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Abstract

The Galen project is constructing a concep-
tual schema for medical terminology using a De-
scription Logic (DL) which supports transitive
roles and general concept inclusions. Tableaux
calculus subsumption testing algorithms for
such a DL are well understood but serious
worst case intractability would appear to limit
their practical applicability. However by using
heuristic speedup techniques adapted from con-
straint satisfaction problem solving procedures
it is possible to dramatically improve perform-
ance with a realistic knowledge base.

1 Introduction

The European Galen project aims to promote the shar-
ing and re-use of medical data by using a concept model
as a flexible and extensible classification schema [Rector
et al., 1993]. The concept model is being built using a
Description Logic (DL) which, due to the identification
of critical design requirements [Nowlan, 1993], supports
transitive roles and general concept inclusions (GCIs).

The theory of extended tableaux calculus subsump-
tion algorithms which are able to deal with transit-
ive roles and GCIs is well understood [Baader, 1990;
Buchheit et al., 1993; Sattler, 1996; Schild, 1991] but
severe worst case intractability appears to limit their
practical applicability. However it seems worthwhile to
investigate how well such an algorithm performs with a
real knowledge base when a range of optimisations are
employed. The adaption of heuristic speed up techniques
from constraint satisfaction problems (CSPs), and in
particular propositional satisfiability (SAT) testing pro-
cedures [Freeman, 1996], seems to be a promising method
for dealing the most serious cause of intractability, the
large numbers of disjunctive constraints introduced by
GCIs.

2 Subsumption testing

Most DLs restrict terminological axioms to acyclic
concept introductions1 of the form PN ⊑ C or CN

.
=

C , where PN (CN ) is a new primitive (non-primitive)
concept name and C is a concept term [Baader et al.,
1991]. Concept terms can be expanded until they con-
tain only primitives and subsumption between fully ex-
panded terms can then be evaluated independently of the
remainder of the terminology. The subsumption problem
can be transformed into a satisfiability problem—C1 sub-
sumes C2 if C2⊓¬C1 is not satisfiable—and solved using
an algorithm based on the tableaux calculus.

GCIs are a more general axiom of the form A ⊑ B
where both A and B are arbitrary concept terms2. The
satisfiability of a concept term is no longer independent
of the terminology when it includes GCIs—any model
must also satisfy all of the GCIs. GCIs act as constraints
x : (B ⊔ ¬A) which apply to every variable x in a con-
straint system. These constraints can be added either
directly, using a new type of constraint and expansion
rule [Buchheit et al., 1993], or indirectly, by extending
the logic to include role union and transitive reflexive
closure [Baader, 1990; Schild, 1991]. The algorithm be-
ing studied uses the former mechanism as it has a simple
control structure which is amenable to the proposed op-
timisation techniques.

3 Performance

In practice most of the GCI constraints can be elimin-
ated using a filtering technique which makes use of neg-
ated primitives in disjunctions [Horrocks et al., 1996],
leaving satisfiability problems which are easily solved.
However the performance of classification as a whole is
still dominated by a relatively small number of ‘hard
cases’ of which there are two distinct sorts: critic-
ally constrained problems and under-constrained prob-

1The concept term in an introduction may not refer, either
directly or indirectly, to the concept name being introduced.

2A concept equation A
.

= B is equivalent to a pair of GCIs,
A ⊑ B and B ⊑ A.



lems. Critically constrained problems are ones in which
there are neither so few constraints that most choices
lead easily to a solution (under-constrained) nor so
many constraints that unsatisfiability is easily demon-
strated (over-constrained) [Bresciani et al., 1995; Hogg
et al., 1996]. Critically constrained problems are con-
sistently hard to solve due to subtle interactions between
constraints. Under-constrained problems on the other
hand, while generally easy to solve, can also prove ex-
tremely difficult in a small number of cases due to a
phenomenon called thrashing [Gent and Walsh, 1996;
Baker, 1996].

Thrashing occurs when the order in which non-
deterministic constraints are expanded results in large
amounts of unproductive backtracking. This problem is
exaggerated in tableaux algorithms as inherent unsatis-
fiability caused by a disjunctive expansion choice may
be concealed in a sub-problem and not discovered until
many more disjunctions have been expanded. A naive
backtracking strategy would try all possible combina-
tions of these intervening disjunctions before getting back
to the real cause of the unsatisfiability.

4 Optimisation techniques

Standard optimisation techniques [Baader et al., 1992] do
little to tackle the major cause of intractability in DLs
which support GCIs—searching the large number of pos-
sible expansions offered by sets of disjunctive constraints.
This problem is similar to searching possible variable as-
signments in SAT problems and adapted SAT optimisa-
tion techniques can be used to improve the performance
of tableaux concept satisfiability testing algorithms. In
fact it can be seen that the GCI constraint filtering tech-
nique [Horrocks et al., 1996] corresponds to a common
DPL3 SAT optimisation, the deletion of clauses contain-
ing pure literals whose complements do not occur in the
formula.4.1 Heuristi guided searh
Heuristic guided search can be used to try to increase
the effectiveness of pruning and minimise the number
of constraint systems which are explored. There are
two steps to this procedure: firstly the pruning effect
of earlier expansion choices is maximised by eliminating
‘obviously satisfiable’ disjunctions and ‘obvious clashes’
from the remaining disjunctions4; secondly the prun-
ing effect of future expansion choices is maximised by
preferentially expanding highly constraining disjunctions
[Freeman, 1996].

A variation on the MOMS5 heuristic [Freeman, 1995]

3The Davis-Putnam procedure in Lovlands form, a widely
used SAT algorithm.

4This process is called constraint propagation.
5
M aximum Occurences of M inimum S ize.

can be used to estimate the degree to which each concept
term in a disjunction constrains possible solutions. The
heuristic assigns the highest value to concept terms which
occur most frequently in disjunctive clauses of minimum
size; it also prefers terms with similar numbers of pos-
itive and negative occurrences6. The most constraining
disjunctions are estimated to be those containing concept
terms with the highest MOMS value.

The search strategy, applied to variable x in a con-
straint system S, would proceed by expanding determ-
inistic constraints (using the enhanced blocking strategy
described in [Baader et al., 1996]) and performing con-
straint propagation—disjunctive constraints x : (C1 ⊔
. . .⊔Cn) are eliminated when one of x : C1 , . . . , x : Cn is
in S and concept terms C are eliminated from disjunc-
tions when ¬C is in S7. The most constraining disjunct-
ive constraint is then selected for expansion.4.2 SAT based searh
Recent work has shown how SAT procedures can be used
directly in a decision procedure for ALC [Giunchiglia and
Sebastiani, 1996a; 1996b]. This technique can also be
used to provide a more efficient mechanism for dealing
with disjunctive constraints in tableaux algorithms.

A pre-processing step is performed which lexically
sorts, simplifies and explicitly encodes concept sub-
terms. This allows lexically equivalent concept terms
to be identified and quickly eliminates many unsatisfiable
over-constrained problems8. For example (C⊓D)⊓(¬D⊔
¬C ) ⇒ C ′⊓¬C ′ ⇒ ⊥. The pre-processing has two addi-
tional advantages: it allows search guiding heuristics to
operate much more efficiently; it maximises the effect of
the optimisation described in [Baader et al., 1992], which
uses a combination of delayed expansion and the reten-
tion of expanded names to provide earlier unsatisfiability
detection.

The tableaux expansion algorithm proceeds normally
through the deterministic expansion and constraint
propagation phases. Heuristics are then used to select a
term from one of the disjunction constraints (the current
algorithm uses a combination of MOMS and Jeroslow
and Wang heuristics with binary constraint propagation
look-ahead as described in [Freeman, 1995]) and branch-
ing is then performed by recursively testing satisfiabil-
ity with the chosen term added as a positive or negated
constraint—the heuristic also determines in which order
the two possibilities are explored.

6This is computationally expensive without the pre-
processing step described in section 4.2.

7If this results in any zero length disjunctions the al-
gorithm can backtrack immediately.

8This was one of the major causes of the performance im-
provement exhibited by the SAT based ALC algorithm de-
scribed in [Giunchiglia and Sebastiani, 1996b].



4.3 Intelligent baktraking
The thrashing problem can be addressed by using a form
of backjumping [Baker, 1996; Ginsberg, 1993] to return
rapidly to a branching point where a different choice
could remove the source of the conflict. In backjumping
constraints are labeled to indicate the disjunctive expan-
sion choices from which they were derived. The initial
x : C constraint is labeled {0}, a constraint chosen from
the nth disjunction expanded is labeled {n} and con-
straints derived from deterministic expansion rules are
labeled with the (union of the) label(s) from the trigger-
ing constraint(s).

Instead of simply returning failed the satisfiability test-
ing procedure can return a dependency list—the (union
of the) label(s) from the constraint(s) which caused the
clash. If an expansion of the nth disjunction causes a
clash such that the maximum value in the dependency
list is less than n the expansion can terminate immedi-
ately and return the dependency list. If all expansions
of the nth disjunction cause clashes the returned depend-
ency list is the union of the disjunction constraint’s own
label and the dependency lists generated by all the clashes
with the value n removed.4.4 Obvious satis�ability
While optimisations which enhance the detection of obvi-
ous subsumption relations (unsatisfiable concept terms)
are well known, it is difficult for tableaux algorithms
to detect obvious non-subsumption relations (satisfiable
concept terms) [Baader et al., 1992]. This is unfortunate
as failed subsumption tests predominate in realistic KBs
where concepts typically have many more children than
parents (a ratio of over 3:1 in the Galen KB) and as
failed tests are typically more expensive (a ratio of over
7:1 in the Galen KB).

This problem can be tackled by caching a partial
model for each concept and its negation—to keep space
requirements within reasonable bounds only root con-
straints (those which apply to the first variable in a
model) need to be cached. When testing the satisfiab-
ility of C ⊓ ¬D a quick positive result can be returned
by demonstrating that the known models for C and ¬D
can be merged.

If D is primitive, all that is required is that the model
of C does not have a root constraint of the form x : D .
When D is not primitive it is necessary to test for pos-
sible interactions between the two models—for example
root constraints of the from xRy and x : ∀R.C ′ in the
models of C and D respectively. If there are no interac-
tions a model of C ⊓¬D could be formed by joining the
models of C and ¬D at their roots.

If there are interactions between the model roots,
tableaux expansion must proceed. However a similar
technique can still be applied at each model node in or-

der to avoid solving obviously satisfiable sub-problems. It
may also be worth maintaining a temporary cache to try
and avoid the repeated solution of sub-problems during
a single tableaux expansion or across the set of tableaux
expansions required to classify of a concept.

5 Preliminary results

In spite of the filtering technique [Horrocks et al., 1996]

some satisfiability tests still produce constraint systems
in which variables are subject to a considerable number of
disjunctive constraints introduced by GCIs. For example
demonstrating the satisfiability of the concept BodySpace
(i.e. testing if ⊥ subsumes BodySpace) produced a con-
straint system containing 31 disjunctive constraints9

with a theoretical 5×1012 possible expansions. Using an
unoptimised algorithm with this constraint system leads
to severe thrashing and effective non-termination.

The introduction of backjumping causes a dramatic
improvement and allows the satisfiability of BodySpace to
be quickly demonstrated—a complete expansion is dis-
covered after only 4 backtracks. Guided search succeeds
in further reducing the number of backtracks (to 3 in this
case) but the processing time actually increases due to
the cost of the heuristics.

The analysis of SAT based search is still at an early
stage but improvements only seem to be in the region
of 20% and are certainly not of the magnitude demon-
strated for random K-SAT problems in [Giunchiglia and
Sebastiani, 1996b]. This may be explained by the struc-
ture of the KB: easy over-constrained problems are rare
and the number of concept terms10 is large. This means
that cases which flatter the SAT procedure occur only
infrequently. However the lexical pre-processing does fa-
cilitate the operation of search heuristics and it should be
possible to improve on the general SAT heuristics cur-
rently employed by using knowledge about the structure
of concepts in the KB.

The current implementation only detects obvious sat-
isfiability at the top level (before any tableaux expan-
sion is performed). This does however allow over 75% of
failed subsumption tests (almost 60% of all subsumption
tests) to be avoided when classifying the Galen model
and leads to a reduction of approximately 60% in total
classification time.

6 Conclusion

Using a DL which supports GCIs may at first seem un-
promising due to theoretical intractability but heuristic
speed up techniques can be used to improve performance
with a realistic knowledge base. A considerable amount

9The topology of hollow body structures is represented in
detail in the Galen model.

10Equivalent to propositional variables in SAT problems.



of work remains to be done to evaluate and improve the
optimisation procedures but early results show consider-
able promise.

The introduction of backjumping seems to be particu-
larly effective and it may be worth using more sophist-
icated backtracking procedures, such as dynamic back-
tracking [Ginsberg, 1993], which try to preserve useful
work while returning to the source of discovered con-
tradictions. Caching of partial constraint systems also
proved a useful technique and allowed large numbers of
failed subsumption tests to be avoided—extending this
technique to tableaux sub-problems should provide fur-
ther performance improvements. The guided search tech-
niques were less effective but this may be due in part to
the use of inappropriate heuristics directly adapted from
SAT procedures—work is continuing on the design of
improved heuristics. It is also hoped to investigate the
effectiveness of the optimisation techniques with other
knowledge bases and with other DLs.

The worst case complexity of the problem is immut-
able but many instances of observed poor performance
may actually be artifacts of the algorithm and its im-
plementation. Although there will be some hard prob-
lems which are not amenable to optimisation techniques
it seems likely that these will be rare in realistic KBs.
Detecting the characteristic thrashing of the algorithm
which these cases cause and terminating the satisfiability
test would result in a degree of incompleteness (if success
is returned) or unsoundness (if failed is returned) which
may be acceptable in applications where the expressive
power provided by GCIs is of critical importance.
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