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Abstract.
We presentan optimisedversionof the tableaualgorithmimple-

mentedin theFaCTknowledgerepresentationsystemwhichdecides
satisfiabilityandsubsumptionin ���	��
 , a very expressive descrip-
tion logic providing,e.g.,inverseandtransitiveroles,numberrestric-
tions,andgeneralaxioms.Weprovethattherevisedalgorithmis still
soundandcomplete,anddemonstratethatit greatlyimprovesFaCT’s
performance—insomecasesby morethantwo ordersof magnitude.

1 Intr oduction
DescriptionLogics (DLs) form a family of knowledgerepresenta-
tion formalismsdesignedfor the representationof and reasoning
aboutterminological knowledge. They canbe viewed asoffsprings
of semanticnetworksandframe-basedsystems,whosedevelopment
wasmotivatedby the insight thatsuchsystemsneeda well-defined,
implementation-independentsemantics.A first attempttowardsthis
goalwasseenin thesuccessfulandhighly influentialknowledgerep-
resentationsystemKL -ONE [4].

The two main inferenceproblemsaddressedby KL -ONE were
subsumptionbetweenpairsof concepts,which wasusedto arrange
theconceptsdefinedin a knowledgebaseinto a taxonomy, andsat-
isfiability of single concepts,which was usedto checkthe consis-
tency of the knowledge base.Unfortunately, when the underlying
representationalformalism wasstudiedin detail, it turnedout that
the above mentionedinferenceproblemswereundecidable[18]. It
might bearguedthatsemi-decidabilityis fine for otherapplications,
andthuscouldbetolerated,but sincesubsumptioncanbereducedto
unsatisfiabilityandsatisfiabilityto non-subsumption,oneof thetwo
problemswouldalwaysbetruly undecidable.

Following thisobservation,thedevelopersof theCLASSIC system
[3] decidedthat the underlyingDL shouldnot only be decidable,
but be realistically decidable,i.e., they wantedthe corresponding
inferenceproblemsto be decidablein polynomial time. Thus they
severely restrictedthe expressive power of their DL, anddesigned
a (sub-Boolean)DL with tractable,sound,andcompleteinference
algorithms.

In parallel, the computationalcomplexity of a variety of DLs
was investigated,and it turnedout that the inferenceproblemsof
(almost all) DLs with interestingexpressive power were at least
PSPACE-complete[7], i.e., of a complexity apparentlyfar too high
to be practicable.Despitethis discouragingassessmentwith regard
to worst caseperformance,several researchersimplementedsatisfi-
ability/subsumptionalgorithmsfor suchDLs [1, 5], anddeveloped
sophisticatedoptimisationtechniquesdesignedto improve typical
caseperformance.Surprisingly, thesePSPACE algorithmsproved
amenableto optimisationandbehavedwell in practise—itwasfound
that thepathologicalcasesthat leadto thehigh complexity of these
DLs aresoartificial thatthey rarelyoccurin practice[16, 11, 19].

In the late 90’s, motivated by a medical terminology applica-

tion which requiredeven more expressive power, the DL system
FaCT wasimplementedwith an underlyingDL (first ���	�
� , later���	��
 ) which was of an even higher complexity, namely EXP-
TIME-complete[15]. Interestingly, after thoughtful optimisations,
thissystemshowedthesamebehaviour asits predecessors,i.e.,it be-
havedverywell in practice.OthersystemsimplementingEXPTIME-
completeDLs weresubsequentlydeveloped[10, 17], andshoweda
similar behaviour—a phenomenonthat leadpartof theDL commu-
nity to believe that, with knowledgebasesstemmingfrom realistic
applications,“tractable”means“in EXPTIME”.

At thesametime, expressive DLs wereshown to have usefulap-
plications in the databasedomain—inparticular they were shown
to beusefulfor reasoningaboutconceptualmodelsof databasesex-
pressed,e.g.,in extendedentity-relationshipdiagramsor in UML [6].
Roughlyspeaking,sucha conceptualmodelcanbetranslatedinto a
DL knowledgebase,possiblywith theadditionof further(integrity)
constraints,andthe inferenceservicesof a standardDL systemcan
thenbeusedto detectinconsistenciesandimplicit is-alinks between
classes,entities,or relations.Thisapproachis especiallyusefulwhen
integratingdatabasesor building datawarehouses,andhasbeenim-
plementedin theICOM tool for intelligentconceptualmodelling[9].
Interestingly, this translationyields knowledgebasesfrom realistic
applicationsthatcouldnot besolvedby any of theavailableDL sys-
tems[2], even thoughthe UML diagramsthat leadto theseknowl-
edgebasesarerelatively smallandseeminglyharmless.

In thispaper, wereportonanoptimisationof theFaCTsystemthat
wasinspiredby the failureof state-of-the-artDL systemsto handle
theseknowledgebases.Roughly speaking,FaCT performsa com-
pletesearchof treeswhosedepthcanbeexponentialin thesizeof the
input. It usesback-trackingsearchanda cycle-detectionmechanism
calledblocking that limits the treedepth(which couldotherwisebe
infinite) to ensureterminationwithout compromisingsoundnessand
completeness.

In order to deal with inverseroles and the possibility of con-
ceptswith only infinite models,the ���	��
 algorithmimplemented
in FaCTintroducedanew andmoresophisticated“double-blocking”
technique[14]. The conditionsrequiredto trigger a “block” were
morecomplex thanin earliertableauxalgorithmsfor lessexpressive
DLs, but werestill provably correct(i.e., maintainedsoundnessand
completeness)and relatively easyto check.Although thesecondi-
tionsweremoreexactingthanwasstrictly necessary, relaxingthem
wouldhavesignificantlyincreasedtheircomplexity, makingit harder
to prove that they were still correct.Moreover, it seemedthat the
costof checkingmorecomplex conditionswouldbeprohibitive,and
likely to outweighany benefit that might derive from establishing
blocksat a shallower depth.

An investigationof FaCT’sbehaviour whenfailing to solve UML
derivedknowledgebaseshas,however, leadusto reconsiderthiscon-
jecture,to formulatea moredetailedandlessstrict blockingcondi-



tion and,asamatterof course,to provethatthemodifiedalgorithmis
still soundandcomplete.Theeffectof theoptimisedblockingcondi-
tion on FaCT’s behaviour turnedout to bedramatic—insomecases
it improved the system’s performanceby more than two ordersof
magnitude.Clearly, the value of improved blocking shouldnot be
underestimated,evenif theoverheadseemsconsiderable.

2 Preliminaries

In this section,we define the syntax and semanticsof ���	��
 -
conceptsandroles.Westartwith ���	��
 -roles,thenintroducesome
abbreviations,andfinally define���	��
 -concepts.

Definition 1 Let � be a setof role nameswith both transitive and
normalrole names������������� , where ������������� . Theset
of ���	��
 -rolesis ��� �"!$#&%'!)(���* . A role inclusionaxiomis of
theform !,+�-
. for two ���	��
 -roles ! and - . A rolehierarchy is
a setof role inclusionaxioms.

An interpretation �,�0/21435.76 398 consistsof a set 143 , calledthe
domainof � , anda function 6 3 which mapsevery role to a subsetof1 3�: 1 3 suchthat,for ;,(�� and !)(<� � ,=?> .A@CB�(D; 3 if f

= @9. > B�(D; # 3 .
andif

=?> .E@CB�(D! 3 and
= @9.AFGB�(�! 3 , then

=?> .AFHB�(�! 35I
An interpretation� satisfiesa rolehierarchy J if f ! 3�K - 3 for each!)+L-&(DJ ; suchaninterpretationis calleda modelof J .

We introducesomenotationto make thefollowing considerations
easier.

1. Theinverserelationon rolesis symmetric,andto avoid consider-
ing rolessuchas ! #5# , wedefinea function MONQP whichreturnsthe
inverseof a role:

MONQPR/S!T8�U �WV ! # if ! is a role name,- if !X�X- # for a role name- .

2. Sincesetinclusionis transitive and ! 3�K - 3 implies MYNQPR/S!T8 3�KMYNQPC/2-Z8 3 , for arolehierarchyJ , weintroduce + * asthetransitive-
reflexiveclosureof + on J��[�HMYNQP\/S!T8�+]MYNQPR/2-Z8^%_!)+`-&(DJ�* I
Weuse !XaX- asanabbreviation for !X+ * - and -b+ * ! .

3. Obviously, a role ! is transitive if andonly if its inverse MONQPC/S!T8
is transitive. However, in cyclic casessuchas !cad- , - is tran-
sitive if ! or MYNQPC/S!T8 is a transitive role name.In orderto avoid
thesecasedistinctions,the function egfihjN"k returnslAmonCp if f ! is a
transitive role—regardlesswhetherit is a role name,the inverse
of a role name,or equivalent to a transitive role name(or its in-
verse):egfihHN"k7/S!T8qU �,lAmon\p if, for some - with -La�! , -�(r� �
or MYNQPR/2-Z8�(D��� , and sut'vOwAp otherwise.

Definition 2 A role ! is calledsimplew.r.t. J if f not e
fihHN"k7/2-x8 for
each-b+ * ! .

Let y$z bea setof conceptnames. Thesetof ���	��
 -conceptsis
thesmallestsetsuchthat

1. every conceptname{,(Dy z is a concept,
2. if { and | areconceptsand ! is a ���	��
 -role, then /2{X}�| 8 ,/2{�~�| 8 , /2�Z{T8 , /���! I {T8 , and /2�C! I {T8 areconcepts,and
3. if { is a concept,! is a simple ���	��
 -role and �c(�� , then/E����!X{T8 and /E����!X{T8 areconcepts.

The interpretationfunction 6 3 of an interpretation����/21 3 .76 3 8
maps,additionally, every conceptto a subsetof 1 3 suchthat

/2{�}�| 8 3 �X{ 3 �D| 3 . /2{�~�| 8 3 �X{ 3 ��| 3 .�x{ 3 �X1 34� { 3 ./2�C! I {T8 3 �]� > (�1 3 % Thereis some@�(<1 3 with=?> .�@CB�(D! 3 and @�(�{ 3 *G./���! I {T8 3 �]� > (�1 3 % For all @ (�1 3 , if
=?> .E@CB�(<! 3 .

then @�(�{ 3 *G./E����!X{T8 3 �]� > (�1 3 %��E! 3 / > .o{T8����g*G./E����!X{T8 3 �]� > (�1 3 %��E! 3 / > .o{T8����g*G.
where, for a set � , we denotethe cardinality of � by �A� and! 3 / > .A{T8 is definedas �Q@D% =?> .A@CB�(<! 3 and @ (<{ 3 * .

A concept{ is calledsatisfiablewith respectto a role hierarchyJ if f thereis a model � of J with { 3���W� . Suchan interpretation
is calleda modelof { w.r.t. J . A concept| subsumesa concept{
w.r.t. J (written {�+^��| ) if f {�3 K |�3 holdsfor every model �
of J . Two concepts{�.o| areequivalentw.r.t. J (written {]a � | )
if f they aremutuallysubsuming.

3 An optimised blocking condition for �4�����
For easeof construction,we assumeall conceptsto be in negation
normalform (NNF), thatis, negationoccursonly in front of concept
names.Any ���	��
 -conceptcaneasilybetransformedto anequiva-
lent onein NNF by pushingnegationsinwardsusinga combination
of DeMorgan’s laws andtheduality betweenuniversalandexisten-
tial andat-most( � ) andat-least( � ) restrictions.For aconcept{ we
will denotetheNNF of �x{ by �T{ .

For a ���	��
 -concept | in NNF and a role hierarchy, we de-
fine clos/S| 8 to be the smallestset that contains | , is closedun-
der sub-formulaeand � , andwhich contains,for eachsubconcept�9! I {�( clos/S| 8 androle !��9+ * ! , also the concept��!�� I { . Note
that � clos/S| 8 is linearin % |<%Q�]% J�% .

A tableaualgorithmtriesto construct,for aninput concept| , an
abstractionof a modelof | , i.e.,a so-calledtableaufor | . Thead-
vantageof constructing/testingtheexistenceof tableauxratherthan
modelsis thatin tableaux,all conditionsarelocal, whereasthereare
global conditionsin thedefinitionof models(e.g.,transitivity of   3
for  4(�� � ). A definitionof a ���	��
 tableaucanbefoundin [12].

Lemma 1 A ���	��
 -concept| is satisfiablewith respectto a role
hierarchy J iff there existsa tableaufor | with respectto J .

From Lemma1, an algorithm which constructsa tableaufor a���	��
 -concept| canbe usedasa decisionprocedurefor thesat-
isfiability of | with respectto a role hierarchy J . Suchan algo-
rithm will now bedescribedin detail.It usesthesametechniquesas
the ���	��
 -algorithmin [13] but for themodifiedpairwise-blocking
condition.

Thealgorithmpresentedheretries to construct,for an input con-
cept | , atableauwhoserelationalstructureformsatreewherenodes
arelabelledwith conceptsfrom clos/S| 8 andwith | in the labelof
the root node.We must take specialcareto prevent the algorithm
from generatingatreewith arbitrarily longpaths,i.e.,from failing to
terminate.In theoriginal algorithm,we introduceda so-calleddou-
bleblocking condition. Roughlyspeaking,if we find two nodeson a
path,a node

>
andits successor@ , suchthat they have two ancestor

nodes,again,anode
> � andits successor@ � suchthat(1)

>
and
> � are



labelledwith the sameconcepts,(2) @ and @ � arelabelledwith the
sameconcepts,and(3) therelationsbetween

>
and @ arethesameas

thosebetween
> � and @ � , thenthis pathis no longermodifiedbelow@ , i.e., it cannotbecomelonger. This three-foldcondition is rather

strict, e.g.,theroot nodecannever block anothernode,andthis can
leadto laterblockingandlongerpathsthanis absolutelynecessary.

In the following, we will show how we canloosenthis condition
sothatblockingcanoccurearlier. Basically, in conditions(1) and(2)
wewill restricttheconceptsto thereleventones,andin condition(3)
we will restricttherelationsto therelevantones.

Definition 3 Let J bea role hierarchyand | a ���	��
 -conceptin
NNF. A completiontreew.r.t. J and | is a tree ¡ whereeachnode>

of the treeis labelledwith a set ¢	/ > 8 K clos/S| 8 andeachedge=?> .E@CB is labelledwith asetof rolenames¢	/ =?> .E@CBA8 containing(pos-
sibly inverse)rolesoccurringin clos/S| 8 . Additionally, wekeeptrack
of inequalitiesbetweennodesof thetreewith asymmetricbinaryre-
lation � I� betweenthenodesof ¡ .1

Given a completiontree, ancestors,successors,etc. are defined
asusual.A node @ is calledan ! -successorof a node

>
if @ is a

successorof
>

and -£(d¢	/ =?> .E@CBA8 for some - with -b+ * ! ; @ is
calledan ! -neighbourof

>
if @ is an ! -successorof

>
, or if

>
is anMYNQP\/S!T8 -successorof @ .

For arole - , aconcept{ , andanode
>

in ¡ , wedefine -g¤�/ > .o{T8
by - ¤ / > .¥{T8�U �)�Q@D%"@ is - -neighbourof

>
and {�(D¢	/?@\8E* I

A nodeis blocked if it is directly or indirectly blocked. A node
is indirectly blocked if its predecessoris blocked, and (in order to
avoid wastedexpansionafter anapplicationof the � -rule, which is
explainedlater)a node @ will alsobetakento be indirectly blocked
if it is a successorof a node

>
and ¢	/ =?> .�@\BA8x�X� . A nodeis directly

blocked if it is c-blockedor a-blocked.2

A node ¦ is a-blocked (seeFigure3 in AppendixA for an illus-
tration)if noneof its ancestorsareblocked,it hasancestors§ and ¦ �
suchthat ¦ is asuccessorof § , and

B1 ¢	/?¦�8 K ¢	/?¦��u8 ,
B2 if ¦ is an MONQPR/2-x8 -successorof § and �¨- I {,(�¢	/?¦ � 8 , then

(a.) {�(D¢	/?§R8 , and
(b.) if thereis some! with e
fihHN"k7/S!T8 and !�+ * - suchthat ¦ is

an MYNQPR/S!T8 -successorof § , then ��! I {)(�¢	/?§R8 ,
B3 if /E����-b{T8�(D¢	/?¦ � 8 , then

(a.) ¦ is not an MONQPR/2-x8 -successorof § or
(b.) ¦ is an MYNQPR/2-x8 -successorof § and �T{�(�¢4/?§R8 or
(c.) ¦ is an MYNQPR/2-x8 -successorof § , {�(D¢	/?§R8 , and ¦�� hasat most�D©�ª«- -successorsF with {�(D¢	/SFH8 , and

B4 if /E��¬c­L®48�(D¢	/?¦ � 8 (resp.�j­ I ®,(�¢	/?¦ � 8 ), then
(a.) ¦�� hasat least ¬ (resp.at least1) ­ -successorsF with®,(�¢	/SFH8 or
(b.) ¦ is an MYNQPR/u­�8 -successorof § and ®,(�¢4/?§R8 .
A node ¦ is c-blocked (seeFigure4 in AppendixA for an illus-

tration)if noneof its ancestorsareblocked,it hasancestors§ and ¦ �
suchthat ¦ is asuccessorof § , it satisfiesB1 andB2, and

B5 if /E�)�¯­�®$8T(&¢	/?¦ � 8 , then ¦ is not an MYNQPR/u­�8 -successorof §
or �q®,(D¢	/?§R8 , and

B6 if ¦ is an ° -successorof § and /E�L¬±°]²	8�(<¢	/?§R8 , then ��²,(¢	/?¦�8 .³
The ´ µ¶ relation is usedto prohibit identificationof nodesintroducedby
an applicationof the · -rule, which could leadto non-terminationdueto
infinite sequencesof · - and ¸ -ruleapplications.¹
A c-block leadsto a cycle in the tableauto be constructed,whereasan
a-blockis unravelledin thestandardway–“a” standsfor acyclic.

In this case,we say that ¦ � is a c-blocking candidatefor ¦ . We
saythat a c-blockingcandidate¦ � ³ for ¦ c-blocks ¦ if thereis no
c-blockingcandidate¦ �¹ for ¦ “between” ¦ � ³ and ¦ , i.e., if all c-
blockingcandidates¦ �¹ for ¦ differentfrom ¦ � ³ areancestorsof ¦ � ³ .
Thedefinitionof a nodea-blocking anotheroneis analogous.

For a node
>

, ¢	/ > 8 is saidto containa clashif, for someconcept
nameº»(<y4z , �_º	.¥�
ºT* K ¢	/ > 8 , or if, for asomeconcept{ , some
role - , andsome�L(&� : /E���&-�{T8	(&¢	/ > 8 andthereare ���»ª- -neighbours@G¼'. IQI7I .A@�½ of

>
suchthat {�(�¢	/?@�¾¿8 and @G¾ � I�»@7À for

all Á�Â�Ã�Ä�Å[Â�� .
The algorithminitialises the tree ¡ to containa singlenode

> ¼ ,
calledthe root node,with ¢4/ > ¼ 8��Æ�_|�* , where | is the concept
to be testedfor satisfiability. The inequalityrelation � I� is initialised
with theemptyrelation. ¡ is thenexpandedby repeatedlyapplying
the rulesfrom Figure1. Theorderin which the rulesareappliedis
the following: all rulesareappliedfirst to theancestorsof a node

>
beforethe � - or the � -rule is appliedto

>
.

The completiontreeis completeif, for somenode
>

, ¢	/ > 8 con-
tains a clashor if noneof the rules is applicable.If, for an input
concept | , the expansionrules can be appliedin sucha way that
they yield a complete,clash-freecompletiontree,thenthealgorithm
returns“ | is satisfiable”, and“ | is unsatisfiable” otherwise.

Remark: (a) Please note that some of the rules are non-
deterministic—hencethe somewhat strangereturnbehaviour of the
algorithm.(b) The intuition for the blocking conditionsareas fol-
lows: whenbuilding a tableaufrom a completiontree,ana-blockis
unravelledin thestandardway(i.e.,acopy of ¦ � andits successorsis
madeasuccessorof § ), while ac-blockleadsto acylic tableausince
the“original” ¦ � is madea successorof § . B1 ensuresthat ¦ � satis-
fiesall � restrictionson § . B2 ensuresthat § satisfiesall “backward”� restrictionson ¦ � . In thea-blockingcase,B3 andB4 ensurethat
whena copy of ¦�� has § asa predecessor(insteadof its formerpre-
decessor),this copy still satisfiesits at-mostandat-leastrestrictions.
In thec-blockingcase,B5 ensuresthatat-mostrestrictionson ¦ � are
still satisfiedwith thenew neighbour§ , andB6 ensuresthatat-least
restrictionson § arestill satisfiedevenif severalof its successorsare
c-blockedby thesamenode.(c) A-blocking alonewould have been
enoughto ensurecorrectnessand termination—however, c-blocks
mayoccurearlier, andmay thusleadto a betterperformance.Illus-
trationsof thetwo blockingconditionsaregivenin AppendixA.

Lemma 2 Let | bea ���	��
 -conceptin NNF and J a rolehierar-
chy.
1. Theapplicationof thetableaualgorithmto | and J terminates.
2. If theexpansionrulescan beappliedto | such that they yield a
completeandclash-freecompletiontreew.r.t. J , then | hasa tab-
leauw.r.t. J .
3. If | hasa tableauw.r.t. J , thenthetableaualgorithmcanbeap-
plied to | such that it yieldsa completeandclash-freecompletion
treew.r.t. J .

Sketchof the Proof: (1.) Terminationis dueto thefactthatthetab-
leaualgorithmconstructs,in a monotonicway, a treewith bounded
depthand width. (2.) From a completeand clash-freecompletion
tree,we canconstructa tableauby almoststandardunravelling. The
only non-standardelementsare(i) cyclic partsof the tableauin c-
blocking situationsand(ii) a slightly morecomplex unravelling to
make surethat at-leastrestrictionsaresatisfiedin situationswhere
two successorsof the samenodearea-blocked by the samenode.
(3.) A tableaucan be usedto trigger the applicationof the non-



Ç�È : if 1. { ³ }�{ ¹ (�¢	/ > 8 , > is not indirectlyblocked,and �_{ ³ .¥{ ¹ * �K ¢	/ > 8
then ¢	/ > 8�© Ç ¢	/ > 8����_{ ³ .¥{ ¹ *Ç�É : if 1. { ³ ~�{ ¹ (�¢	/ > 8 , > is not indirectlyblocked,and �_{ ³ .¥{ ¹ *«��¢	/ > 8
���
then ¢	/ > 8�© Ç ¢	/ > 8����_{	* for some{,(<�'{ ³ .¥{ ¹ *Ç�Ê : if 1. �\- I {)(�¢	/ > 8 , > is notblockedand

>
hasno - -neighbour@ with {�(D¢	/?@C8 ,

then createa new node@ with ¢	/ =?> .E@CBA8
�]�'-Z* and ¢	/?@C8x�]�'{	*Ç¯Ë : if 1. �¨- I {)(�¢	/ > 8 , > is not indirectlyblocked,andthereis an - -neighbour@ of
>

with {ÍÌ(D¢4/?@C8
then ¢	/?@C8�© Ç ¢4/?@C8����_{	*Ç¯Ë'Î : if 1. �¨- I {)(�¢	/ > 8 , > is not indirectlyblocked,andthereis some! with e
fihHN"kQ/S!T8 and !X+ * - ,

2. andan ! -neighbour@ of
>

with ��! I {cÌ(�¢	/?@\8
then ¢	/?@C8�© Ç ¢4/?@C8����Ï��! I {	*Ç&ÐOÑ : if 1. /E����-b{T8�(�¢	/ > 8 , > is not indirectlyblocked,andthereis an - -neighbour@ of

>
with �_{�.¥�T{	*«��¢	/?@C8
�X�

then ¢	/?@C8�© Ç ¢4/?@C8����"®$* for some®W(<�'{�.Ò�T{	*Ç`Ó : if 1. /E����-b{T8�(�¢	/ > 8 , > is notblockedand
2. thereareno � nodes@ ³ . I7I7I .E@G½ suchthat {)(D¢4/?@�¾S8 , @�¾ is an - -neighbourof

>
, and @G¾ � I�`@QÀ for ªqÂ�Ã�Ä�Å[Â�� ,

then create� new nodes@ ³ . IÏI7I .A@�½ with ¢	/ =?> .E@�¾2BA8Z�]�_-�* , ¢	/?@G¾28x�]�'{	* , and @G¾ � I��@7À for ªTÂ�ÃZÄ¯Å�Â�� .Ç`Ô : if 1. /E����-b{T8�(�¢	/ > 8 , > is not indirectlyblocked, �A-g¤�/ > .¥{T8�Õ�� , and
2. therearetwo - -neighbours@9.oF of

>
with {,(�¢	/?@C8Ò.o{�(D¢	/SFH8 , @ is a successorof

>
, andnot @ � I��F

then 1. ¢	/SFH8�© Ç ¢	/SFH8¨��¢	/?@C8 and
2. if F is a successorof

>
then ¢4/ =?> .AFHBA8�© Ç ¢	/ =?> .AFHBA8���¢	/ =?> .�@CBA8

else( F is a predecessorof
>

) ¢4/ = FR. > BA8�© Ç ¢	/ = FC. > BA8��<�HMYNQP\/S!T8�%'!)(D¢	/ =?> .E@\BA8o*
3. ¢	/ =?> .A@CBA8�© Ç �
4. Set Ö � I��F for all Ö with Ö � I��@

Figure 1. TheExpansionRulesfor ×5Ø�Ù�Ú
deterministicexpansionrulesin suchawaythatthetableaualgorithm
yieldsa completeandclash-freecompletiontree.

Since terminologies(or generalTBoxes) can be internalisedin���	��
 , andsubsumptioncanbe reducedto satisfiability [14], we
thushave:

Theorem1 The tableauxalgorithm decidessatisfiability and sub-
sumptionof ���	��
 -conceptswith respectto role hierarchies and
terminologies.

4 Empirical evaluation
The modifiedalgorithmhasbeenimplementedin the FaCT system
andtestedwith knowledgebases(KBs) derivedfrom realisticappli-
cations:either ���	��
 encodingsof UML diagrams[2] or ���	��

translationsof OIL/DAML+OIL ontologies[8]. In eachcase,we
have measuredthetime takento classifytheKB bothwith andwith-
out the optimisedblocking condition,andalsomeasuredthe maxi-
mumsizeanddepthof treesconstructedby thealgorithmduringthe
classificationprocedure.The resultsof thesetestsareshown in the
following table.

OptimisedBlocking StandardBlocking
KB time(s) depth size time(s) depth size

hospital 2 16 775 – 45 6874
library 0.25 9 147 1.25 11 153
restaurant 8 26 1280 672 36 5824
soccer 36 27 3840 918 32 7087
geography 9 8 70 4506 18 5983

It canbeseenthattheoptimisedblockingconditionuniformly im-
provesperformanceandthat,in somecases,theimprovementis quite
dramatic(morethantwo ordersof magnitudein thecaseof thege-

ographyknowledgebase).3 Thereasonfor this is thereductionin the
depthandsizeof the treesbuilt by the optimisedalgorithm.Apart
from theinherentcostof building larger trees,thesizeof thesearch
spacedueto non-deterministicexpansionmayincreaseexponentially
with thenumberof nodesin themodel.

It maybeinterestingto considerthegeographyKB in moredetail
in order to seewhy the performanceimprovementis so dramatic.4

As thenamesuggests,this KB describesthegeographyof European
countries.E.g.,it includestheaxioms:

Republic-of-Ireland + � is-part-of I Ireland

Ireland + � is-part-of I British-Isles

British-Isles + � is-part-of IWestern-Europe

Western-Europe + � is-part-of I Europe

If these“part-of” relationshipswereuni-directional,theKB would
berelatively trivial to classify. However, theKB alsocontainsaxioms
specifyingthepartsthatmake up variouscomposites,e.g.:

British-Isles +`� is-part-of # I Ireland }D� is-part-of # IGreat-Britain

This kind of cyclical constructionis quite commonin KBs that
describephysicallyconnectedstructures,andcanalsobeseen,e.g.,
in theGALEN medicalterminologyKB. Theeffect of thesecyclical
axiomscanbe seenwhenclassifyingthe conceptEurope. Figure2
illustratespart of the treebuilt by the algorithmusingthe standard
doubleblocking. It canbe seenthat un-blocked nodeswhoselabel
includesEurope occurseveral times in a singlebranchof the tree.Û

Withoutoptimisedblocking,FaCTwasunableto classifythehospitalKB—
systemresources(memory)wereexhaustedafter86sof processing.Ü
Pleasenote that the authorsdo not make any claims for the “quality” or
“correctness”of this ontology.



Thefourth nodein thebranchis not blockedbecausethefirst occur-
renceof Europe is in thelabelof theroot node,which hasno prede-
cessorandthuscannotbea blockingnode.Theseventhnodein the
branchis not blocked becausethe label of its predecessorcontains
Southern-Europe, whereasthelabelof thepredecessorof the fourth
nodecontainsWestern-Europe. Notethateachun-blockednodewith
Europe in its labelwill leadto thegenerationof a largesub-treedue
to anaxiomthat lists all thecountriesthatmake up Europe.In con-
trast, the optimisedblocking condition allows the root nodeto c-
block thefourthnode,greatlyreducingthetotal sizeof thetree.
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Þ Europe ßEàEàAà á
Þ Europe ßEà�àEà áÞ Belgium ßEàEàEà áÞ Western-Europe ß�àEàEà á

Þ Italy ßEàAàEà áÞ Southern-Europe ßEàAà�à áÞ Europe ßAà�àEà á

Figure 2. Treebuilt by unoptimisedalgorithmfor conceptEurope

Thehospital,library, restaurant,andsoccerKBs wereall derived
from the encodingin ���	��
 of UML diagrams.The natureof the
encodingmeansthat the resultingKBs tend to be highly cyclical.
Moreover, if theUML diagramsincludemaximumcardinalitycon-
straintson relations(e.g.,singlevaluedrelations),thentheencoded
KB will include qualified at-mostrestrictions,possiblywith com-
plex qualifyingconcepts(i.e.,conceptsof theform /E�«�¨! I {T8 where{ is non-atomic).The expansionof theseconceptsis highly non-
deterministic(dueto the Ç�â - andthe ÇrÐOÑ -rule),andit is critical to
minimisethenumberof nodelabelsin which they occur. In thecase
of the hospitalKB, for example,the degreeof non-determinismin
thelargertreegeneratedwithout theoptimisedblockingconditionis
sogreatthat, in attemptingto searchit, FaCTexhauststhesystem’s
memory.

5 Discussion
In order to deal with inverse roles and number restrictionsin a
logic lackingthefinite modelproperty, the ���	��
 algorithmimple-
mentedin theFaCTsystemintroducedanew andmoresophisticated
“double-blocking” technique.The conditionsunderwhich a block
could be establishedwere clearly more exacting than was strictly
necessary, but it wasassumedthat,apartfrom thedifficulty of prov-
ingsoundnessandcompleteness,theincreasedcostof checkingmore
preciselydefinedconditionswould outweighany benefitthatmight
bederived.

Thefailureof theFaCTsystemto solve UML derivedknowledge
basesleadus to reconsiderthis conjecture,andwe have presented
anoptimisedalgorithmthatchecksfor two differentkindsof block,
with morepreciselydefinedconditionsunderwhich eachcanbees-
tablished.In spiteof this increasedcomplexity, we havebeenableto
prove that the optimisedalgorithmis still soundandcomplete,and
have shown that in somecasesit canimprove FaCT’s performance
by morethantwo ordersof magnitude.

Clearly, theadverseeffectsof thestricterstandardblockingcon-
dition shouldnothave beenunderestimated.Inefficient blockingcan
leadto anincreasein thesizeof thetreeconstructedby thealgorithm,

andgiven a logic with the complexity of ���	��
 this canleadto a
catastrophicblow up in the sizeof thesearchspace(the numberof
differenttreesthatmustbeexplored).As we have shown, this effect
canbeobserved in realisticknowledgebasesderivedboth from the
encodingof UML diagramsandfrom OIL/DAML+OIL ontologies.
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A Illustrations
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Figure3. Illustrationof ana-blockingsituation.Thedoublearrow indicatesthatacopy of æ � andits successorsis madeanew successorof ç when
constructinga tableau.

§

¦ � B2: �¨- I {
B5: /E����­�®48

B2: MYNQPR/2-Z8
ã

B5 �q®ã
B2.a { , ã B2.b �9! I {

B6: /E��¬�°`²	8
B2.b: MONQPC/S!T8Ò.E!X+ * -g.oegf�hHN"kQ/S!T8ã

B5 no MYNQP\/u­�8
B6: °
¦ ã

B1 ¢	/?¦q8 K ¢	/?¦���8ã
B6 �q²

Figure 4. Illustrationof ac-blockingsituation.Thearrow goingup to æ � indicatesthat æ � is madeanew successorof ç whenconstructinga tableau.


