I° Enotdz.(P(z) A (e <z) A (z< f)) holds as well. Thus, Ilf’J =1’ and

1 =1’ hold. Moreover, P(f) e Ay implies P(f) ¢ AI 1» SO (In \Ar_r) u A+ ¥ 1’ holds. Furthermore, line 158 en-

sures R(e, f) e (11, \A U Al Consequently, we have R(e, f) € MD[Il 17 1 1A A 11, as required.

e The case when R(e, f) is added to Ji1 in line 154 is analogous to above one, so we omlt the details for the sake of
brevity.

e Assume R(e, f) is added to J;1 in line 156. Then, there exists a constant g with e < g < f such that {e, f} < Sl o
and P(g) e A+ all hold. Properties (E.6) and (E.7) ensure If”1 =PEe)AP(f)yn(e<f). Also, P(g) e Ai’] and
A+ N 1101 = ensure P(g) ¢ Il 1» Which together with property (E.7) ensures g ¢ SP But then, e and f are adja-
cent in 55 by line 156, so Ii’ =not3z.(P(2) A (e < 2) A (z < f)) holds. Thus, I? i =r and I 1B r’ hold. Furthermore,
P(g) € Af, clearly ensures (I, \ A;;) N A+ W 1’5 and line 158 ensures R(e, f) € I7; \ A;; € (11 \NADU A;r]. Thus,

R(e, f) € MplI?y, I7 A7y, Af] holds, as required.

For the DO direction, consider an arbitrary fact R(e, f)eMD[Ill, All,A ], and let 1’ be the instance of rule
(50) where x is mapped to e and y is mapped to f. Thus, we have 13 =r, Y =r, (IRI\AiT])UA;fl Br1', and

R(e, f) e (121 \A DU A?,—r- Consequently, there does not exist a fact P(g) € Ilf’,1 with e < g < f. Then, property (E.7) en-
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sures that e and f are adjacent elements in Sfo with e < f. Moreover, (I!; \ A; ) U Ai*] W1’ ensures that one of the
following two cases holds.

o Assume (In \ Ary yu A+ = P(e) A P(f) A (e < f). Together with I” =1’ this ensures P(e) € Ay or P(f)eA; . In
the former case, P(e) is con51dered in line 152. Since f is the 1mmed1ate successor of e in Sl o» fact R(e, f) is added
to J in line 154. Then, R(e, f) € (I,.‘l VA DU Aif] and condition (D1.f) ensure R(e, f) €I} 1\ A4, s0 line 158 ensures
R(e, f) € Ji1, as required. The case where P(f) € Ay is analogous, so we omit the detalls for the sake of brevity.

e Assume (I?; \ AU A+ W not3z.(P(2) A (e < 2) A (z < f)). Thus, there exists a fact P(g) € (I, \ A;;) U A; such
that e < g < f holds. In addltlon In =1’ ensures P(g) € Al 1» S0 P(g) is considered in line 155. Since e and f are
adjacent in 51 o» constant e is the 1mmed1ate predecessor of g in Sf o and constant f is the immediate successor of

g in 5,- o- Consequently, fact R(e, f) is added to J in line 156. In the same way as in the previous case, we have
R(e, f) € Ji.1, as required.

This completes our proof for J; 1 = MD[I, 1 , 1AL A+ lc i, \A DU AT, where the last inclusion follows from Defi-

i1’ i,17
nition 9. Hence, call C;; is correct. O

Claim 50. If call C; j is of type D2 and call C; j_ satisfies properties (N1)-(N3), then C; j satisfies properties (N2) and (N3).

Proof. The previous call C; j_; involves the Del™ function, so property (E.2) holds for i and j — 1 by the inductive assump-
tion. Moreover, Afr. = holds in all calls of type D2, and condition (D2.d) and the fact that P belongs to a stratum with
index less than s ensure that A;” contams no P-facts. Thus, property (E.2) remains preserved for i and j; and Algorithm 14
ensures J; j _MD[II i :] Al i A*] @, so call C; j is correct. O

Claim 51. If call C; j is of type (R) and call C; j_1 satisfies properties (N1)-(N3), then C; j satisfies properties (N2) and (N3).

Proof. Assume that C; ; is of the form J; ; := RedM[IC’], Hy

inductive assumption ensures that property (E.2) holds for i and j—1. Since Algorithm 15 does not change S”, property (E.2)
clearly holds for i and j. In addition, condition (R.c) ensures property (E.8), and condition (R.e), ensures property (E.9).

i A j]. The previous call C; j_1 involves the Del™ function, so the

Iﬁj = Hoo[Ei—l] (E-8)
NO™ =TeolEi—1]™* (E9)

We next prove J; j = Mgl[I? P ], EA,-, i1, which ensures that call C; j is correct. For the C direction, consider an arbitrary

fact R(a,b) € J; j, and let r’ be the instance of rule (50) where x is mapped to a and y is mapped to b. Line 161 then
ensures R(a, b) € A; j, and that b is the immediate successor of a in S,P]. thus, a < b holds; moreover property (E.2) ensures
{P(a), P(b)} CTI[Ei_1] NI [E;], and it also ensures that there does not exist a fact P(c) € [Ioo[Ei—1] N l'Ioo[E] with
a < ¢ < b. Together with properties (E.8) and (E.9), we clearly have I° =1’ and In =1', so R(a,b) € MR[Il ], Al il a

required. For the D direction, consider an arbitrary fact R(a,b) € MR[I°j, g PA; j] and let 1’ be the instance of rule (50)
where x is mapped to a and y is mapped to b. Thus, we have Ii,]. =r, I |:r and R(a, b) € A; j. Then, there does not
exist a fact P(c) € I° N In with a < ¢ < b. By properties (E.2), (E.8), and (E. ) then there does not exist a constant c in SP
such that a <c <b. But then line 161 ensures R(a, b) € J; j, as required. Hence, call C; j is correct. O
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