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Abstract

A measurement-independent formulation of quantum mechanics called ‘regular histories’
(RH) is presented, able to reproduce the predictions of the standard formalism without
the need to for a quantum-classical divide or the presence of an observer. It applies to

closed systems and features no wave-function collapse.

Weights are assigned only to histories satisfying a criterion called ‘regularity’. As the set
of regular histories is not closed under the Boolean operations this requires a new con-
cept of weight, called ‘likelihood’. Remarkably, this single change is enough to overcome
many of the well-known obstacles to a sensible interpretation of quantum mechanics. For
example, Bell’s theorem, which makes essential use of probabilities, places no constraints
on the locality properties of a theory based on likelihoods. Indeed, RH is both counter-
factually definite and free from action-at-a-distance.

Moreover, in RH the meaningful histories are exactly those that can be witnessed at least
in principle. Since it is especially difficult to make sense of the concept of probability for
histories whose occurrence is intrinsically indeterminable, this makes likelihoods easier
to justify than probabilities.

Interaction with the environment causes the kinds of histories relevant at the macroscopic
scale of human experience to be witnessable and indeed to generate Boolean algebras of
witnessable histories, on which likelihoods reduce to ordinary probabilities. Further-
more, a formal notion of inference defined on regular histories satisfies, when restricted
to such Boolean algebras, the classical axioms of implication, explaining our perception
of a largely classical world.

Even in the context of general quantum histories the rules of reasoning in RH are remark-
ably intuitive. Classical logic must only be amended to reflect the fundamental premise

that one cannot meaningfully talk about the occurrence of unwitnessable histories.

Crucially, different histories with the same ‘physical content’ can be interpreted in the
same way and independently of the family in which they are expressed. RH thereby
rectifies a critical flaw of its inspiration, the consistent histories (CH) approach, which
requires either an as yet unknown set selection rule or a paradigm shift towards an un-

conventional picture of reality whose elements are histories-with-respect-to-a-framework.

It can be argued that RH compares favourably with other proposed interpretations of
quantum mechanics in that it resolves the measurement problem while retaining an
essentially classical worldview without parallel universes, a framework-dependent reality

or action-at-a-distance.
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Chapter 1

Introduction

Ever since its conception in the beginning of the 20*" century quantum mechanics has remained at
the forefront of research in theoretical physics. Its famously counterintuitive nature has given rise to
a wealth of interpretations, but many problems continue to be unresolved and a generally accepted

theory that is both logically consistent and conceptually precise still seems a distant goal.

The foundations of scientific wisdom were shaken in the late 19" and early 20*" century by a
string of discoveries unexplainable through contemporary physics. In 1900 Max Planck, striving
to motivate his black-body radiation law, introduced the assumption that electromagnetic energy
is emitted in quantised form, limited to certain discrete values of energy. The subject was further
advanced by Albert Einstein whose explanation of the photoelectric effect in 1905 paved the way
towards a picture in which waves and particles are seen as different aspects of the same phenomenon,
exhibiting either type of behaviour in appropriate circumstances. In 1913 Niels Bohr was able to
motivate the empirically known Rydberg formula for the spectral emission lines of atomic hydrogen,
assuming that electrons orbiting the nucleus are restricted to a number of discrete energy levels.
When performed with single quanta, experiments such as Young’s famous double slit arrangement
were found to yield seemingly paradoxical results and it soon became clear that a completely new

type of physics would be required to produce accurate predictions at the quantum scale.

1.1 The standard formalism

Further work by Schrédinger, Heisenberg, Dirac and von Neumann led to the development of what
is known today as the ‘standard formalism’. It comprises a set of rules for predicting the statistics

of measurement outcomes, roughly amounting to the following scheme[204]:

Postulate (States). The state of an isolated physical system is given by a ray in a Hilbert space,

represented by a unit vector.



Postulate (Unitary evolution). The time-evolution of a closed quantum system is given by a unitary

operator.

Postulate (Measurements). Qutcomes of a measurement are represented by sets {P;} of pairwise

orthogonal projection operators satisfying the completeness condition
Sr=
i

If a measurement is made on a quantum system in state [1p) the i outcome occurs with probability
P(i) = (Y| P[)

in which case the state of the system after measurement is

_hl) (1.1.1)

(Y1 Bi|)

Having so far withstood all tests by experiment the standard formalism constitutes a basis of
shared assumptions about the predictions a satisfactory quantum theory ought to be able to repro-
duce. Since it takes no specific stance on elements of reality or rules of reasoning, however, it does
not by itself form a complete interpretation and, if carelessly applied, leads to the kind of quantum

paradoxes that have puzzled physics undergraduates for generations.

1.2 The Copenhagen Interpretation

One of the earliest attempts to extend the standard formalism into a full-fledged quantum theory is
the Copenhagen interpretation, which takes its predictions at face value and stipulates no objective
reality aside from the results of measurements. Developed from 1924 to 1927 by Niels Bohr and
Werner Heisenberg it remains to this day one of the most established interpretations of quantum

theory, although there is a certain amount of confusion surrounding its precise specification.

Measurements on a quantum system are considered to be performed by a putative observer him-
self located in a ‘classical domain’. However, this notion is not precisely defined and the need to
draw a sharp distinction between quantum and classical realms is problematic if several different
observers are considered. Moreover, the reliance on measurements makes this theory unsuitable for

the description of systems for which no sensible choice of observer exists, such as the universe itself.

The question of elucidating the precise role of the observer, the classical domain and the state

collapse of equation (1.1.1) is often called ‘the measurement problem’.



Resolving the measurement problem and removing the need for observers have been central mo-

tivations in the search for a new interpretation of quantum mechanics.

1.3 Bohmian mechanics

De Broglie-Bohm theory, also called Bohmian mechanics, is an interpretation of quantum mechanics
developed in 1927 by de Broglie and rediscovered by Bohm in 1952. It assumes the existence of an
‘actual configuration’ whose dynamics are deterministic but - owing to their dependence on a global

‘pilot wave’ - non-local.

Due to the presence of ‘action-at-a-distance’ - as well as the fact that the predicted trajectories
are not classical - Bohmian mechanics is usually seen as unpalatably counterintuitive and its critics
vastly outnumber its resolute advocates which, remarkably, did not include either de Broglie or

Bohm themselves.

1.4 Many worlds

The ‘many worlds’ interpretation (MWI), formulated in 1957 by Hugh Everett[72] and later ex-
tended by DeWitt[49], is a version of quantum theory designed to resolve the measurement problem.
It postulates the existence of a large number of alternative universes. The collective ‘multiverse’
evolves unitarily and measurements can be described as branching processes without the need to

invoke wave-function collapse.

Although MWT has a number of followers and has been recognised as an important contribution
to quantum mechanics, many physicists do not subscribe to the idea of a multiverse and several
questions remain unanswered. The exact nature of the branching process that occurs whenever
a measurement is performed, for example, is not entirely clear, nor is how probabilities are to be
defined. Everett himself regarded MWI as a ‘meta-theory’ whose application within the context of

other interpretations offers a new perspective on the measurement problem.

1.5 Consistent histories - a conceptual overview

Pioneering work by Griffiths[97, 101, 103, 104], extended among others by Omnes
[207, 208, 209, 210, 212], Gell-Mann and Hartle[85, 87, 88, 89], has led to a new formulation of

quantum mechanics in which no observer or quantum-classical divide is required and wave function



collapse does not occur. This interpretation is known as ‘consistent histories’ (CH).

It is based on the notion of an ‘elementary history’, which is simply a sequence of properties of a
system at a finite number of distinct reference times. Elementary histories are themselves grouped
into ‘families’; which are sets of mutually exclusive elementary histories (with common reference
times) covering all possibilities. Given such a set a Boolean algebra of more general ‘compound his-
tories’, or simply ‘histories’, can be constructed essentially as the power set of the family. Families
can be ‘fine-grained’ by splitting elementary histories into more specific alternatives and ‘coarse-

grained’, which is the reverse process.

According to the consistent histories approach a (compound) history can be assigned a proba-
bility just if its underlying family satisfies a certain mathematical criterion known as a ‘consistency
condition’. This ensures additivity of weights - which leads to well-defined probabilities - and allows

for ‘classical reasoning’ within the context of a consistent family (‘framework’).

Reasoning about histories from different families, however, is prohibited by the ‘single frame-
work rule’ which postulates that logical arguments relating to a physical system are only valid if all
histories involved are part of the same family. The only allowable exception is the case in which the

families are ‘compatible’; which means that they have a consistent fine-graining in common.

While the consistent histories formalism has been used to shed light on many of the problems
and (apparent) paradoxes of quantum mechanics, it has more recently fallen out of favour with the
scientific community. The reasons for this are the subject of chapter 3 in which the various flavours

of consistent histories will be reviewed and critiqued.

First and foremost, there is no generally accepted notion of truth in CH. In other words, it is
not especially clear what the interpretation actually states about reality. Since no rule has been
established that would identify one distinguished family suited to a particular problem, ‘standard
CH’ regards all frameworks as equally valid. In section 3.1 we elaborate on the attempts of various
authors to explain the relationship between incompatible frameworks and to relate the CH formalism

to reality.

An argument put forward by Bell[15] in 1964 and subsequently refined by various authors shows
that a certain class of theories with a property known as ‘local realism’ cannot reproduce the mea-
surement statistics of standard quantum mechanics. It is sometimes claimed that Bell’s theorem

renders futile any attempt to find a ‘sensible’ local quantum theory, so that the result will need to



be discussed in relation to the CH interpretation. This is done in section 3.3.

We find that the assumptions of Bell’s argument do not cover theories of the CH type, and that
this is not indicative of ‘action-at-a-distance’, but merely a consequence of the limited expressivity
brought about by the single framework rule. CH does satisfy a reasonable locality condition called
‘Einstein locality’ which roughly speaking states that objective properties are unaffected by external

actions on distant, isolated subsystems.

Another famous ‘no-go’ result placing constraints on the type of theories that can explain the
predictions of quantum mechanics is the Kochen-Specker theorem, which establishes that not all
observables can have definite values at all times unless these values are contextual, i.e. dependent
on the particular measurement being performed.

Section 3.4 expands on the Kochen-Specker theorem in the context of the CH interpretation with
previously published arguments as well as a novel theorem that highlights a problem relating to
the possibility of defining truth functionals on consistent families. It is shown that these cannot in
general agree on the truth of histories even when the families in question are (pairwise) compatible.
Although there is a sensible way of stipulating which histories in a particular family actually occur,

such assignments cannot be made congruous across all consistent fine-grainings.

The relationship between histories from incompatible frameworks is explored in more detail in
section 3.5, where it is shown that combining inferences made in different families may lead to para-
doxical results. Griffiths’s interpretation resolves this problem at the cost of being incompatible with

a conventional view of reality.

For example, questions of interest to traditional approaches to physics such as “Does the particle
pass through the slit S at time ¢;?7” are deemed nonsensical by Griffiths’s version of CH. Its predic-
tions pertain instead to questions of the type “Does the particle pass through the slit S7 at time ¢; in
the particular framework F7”. The upshot is that for CH to have any content at all one must give up

the established picture of reality in favour of one whose elements are specified relative to a framework.

This has the peculiar implication that histories which one would like to regard as identical since
they manifestly encode the same physical assertion must be interpreted as separate elements of re-
ality. In section 3.6 we specify an equivalence relation = between histories capturing the intuitive
notion of ‘having the same physical content’. Honouring this identification is forbidden by the single

framework rule, despite its desirable properties such as respecting the Boolean operations.



These properties are exploited in section 4 in which an entirely new approach to interpreting
quantum mechanics is presented. It abandons the single framework rule in favour of the conven-
tional picture of reality in which histories equivalent under & are interpreted in the same way. This
is made possible by a strong restriction, called ‘regularity’, on the range of meaningful histories. In
the context of most examples of practical relevance histories which can be embedded in a consistent
family are typically also regular, so that the relevant CH predictions can usually be recovered, albeit

no longer restricted to a particular framework.

The regular histories (RH) interpretation shares many of the desirable features of CH and is
specifically designed to evade its main deficiencies. Einstein locality, for example, is upheld while

frameworks can be dropped without giving rise to contrary inferences.

Another advantage of the interpretation is that its rules of reasoning become quite intuitive. It
can be shown that there is a sense in which regular histories are exactly those whose occurrence
can be witnessed without altering the dynamics of the process. This means that the classical rules
of inference need only be supplemented with the requirement that histories whose occurrence is
indeterminable even in principle are deemed meaningless. We will argue that owing to well known
mechanisms of decoherence histories relevant at the macroscopic level almost never fall into this cat-
egory, so that classical and quantum domains can be treated on the same footing without affecting

the former’s conventional rules of logic.

We also present an extension of the RH interpretation in which the assumption of unitary evo-
lution is used to identify histories that only differ in their temporal support. This is called the
‘normal histories’ (NH) interpretation and allows for many histories to be made sense of that are

meaningless in CH or Copenhagen. However, NH must be rejected on the grounds that it is non-local.



Chapter 2

Definitions and technical
background

Numerous expositions of the consistent histories (CH) interpretation and its technical background
can be found in the literature[110, 101, 116, 97, 207, 208, 209, 211, 85, 127, 66, 191]. However, the
terminology is far from universal, rarely defined with much rigour, and it is frustratingly common to
confuse terms that relate to similar ideas but entirely different mathematical concepts. While some

degree of sloppiness is often justifiable, there will be no harm in striving for a little more precision.

2.1 Propositions

In classical physics instantaneous propositions are represented by Borel subsets of the phase space.

The set of all such propositions naturally has the structure of a Boolean algebra.

Figure 2.1: Classical propositions in phase space



Definition 2.1.1. A Boolean algebra is a set B containing two special elements 0 and 1, two binary

operations V and A\ and a unary operation a — a satisfying the following laws:

aV(bVve)=(aVb)Ve aN(bAc)=(aNb)Ac associativity
aVb=bVa aNb=bAa commutativity
aV(andb)=a aN(aVb)=a absorption
aVnre)=(aVb)A(aVe) an(bVe)=(aAb)V(anc) distributivity
avVa=1 aNa=0 complements

It is customary to write a = b for a V b.

In quantum physics, on the other hand, propositions are usually given by linear subspaces in a

Hilbert space or, equivalently, projections onto them.

Figure 2.2: Schematic illustration of linear subspaces in Hilbert space

For commuting projectors P, @ it is straightforward to define a conjunction P A @) as the sub-
space of vectors contained in both subspaces P and Q. Its projector is given by PQ or, equally, QP.
PV @, on the other hand, is the subspace of linear combinations of vectors in P and @ (which may

contain vectors neither in P nor in Q).

Common attempts to extend these definitions to non-commuting projectors, however, lack dis-

tributivity and therefore do not produce a Boolean algebra.

Retaining the entire lattice of projectors thus necessitates a weakening of the Boolean algebra

laws to, for example, those of an orthocomplemented lattice:



Definition 2.1.2. An orthocomplemented lattice is a bounded lattice L = (L, <,A,V,0,1) in which

every element a has a complement @ satisfying

e aVa=1

e aNa=0

e (A)=a

e Ifa<bthenb<a

If fact, the closed subspaces of a Hilbert space form an orthomodular lattice, which is an ortho-
complemented lattice with the additional property

Ifa<cthenaV(@aAc)=c

This is strictly weaker than distributivity.

However, decades of research in quantum logic have only served to reaffirm the view that non-
distributive logics are notoriously difficult to work with, as they do not correspond with intuition as

well as Boolean algebras.

For this reason the starting point for the consistent histories approach is to limit the allowable
properties to a more manageable set for which distributivity is satisfied. A natural choice is the set
of eigenspaces of a Hermitian operator, which is a resolution/decomposition D of the identity on S

into mutually orthogonal projectors:

Definition 2.1.3. Let S be a separable Hilbert space. A decomposition of the identity on S is a
finite set D = {P;} of projection operators satisfying

Y P=1Is P,P; = 6;; P,
P,eD
The point is that the elements of such a decomposition all commute, which restores the kind of

setup familiar from classical physics.

Lemma 2.1.4. Let S be a separable Hilbert space and D = {P;} a decomposition of the identity on
S. The sublattice L of the lattice of subspaces of S which is given by projectors of the form

Z a; P

with each a; € {0,1} constitutes a Boolean algebra.



Proof. Tt is easily verified that ¢ : L — P(D) with
¢Za1PZ»—>{Pzaz:1}
i

defines a complemented-lattice-isomorphism. Thus L is a Boolean algebra, since the power-set P(S)

of any set S is a standard example of such a structure. O

2.2 Histories

Consider now a closed quantum system, represented by a separable Hilbert space S and governed
by a time-independent Hamiltonian H. The Schrodinger equation yields a unitary time evolution
operator

Ulty,ti) = e h(ty—t)H

Thus if the system has property |1;)(1;| at time t;, it will have property U(ts,t;)|v:)(¥:|U (¢, tf) at

time .

A complete set of compatible instantaneous properties of the system is given, as before, by the
spectrum of an observable, which is a decomposition of the identity. When more than one instant in
time is concerned it is natural to consider a sequence of observables associated with distinct reference

times.

Definition 2.2.1. Let S be a separable Hilbert space. A specification of histories S on S is a
sequence D1, D, ..., D, of decompositions of the identity on S together with a set of distinct times

t; associated with each D; respectively, ordered chronologically.

The chronologically ordered sequence of times is known as temporal support. Often an initial

density matrix - and occasionally a final one - is also given as part of the specification.

Informally, a specification encodes a finite sequence of questions of the type ‘at time ¢;, which of
these mutually exclusive properties did the system possess?’.

Associated with it is the set of possible sequences of answers to these questions:

Definition 2.2.2. Given a specification of histories S = Dy, Da, ..., D, the induced family (of
histories) is the set

{PP@P,®...0P,: P, e D;}

with the same temporal support attached.

10



An element of an induced family of histories, which is a history of the form
E=PoP®..QPF, (2.2.1)

(thought to be embedded in an appropriate induced family specified by Dy, Da, ..., D, with each

P, € D;), is called an elementary history.

Physically, this corresponds to the assertion that the system had property P; at time 1, property
P, at time t5, etc. Note that no assumption is made that these properties are actually measured by
an observer. Perhaps the simplest example of an elementary history is the trajectory of a particle,
given by a sequence of ‘snapshots’ that capture its position at each instant ¢;. Of course the decom-

positions D; are not limited to position propositions.

When there is no ambiguity the temporal support is rarely stated explicitly. Thus, if we speak
of a family of histories specified by the decompositions Dy, Do, ..., D, an appropriate temporal

support t1 < to < ... < t, is implied.

The idea of using a tensor product to describe sequences is one of Chris Isham’s major con-
tributions to the CH approach, known as the history projection operator (HPO) formalism[175].
Writing sequences of projectors in this way has the convenient consequence that the usual Boolean
operations are easily definable. In fact, since a family of histories is itself a decomposition of the

identity on the history Hilbert space S®™ a Boolean algebra can be defined just as in lemma 2.1.4:

Definition 2.2.3. Let F = {E;} be an induced family of histories. Then the Boolean algebra of
history propositions B(F) is the set of projectors of the form

H= ZaiEi (2'2'2)
where each a; € {0,1}.
An element H € B(F) is called a (compound) history.

Note that compound histories need not be of the form (2.2.1). The negation E of an elementary
history E, for example, is not generally an elementary history, although it does correspond to a

projector in S®" namely Igen — E.

Occasionally we will want to consider histories without the need to deal with a complete specifi-
cation. For example, if H is a history of the form 2.2.1 then the set {0, H, Igen — H, Igen } is already

a Boolean algebra, although not usually one that arises as the set of compound propositions of an

11



induced family.

Definition 2.2.4. Let S be a separable Hilbert space. A general family of histories F on S is a
decomposition of the identity Ison on the space S©", together with a temporal support t; < to <

... < tn, provided that each element P € F can be written as a sum of projectors of the form 2.2.1.

Given a general family of histories a Boolean algebra of (compound) history propositions can be
defined just as in definition 2.2.3. In the context of a general family F an elementary history E is

one of the (compound) HPOs generating the decomposition F.

The subject of consistent histories is unnecessarily complicated by the number of different ter-
minologies in use and the fact that the distinction between a specification, its induced family of
histories, a general family of histories and the Boolean algebra of history propositions is often
blurred. Some justification for this can be found in lemma A.0.1, which shows that specifications

and induced families are in one-to-one correspondence.

For the benefit of readers familiar with terms used by other authors table 2.1 provides an overview
of how they relate to the language of this publication. The table is intended as a rough guide and
significantly simplified in that it makes no reference to the HPO formalism, initial and final condi-

tions or the temporal support and does not distinguish between induced and general families.

2.2.1 Fine- and coarse-graining

Since the spectrum of an observable may include degenerate eigenvalues the definition of a speci-
fication allows for decompositions into projectors not all of unit rank. These can be refined in a

straightforward manner.

Definition 2.2.5. Let S be a separable Hilbert space, and D a decomposition of the identity on S.
A refinement of D is a decomposition D' of the identity on S such that for every P € D, there is a
subset Dp C D' satisfying

Z P=pr

P'eDp
Decompositions which only contain unit rank projectors are called maximally refined. They cor-

respond to orthonormal bases of the Hilbert space.
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As far as general families are concerned a refinement can be applied directly to the family itself.

In this case the elementary histories are split up into lower rank HPOs.

Another possible modification is to ‘slot in’ additional decompositions, together with an ap-
propriate reference time. This gives rise to ‘fine-graining’, which for induced families consists of
refinement of each decomposition after insertion of ‘noncommittal’ identities at times not previously

mentioned in the temporal support.

Definition 2.2.6. Let S be a specification D1, Do, ..., D, with associated times ti,ta,...,t,. A
fine-graining of S is a specification S’ given by decompositions D, D}, ..., D! with associated times
th,ty, ... by, such that for all i € {1,2,...,n} there evists a j € {1,2,...,m} witht; =t; and D} a
refinement of D;.

P P P m

Figure 2.3: Fine-graining a specification

The two-step procedure - inserting identities and refining - is schematically illustrated in figure
2.3 in which projectors are represented by boxes. While this fails to reflect much of the structure of
Hilbert space, it does provide an intuitive and largely accurate picture of the process of fine-graining
a specification. We say that the induced family F’ is a fine-graining of the induced family F if its

specification is a fine-graining of the specification of F.

Fine-graining of general families is somewhat harder to visualise, but conceptually more straight-

forward: after insertion of non-committal identities the entire family is refined.
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If ' is a fine-graining of F then F is said to be a coarse-graining of F’.

Given a compound history H € B(F) in some family F with a fine-graining F’ the Boolean al-
gebra B(F') contains an element H’ which corresponds to H in the sense that it expresses the same
physical content. Although the summands of expression (2.2.2) for H are further divided into sums

to yield H’', the HPO itself is unaffected save for the addition of noncommittal identity tensor factors.

The exact nature of this correspondence and its role in the consistent histories interpretation will

be examined in due course (see sections 2.7.1 and 3.6 in particular).

2.2.2 The topos approach

The histories formulation has given rise to an advance spearheaded by Chris Isham and Andreas
Doéring which is based on the observation that the category Set of sets and functions, implicitly used
to describe classical systems, is a particular example of a structure known as a topos. The classical
notions of states, physical quantities and propositions can be generalised to their correspondents in
a general topos, which also comes equipped with an internal logic. This has produced an interesting
area of research known as the topos approach to quantum theory[180, 181, 179, 57, 58, 59, 60, 62,
55, 56, 61, 77, 78, 63]. Since it is only loosely related to the consistent histories interpretation we

will not elaborate on it here.

2.3 The chain operator

Having defined a general notion of ‘something that can occur’ (a compound history) the next step is
to determine the likelihood that this will happen. In CH this is achieved through a chain operator or

class operator, which reduces a history from a projector on S®” to an operator on the Hilbert space S.
Let F be a family of histories and F = P| ® P, ® ... ® P, € F an elementary history.
From this point on we will - where no clear indication is made - always regard the projectors

P; as Heisenberg projectors, time-dependent and evolving along the unitary evolution. For ease of

reading the explicit time-dependence is usually omitted.
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The chain operator H is then defined as the product of the P;:

H=PFP,P,_1...P

Chain operators of compound histories can be obtained linearly:

H= ZazEz

Of course the E; and hence H are by no means projection operators in general.

In terms of quantum processes the chain operator H can be understood as a possible ‘run’ of
the process. The ‘input’, a unit vector [¢) in the domain of H is transformed at each stage t; by
projection onto one of the P; € D;, resulting in output H|¢). Note that this is merely an intuitive
picture. The CH approach does not attempt to interpret the chain operator itself and in particular
does not involve any kind of wave function collapse. It deals with histories rather than states and

employs chain operators only as a mathematical tool for calculating probabilities.

While various conventions exist for designating chain operators (such as K (H)) for longer calcu-
lations H is arguably the least cumbersome. We will usually consider the trace of (products of) chain
operators and never the trace of a history itself, so that there is little potential for confusion. Since
we have defined the Boolean operations only on histories and not on chain operators it is also unam-

biguous to write Hy A Hy for K (H; A Hs) etc. We will often include brackets to improve readability.

Linearity implies the following useful equation:
H, + H, = (H; VH>) + (H; A Hy)
In particular if Hy, Hy are disjoint histories (i.e. Hy A Ho = 0) then
H,; +H; =H; VH,

Moreover, H; = I — H;.

n the Schrédinger picture, unitary operators would have to be included to adjust for the system’s evolution
between the respective times ¢;:

U(to,tn) oP,o U(tn,tnfl) oP,_10...0 U(tz,tl) oP;o U(tl,to)

16



2.4 Weights and consistency

With a chain operator in place it is now possible to assign weights to individual histories as follows?

W(H)=Tr (HpH') (2.4.1)

where p is a finite-rank positive operator with unit trace, representing some initial condition. In

the finite dimensional case one can simply take p to be maximally mixed, giving rise to

W(H) = éTr (HH')

where d = dim S is the (finite) dimension of the Hilbert space.

In fact, a consistent histories analogue of Gleason’s theorem[95, 185] shows that, given a few
apparently inescapable assumptions relating to the nature of a sensible probability assignment, this
formula is unique[214, 216]. The definition of weights thus follows naturally from the notion of a

history.

Note that W (H) is necessarily a non-negative real number as H p H' is a positive operator.

2.4.1 Mixed initial states

If both an initial density matrix p; and a final one p are specified the weight is defined as
W(H) = Tt (py Hp, HT)
Tr(ps pi)

In this case p; and py need not be normalised[87].

2.4.2 Lack of additivity

The core problem addressed by the CH approach is that the weight does not satisfy the requirements
for a well-defined probability distribution: it fails to be additive. This shortcoming will be identified
as the critical manifestation of counterintuitive behaviour setting the quantum world apart from its

classical analogue.

Griffiths’s key idea[110] is to restore well-defined probabilities by considering only those families of
histories on which the weight happens to be additive. A number of mathematical criteria[88, 90, 110]

2In the case of single-time histories this reduces to the familiar Born rule.
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have been designed for this purpose and the subject is once again complicated unnecessarily by con-

flicting terminology. A necessary and sufficient condition is the following:

2.4.3 Consistency

Definition 2.4.1. A family of histories F is consistent if
Re{Tr(HlpH;)} =0
for all pairs of compound histories Hy # Hs.

Definition 2.4.2. A consistent family of histories is called a framework.

Consistency is sometimes called weak decoherence[90]. A stronger notion, occasionally referred

to as medium decoherence, is the following:

2.4.4 Decoherence

Definition 2.4.3. A family of histories F is decoherent if
7 (Hy pHY) =0
for all pairs of compound histories Hy # Hs.

Although only consistency is required for additivity, decoherence is often used in practice, be-
cause it is mathematically more convenient and found to be equivalent in the context of typical

applications. See example 2.14.4 for a consistent family that is not decoherent.

Note that although both consistency and decoherence depend on the initial state p the latter is

not always stated explicitly. To be more precise one might speak of p-consistency and p-decoherence.

The term Tr (H1 pHE) is known as the decoherence functional D(H;, Hs). Sets of histories on

whose pairs D vanishes are said to decohere, which means that they do not interfere.

With both initial and final density matrices provided the decoherence functional takes the form
D(H,, Hy) L ¢ ( H H*)
1, 412) = = 1T | py L1 0;
Te(os p) -\ :

In the finite dimensional case we can, assuming a maximally mixed initial state p = éI s, show

that an arbitrary history involving no more than two times is decoherent.
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Lemma 2.4.4. Any family of histories involving only two times and a mazximally mized initial state

is decoherent.

Proof. Let F be a family of histories given by decompositions D; and Dy, and let H = P, ® P,
H' = P{ ® Pj. Then
Tr(H'H') = Tr(Py P| P, Py)

Now since P; and Pj are chosen from the same decomposition of the identity this term will vanish

unless P = P|. Similarly for P, and P}, so that

TT(HH)#0 = H=H = H=H

Note that the lemma does not hold for general initial conditions.

2.4.5 Consistency of histories

While the consistency criterion is by design applied to families it is possible to make some sense of

consistency even at the level of histories.
Definition 2.4.5. A (compound) history H is consistent if
W (H)+W(H) =1
where H is the Boolean negation of H. A history which is not consistent is inconsistent.
Note that consistency of H is equivalent to
Re {Tr (H pﬁT)} =0

and to

W(H)=Tr(Hp)

Lemma 2.4.6. Let F be a family of histories on a separable Hilbert space S. Then F is consistent
iff every H € B(F) is consistent.

Proof. If F is consistent, then each history H is consistent by definition.

Conversely, suppose every H is consistent. Then
W (H) = Tr(H p)

is additive, hence F is consistent. O]
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For families of histories decoherence has been established as a criterion which is in many cases

more convenient than consistency. We can apply the same idea at the level of histories.

Definition 2.4.7. A history H is called decoherent if
5l
Tr (HpH ) ~0

Halliwell[137] calls a family partially decoherent if all its histories are decoherent. This is strictly
weaker than decoherence of the family. Clearly decoherence of a history implies consistency of the

same history.

Lemma 2.4.8. Let H be a consistent (resp. decoherent) history. Then H is also consistent (resp.

decoherent).
Proof. Immediate from H=H. O

Lemma 2.4.9. The weight of a consistent history H falls into the real interval [0,1].

Proof. The weights W (H) and W (H) are both non-negative real numbers (as evident from (2.4.1)),
and since W(H) + W (H) = 1 neither can exceed 1. O

There is a sense in which consistency of histories is preserved under fine-graining:

Lemma 2.4.10. Let F; be a family of histories, and Hy € B(F1) a history. Moreover, let JFo
be a fine-graining of Fy. Then the history Hs in B(Fs) corresponding to Hy is consistent (resp.

decoherent) iff Hy is consistent (resp. decoherent).

Proof. As a history projection operator (HPO) Hs differs from Hy only by the addition of identity
factors in the tensor product. These have no effect on the chain operator, so we have H; = Hos.
Similarly, H; = H,. Thus
Tr (H2 pET> — Ty (H1 pET)
O

Griffiths observes[110] that a history H is consistent just if there is a consistent (general) family
containing the projection operator H in its Boolean algebra of history projections. This is because
any such algebra must contain the minimal one consisting just of the four projectors 0, H, I — H

and I. This general family of histories is consistent iff H is consistent.

20



Note that it is not true that every consistent history is contained in the Boolean algebra of an
induced consistent family. For example, consider the single qubit Hilbert space ) with initial state
11, and the history

H = 10){(0] @ [+)(+| @ |0)(0] @ [1){1]

with computational basis {|0), |1)}.

Since it has zero weight it is necessarily consistent, but any specification containing H would have

o N O

which is already inconsistent.

to be a fine-graining of

2.4.6 Branch dependence

In practical situations it is often expedient to make the decomposition D; dependent on the partial
history Pl(il) ® P2(i2) ®...0 Pz(il_ 1) up to time ¢; . With these dependencies made explicit an

elementary history takes the form
_ pli1) (i2) (i3) ;- Gin) (s 2 .
H=P"" @P;"(i1) @ P3 % (i;,12) ® ... ® Py (i1, 42,13, ..., In_1)

Histories of this kind are called branch dependent[91]. Much of the treatment of branch-independent
induced families still applies and the time dependencies are usually omitted for the sake of readabil-
ity. Since branch dependent (induced) families are simply a special kind of general families it will

not be necessary to consider them in separation.

2.4.7 Linear positivity
Goldstein and Page[96] propose to define a probability
Prp(H) = Re{Tr(H p)}

which is necessarily additive, but need not fall into the interval [0,1]. For this reason the set of
allowable families must be restricted to those on whose histories Prp is non-negative. This condi-
tion is called linear positivity[96, 158] and is even weaker than consistency. In the case of consistent

families the two notions of probability coincide (since P(H) = Tr(H p) for consistent histories H).

21



2.5 Conditional probabilities

Suppose it is known that a system described by a consistent family of histories F exhibits a partic-
ular history H; € B(F). The probability that, given this knowledge, a history Hy € B(F) occurs

can be calculated just as in ordinary probability theory.

Definition 2.5.1. Let Hy, Hy € B(F) be a pair of histories in a consistent family F. The conditional

probability of Hs given Hy is
P(H; A Hy)

P(H2|H1) = P(Hl)

Conditional probabilities have an important role to play in CH, especially in the prediction and

retrodiction of histories[147]:

If it is known that a sequence of properties P;, Ps,..., Py describes the evolution of a closed
system up to time ¢; then the probability of the future sequence of alternatives Py41, Piy2,..., Pn
is given by

- TI'(PnPn,1 N P2P1 pP1P2 . Pn)
Tr(PkPk_l N P2P1 pP1P2 N Pk)

= TI"(PnPn_l ‘e Pk+1peﬁ‘Pk+1Pk+2 PN Pn)

P(Py, Py, ..., PP, Pay..., Py)

where

ot = Pk-Pk_l...nglpplpg...Pk
¢ Tr(PkPk,1 ...P2P1 p_PlPQ...Pk)

is the effective density matriz of the state of the system at time ¢.

Analogous ideas apply to the retrodiction of alternatives occurring before the sequence of known

propositions.3
2.6 Implication

As Omnes[207] has pointed out conditional probabilities can be used to define a formal notion of

implication between histories.

3There is an interesting conceptual complication soon to be elaborated on: different frameworks may give rise to
entirely different, mutually incompatible predictions and retrodictions and what is logically implied in one framework
may be meaningless in another[135]. See sections 3.1, 3.5 and 3.6 for further discussions.
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Definition 2.6.1 (Implication). Let Hy, Hy € B(F) be a pair of histories in a consistent family F.
Then Hy — Ho (Hy implies Hs) whenever

P(Hy|Hy) =1

Definition 2.6.2 (Equivalence). Let Hy, Ho € B(F) be a pair of histories in a consistent family F.

Then Hy = Hy (Hy and Hy are equivalent) whenever each implies the other:
(Hl — HQ) and (H2 — Hl)

Being able to reason within the Boolean algebra of a consistent family of histories in this pre-
cisely defined way is one of the fundamental building blocks of the CH interpretation. The point
is that so long as one deals with a single consistent family this reasoning is ‘classical’ in the sense
of satisfying the usual axioms for a logical implication[207]. Concretely, it is easily checked that

whenever W (H;) # 0 and W(H3) # 1 we have:

(i) If Hy — Hy and Hy — H; then Hy; = Hs

(ii) If Hy — Hs and Hy — H3 then Hy — Hj

(iii) Hy — Hy

(iv) If Hy — Hy and Hy — Hy then Hy — (Ha A Hy)

(v) Hy — (Hy V Hs)

(vi) (Hy AN Hy) — H;

(vii) If Hy — Hs or Hy — Hj then (Hy V Hy) — Hj
(viii) If Hy — Hy then Hy — Hy

In fact, if the family is consistent then
(P(HH = Hy)=1 and P(H;)#0)< (P(H2|Hy)=1)

and the implication

Hy - Hy whenever P(H; = Hs) =1

also satisfies the axioms for a classical implication provided that the underlying family is consistent.
Although this criterion is rejected by Omnes on the grounds that it relies on a definite - as opposed
to probabilistic - notion of truth[212], it is in some cases more convenient since it is well-defined

even when P(H;) = 0 (in which case H; implies any other history) and the Boolean implication =
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allows for nested expressions such as H; = (Hy = Hs).

The two notions diverge in the cases of probabilities strictly less than 1: while P(Hz|H1) is the
probability of Hy given the knowledge that Hy occurs, P(H; = Ha) is the probability of finding the

system’s behaviour in support of the hypothesis that Hy occurs whenever H; does.

2.7 The single framework rule

A vital ingredient of the CH interpretation taking particular prominence in Griffiths’s works[110]
is the single framework rule. It postulates that valid logical reasoning about a quantum system
can only take place within the Boolean algebra of a single consistent family, using the inference
— from definition 2.6.1. This is the mechanism by which classical reasoning is restored and (ap-
parent) quantum paradoxes are (claimed to be) resolved. Much of the criticism waged against the
consistent histories formalism is focussed on the single framework rule (cf. sections 3.1, 3.4, 3.6),
which amounts to a very tight restriction on the type of questions that can be asked together in a

meaningful way.

2.7.1 Compatible families

Consistent families that have a consistent fine-graining in common are said to be compatible. Since
the histories in each family have direct correspondents in the consistent fine-graining, it is argued
that the latter’s rules of logic may be employed for valid reasoning not only within each of the
families, but also across them. The single framework rule is therefore weakened to the extent that
logical arguments referencing compatible families are allowed, as they can be rephrased within the

context of a single consistent family[110].

2.8 Measurements and observers

Measurements and observers play no fundamental role in the consistent histories formalism. The
approach is concerned with closed quantum processes, which leaves no space for an external, classical

observer introducing wave-function collapse through a measurement.

Without a Copenhagen type measurement, the approach must nonetheless explain how the phe-

nomenon of a measurement procedure can be described in terms of consistent histories and how

24



outcome statistics predicted by the Copenhagen interpretation can be reproduced.

Since this account cannot involve wave-function collapse the correlation created between the
state of the measured system and that of the measurement device must be explained by unitary
means|[110, 66, 212, 156]. Both the putative observer and the measured device are taken to be quan-
tum, part of the same closed process, and the measurement is simply a procedure that ensures that

the states of the measured entity and the measurement device become correlated in a specific way.

This notion of measurement is sometimes called a ‘measurement situation’ (as distinguished from

the Copenhagen concept). We will now show how it can be modelled in CH language.

Suppose that the system to be ‘measured’ is a single qubit represented by the two-dimensional
Hilbert space V. Let W be another copy of the same Hilbert space - representing a ‘measurement
device’ - and fix bases {v1,v2} and {wy,ws} for V and W respectively. Then the unitary operation
U defined by

Ulvi)|wi) = |vn)wr)  Ulvz)|wr) = |v2)|ws)

Ulon)|ws) = [o1)|wz)  Ulva)wz) = |vz)fw)

copies the state of the ‘measured’ system (|v1) or |v2)) into the ‘measurement’ device (resulting in
|wq) or |we) respectively), provided that the latter was initialised in state |w;). In terms of quantum
gates this corresponds to a controlled NOT-operation on W. Note that if the measurement device
is not known to have been initialised in a particular state, no such correlation can be deduced. In
effect, knowledge of the initial state of the device is transformed into knowledge of the correlation

between the two systems.
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measurement siruation
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Figure 2.4: A measurement situation

In the CH approach this can be described as follows:
Let t; < to be such that the evolution U(ta,t1) of the system between these times is described by U

as given above. Define a family of histories F induced by the decompositions
D, = { lvyw) (viwe],  Jvawr)(vaws],  [viwe)(viwa|,  |vawz)(vaws }
at time t; and Dy = D; at time t;. Then F is consistent with respect to the initial state
p=1Iyv ® |wi){wi]|.
Now define the histories
Si = (Jui)(vi| ® Iw) ® (Iygw) = ‘the measured system initially has property |v;){v;|’
Sl = (Ivew) @ (Jvi)(vi] ® Iy) = ‘the measured system finally has property |v;){v;|’

0; = (Ivgw) ® (Iy ® |w;)(w;|) = ‘the measurement outcome is w;’

Assuming the initial state p = Iy ® |wy){wi| (representing a properly initialised device) it is

possible to deduce that the histories S;, S} and O; are all equivalent:

SiEOZ
SiES/

Within the system of logical reasoning defined by F the first line translates to the assertion that

the measurement outcome reveals a property |v;)(v;| possessed by the system before the start of the

26



measurement. This property remains unchanged, as evident from the second line - the measurement
is nondestructive. Note that since the system simply continues to possess the property throughout
there is no need to collapse any wave functions. The third line follows from the previous two and
states that, following the measurement, outcome and measured property are perfectly correlated, as

expected.

2.8.1 Reproducing the predictions of the standard formalism

The measurement situations described above are ‘idealised’[163] in that they are nondestructive and
create a perfect (rather than approximate) correlation. Real-life measurements often disturb the
measured property and will necessarily exhibit a margin of error. More realistic types of measure-
ment could also be modelled using consistent histories, but to recover the predictions of the standard
formalism it will be sufficient to restrict attention to these idealised scenarios, in which correlations

are perfect and the interval [¢, t2] of measurement is negligibly small.

Now suppose that V is initially in a state ¢ which is a superposition of |v;) and |vg). In this
case the standard formalism stipulates a collapse of the wave function into either of these two states

with respective probabilities

T (Jos) il o) ol ) = [{5lwa)

The CH formalism, being concerned with histories rather than states, requires no collapse of a
wave function at all. Since S; = S; the outcome O; reveals a property |v;)(v;| that the measured

system possesses before as well as after the measurement.
CH can now be used to obtain the measurement statistics of the standard formalism as follows:

It is easily verified that F is consistent with respect to the initial condition
p = [P) (| @ |wy)(wi]
Defining the histories
0; = (Ivegw) ® (Iy ® |w;)(w;|) = ‘measurement outcome |w;)’

we have

Po(01) = Tr (U() (0] @ wr) s U @ ) )
= (W)U (1@ fwi)fw] )U(jwn)

= (Wlon) (o U (1@ fwr)(wi ) U orwn) (o)
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= (@lvr){vily) = [(¥lor)]?

and similarly
P,(02) = [(¥]v)]?

which is the desired result.

Analogous constructions describe measurement situations with more than two possible outcomes

and mixed initial states.

Another salient feature of the Copenhagen notion of measurement is that it thwarts interference
between the possible outcomes. The histories formalism can reproduce this phenomenon without
postulating a quantum-classical divide simply by keeping a permanent record (cf. section 2.12) of
the result of each measurement. This guards against interference and merely requires a Hilbert space
large enough to accommodate all relevant measurement results (rather than a separate ‘classical do-
main’). Predictions for arbitrary sequences of measurements can be obtained so long as the result of
each measurement is not subsequently ‘overwritten’. This is a reasonable assumption in the context
of a result indicated on a macroscopic device, for example, where interaction with the environment

will typically lead to an abundance of records.

2.9 Approximate consistency

A scheme advanced by Gell-Mann and Hartle[85], Halliwell[133] and others relaxes the consistency

condition to the extent that it is only required to hold within some approximation.

They reason that probabilities need to be assigned to histories only to the degree of accuracy
that they are used. Theories whose predictions differ by an amount well below some very small
threshold, it is claimed, are equivalent for all practical purposes. Probabilities arising in practice,
such as the likelihood that the sun will rise tomorrow at its classically calculated time, typically
depend on assumptions and approximations which, although justifiable in practice, mean that there
is a very slight mismatch between predictions and actual probabilities. The quasiclassical domain of
familiar experience, it is argued, is therefore described by families of histories which decohere only

to a very high degree of approximation:

D(H;, Hj) < e

If the value of € is chosen sufficiently small then this difference will be practically undetectable.
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For reasons to be spelt out in section 3.2 we will not consider approximate consistency.

2.10 Sum-over-histories formulation

The reader may be familiar with Richard Feynman’s path integral formulation[76], also known as
sum-over-histories. Gell-Mann and Hartle[150, 146, 153, 85] present a variation on the CH approach
that takes Feynman paths as a starting point, by assuming a particular distinguished ‘family of
fine-grained histories’. Usually, this is the set of paths in configuration space which are single-valued

in time.

Although this is not a family of histories as defined above, since its temporal support is continu-
ous rather than a finite sequence of points, the necessary generalisations are easily made. This allows
the set of paths to be ‘coarse-grained’, that is partitioned into exhaustive and exclusive classes {c4 }

of paths.

Position variables have a fundamental role in this formulation, since they are defined at each in-
stant in time, whereas alternative values for momentum must be constructed using, for example, time
of flight. Nonetheless, it is possible to recover Griffiths’s history formulation by specifying a finite se-
quence of observables, each at a distinct point in time, and then choosing a coarse-graining into equiv-

alence classes {c, } of paths for which these take a particular sequence of values « = (a1, g, ..., ay).

Feynman-style summation over the paths in each equivalence class ¢, then recovers the chain

operator c.

2.10.1 The EPE interpretation

More recently[162, 92] Gell-Mann and Hartle have proposed to define an ‘extended probability’ for
such classes

Pgpg(ca) = Tr(cq)

which may take negative values. They argue that for histories which can be the subject of settleable
bets, Pgpg is invariably non-negative[162].

Thus one arrives at a situation analogous to statistical mechanics in which there is an ensemble of
fine-grained histories. Although only one of these histories occurs, considering the system at such
an intricate level of detail would be impractical, so that sets of similar fine-grained histories are
grouped together into classes, which are then assigned probabilities. The main difference is that in

the quantum case only sets of classes that are - at least approximately - consistent produce valid
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probabilities. This is called the Extended Probabilities Ensemble (EPE) interpretation.

2.11 IGUSes and the persistence of quasiclassicality

One of the more curious aspects of a probabilistic quantum theory such as CH is that it seems
to be at odds with our perception of a nearly classical world, governed to good approximation by
(deterministic) classical laws and only rarely disturbed by quantum events. The CH approach has

been used to address this question in several ways.

Gell-Mann and Hartle argue that ‘quasiclassicality’ emerges from the fact that human perception
is especially adapted to following the variables that enter, for instance, into classical equations of
motion. Although quantum mechanics itself does not favour one family over another, only particular
frameworks are suited to describing these quantities.

Human beings are instances of Information Gathering and Utilising Systems (ISUSes) - complex
adaptive systems making observations, storing information and drawing inferences using some the-
ory of quantum mechanics. As such, Gell-Mann and Hartle propose, we have evolved in a particular
way that has resulted in a predisposition to use a distinguished set of compatible frameworks whose
histories manifest the regularities associated with the classical laws[159, 149, 89, 83, 28]. Such ‘qua-
siclassical domains’ are thought to arise from the Hamiltonian together with the initial state of the
universe, but the mechanism remains somewhat vague and even the definition of a quasiclassical

domain is subject to some change[85, 86, 91].

Dowker and Kent stress that the proposals cannot be considered a satisfactory explanation of the
appearance of quasiclassicality, as they are conceptually imprecise and seem to rely on a separate,
as yet unknown theory of experience[188, 67]. In particular, the concept of an IGUS is difficult to
reconcile with Gell-Mann and Hartle’s notion of truth (cf. section 3.1.3), and throws up the question
of when two different frameworks describe the same IGUS. The problem is complicated by the fact
that a quasiclassical set of variables may have different quasiclassical extensions into the future.
Since quasiclassicality of frameworks is not conserved under generic extensions it is not even clear
how an IGUS can be assured of the future persistence of quasiclassicality. Due to these and other
problems relating, for instance, to the concept of communication between IGUSes, Gell-Mann and
Hartle’s proposals do not provide a complete, coherent explanation of our perception of a single,

persisting, nearly classical world.

Halliwell[128, 129, 131, 136], on the other hand, has been able to demonstrate that under rea-

sonable assumptions local densities - such as number, momentum and energy - exhibit negligible
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interference and are peaked around the classical hydrodynamic evolution, so that the classical equa-
tions can be recovered for this particular case, assuming the choice of an appropriate framework.

Other examples of extracting classical laws from the consistent/decoherent histories approach can be
found in the literature[51, 163], but a core problem, pointed out by Dowker and Kent[67], remains:
while there may be a framework in which the relevant predictions can be made, there are many other
frameworks in which they must be deemed meaningless, and no method is provided that would be

any help in the selection of a useful framework.

In the present publication we have limited ourselves to induced families defined by finite decom-
positions of the identity, since these are sufficient to illustrate many simple examples and already
make apparent the flaws of CH to be discussed in chapter 3. For the purpose of discussing the
derivation of classical dynamics a generalisation to infinite resolutions of the identity would be ex-

pedient.

2.12 Records

An incisive point made by Gell-Mann and Hartle[88] and elaborated on by Halliwell[127, 132] con-
cerns an interesting connection between decoherence and preservation of the information which

history was realised.

2.12.1 Records imply decoherence

Suppose that a family of histories is sufficiently coarse-grained that knowledge of a single (instanta-
neous) proposition after the last reference time ¢, is enough to deduce which history occurred. In

this case we say that the family is recorded.* It turns out that recorded families necessarily decohere.

Definition 2.12.1. Let F be a family of histories on some separable Hilbert space S. A set of records
for F is a decomposition of Ig into a set of projection operators Rg, indexed by the elementary
histories E € F such that

Tr(RpEpE') =6 g Tr(EpET)

Lemma 2.12.2. If a family of histories F on a separable Hilbert space has a set of records then it

is decoherent.

Proof. If E # E' then
Tr(RpEpE') =0

4Records that do not necessarily correspond to ‘quasiclassical variables’ are sometimes referred to as generalised
records[90].
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= Tr((RpE) p(ReE)T) =0
= RpEp=0

Now

D(E,E") = Te(E' pET)

=Tr( Y Rp-E pE’)
E*eF

= Tr(RpE pET)
= Te(E'(RpEp)")
=0

as required. O

2.12.2 Decoherence implies records

There is also a sense in which the converse is true: if a family is decoherent, then it can be recorded.
For example, given the freedom to make use of an environment one can construct a set of records for
an arbitrary decoherent family on a finite dimensional Hilbert space with maximally mixed initial

state.

Lemma 2.12.3. Let F be a decoherent family of histories on some Hilbert space S of finite dimension
d with orthonormal basis B, assuming a mazimally mized initial state. Consider the Hilbert space

S ® S, where S is an identical copy of S and set

W)ses = 5 O s @ o)

veEB
Then the histories
V) (Yl e (E®I)

varying over elementary histories E € F have chain operators

(E® DY) (@]
which are pairwise orthogonal (with respect to the inner product Tr(ABT)).
Proof. Clear from the fact that (y|(E' @ I)T(E® I)|¢) = Tr(E'EY) O

A complication is that as well as enlarging the Hilbert space we have also changed the initial
state in this example. Since the decoherence of a family is not independent of this initial state, this
requires justification. Of course Trg(|v)(1]) = 5251, so there is a sense in which the changes ‘do

not affect’ the space S viewed in isolation.
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2.13 The Diosi test

Diési[53] introduces a criterion that an appropriate consistency condition can be expected to satisfy:
if a system is made up of several non-interacting subsystems then applying the condition to each of
the subsystems ought to imply the same condition for the composite system. This is known as the
Diési test. 1t is satisfied by decoherence, but not by consistency or linear positivity. The partial
decoherence condition introduced by Halliwell[137] also passes the Didsi test, but it fails a reverse
criterion demanding that the condition applied to a composite system should imply the same con-

dition on each of the subsystems.

Another condition, called ‘robustness under change of dynamics’[53, 137], is also satisfied by

decoherence, but not by consistency, linear positivity or partial decoherence.

2.14 Examples
2.14.1 The Mach-Zehnder interferometer

An example frequently used to illustrate the consistent histories approach is the Mach-Zehnder

interferometer[110].

Figure 2.5: A Mach-Zehnder interferometer

A pair of beam splitters By, By and a pair of mirrors My, M, are arranged as in figure 2.5
and so that interference will cause a monochromatic beam incident in arm a to produce an output

in arm f and none in e. The curious feature of this experiment is that if it is performed with a
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single photon, this also exits the system in arm f and never in arm e, so that, in the absence of
other particles it appears as though the photon had somehow “interfered with itself”. If a detector is

placed in one of the arms c or d then interference ceases to occur, even if the detector is not triggered.

A simple CH model of this scenario consists of a specification
|a><a|} {C><CI} {Ie><e|}
' {|b><b 27 Ud)(d] ST U
on the single qubit Hilbert space with maximally mixed initial state, satisfying the following relations

{al)I* =1 [(ale)* =0
(o) = 5 = lala)? (e = 5 = (el () = 5 = 1)

The first thing to note is that these decompositions, together with a maximally mixed initial
condition, do not give rise to a consistent family.
However, by lemma 2.4.4 any specification involving only two of the above decompositions does
induce a consistent family of histories. Using a coarse-graining F 3 containing D; and D3 only it is

therefore possible to infer

P(la){a| @ |£){f])
P(la){al @ 1)

Thus one can deduce that a photon prepared in arm a will always exit through arm f, which

P(exit through f | entry in a) = =1

reproduces the observed result.

While this framework predicts the correct output observation, it makes no claims about what
happens to the photon while inside the interferometer. The question ‘Which arm of the interferom-

eter did the photon pass through?’ is not addressed, and indeed not addressable in this family.

Another consistent specification is Dy and D, with D3 omitted. In the corresponding family F7 o
one can predict that upon passing through B; the photon enters arms ¢ or d with equal probability,
but Fi 9 is incompatible with the previous family. According to the single framework paradigm
it would be incorrect to combine conclusions drawn in each framework and claim that the photon
travels through either arm ¢ or d with equal probability and always leaves through output arm f.
Indeed it is easily seen that a history such as ‘the photon was initialised, then went through arm c,

then through arm f’

|a)(al @ |e)(c] @ [f)(f]

is inconsistent (see section 2.4.5) and thus cannot be embedded in a consistent family.
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Figure 2.6: A measurement device placed in one arm of the interferometer

Suppose now that an attempt is made to capture which-path information by placing a measure-
ment device in arm c¢ of the interferometer. This can be modelled in the two-qubit Hilbert space

using a specification

o= (el o)
O i it |
b = ffomend o)
b = {fommen e}

The evolution is trivial everywhere except between times to and ¢t3 when we have
lemg) — Jemq) lemy) — |emg)

|dm0> — |dm0> |dm1> — |dm1>

creating the required correlation between the history ‘arm |c¢) chosen’ and the measurement result
|mq), provided that the apparatus was initialised in state |mq).

It is easy to check that the resulting family F,, is consistent. The history ‘the photon went through
arm ¢ and then arm f’ is expressible, but since it was necessary to change the dynamics of the
system for a measurement to take place, one is now dealing with a completely different process and

hence a different history assertion.

35



That histories in the two families do not correspond is evident in the fact that the probability

of ‘exit through f, given entry in a’ is % in this new family. This reproduces the experimental

observation that attempts to record which-arm information generally destroy interference.

A somewhat puzzling observation is that for interference to be lost it is immaterial whether or
not the measurement device is actually triggered. Its presence is enough to change the dynamics of
the system, even if the photon never passes through the detector, because it happens to be located
in the other arm. Thus it seems as though the photon’s behaviour depends in part on spatially sepa-
rated circumstances that ought to be inaccessible to a localised particle. The relation of CH to such

apparent non-locality is discussed in the literature at great length[110, 216, 105, 94, 118, 117, 121].

Locality questions aside, the consistent history formalism reproduces the required statistics of
output beam observations. Interference is correctly predicted to occur just when no which-arm in-
formation is measured. Moreover, in a separate, incompatible framework it is possible to conclude
that arms ¢ and d are equally likely to be taken even if no corresponding measurement is made,

which goes beyond the prescriptions of the standard formalism.

2.14.2 Young’s double slit experiment

The consistent histories description of Young’s double-slit experiment covers essentially the same
ideas as that of previous example. A complication is that the output is not confined to two beams,
but may arrive at a continuum of possible locations on a screen. For this reason the interferometer

is conceptually more straightforward, but analogous arguments apply to the double-slit experiment.

2.14.3 The Einstein-Podolsky-Rosen ‘paradox’

In their famous paper[70] Einstein, Podolsky and Rosen consider two spatially separated quantum
systems A and B initialised in an entangled state so that certain pairs of properties of the two sys-
tems are perfectly correlated. Thus properties of the system B can be deduced with certainty from
measurements performed on A. In this way it is possible to measure indirectly either of two incom-
patible properties of the system B. Since A is spatially separated from B the choice of measurement
at A cannot affect B, and from this the authors conclude that B must possess simultaneous values
for both properties. As they are incompatible, this would seem to show that the standard formalism,

in which no simultaneous assignment of such values is possible, is incomplete.
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Detailed accounts of the paradox in terms of consistent histories can be found in the literature[110,
213]. For each of the properties considered there is an appropriate framework in which it is possible
to deduce that if A has the property, so does B. However, the point is that there is no consis-
tent family which can express this conclusion for several incompatible properties at once. Thus the
deduction that B must possess simultaneous values for several incompatible properties cannot be
drawn from within the context of a single consistent family, and is rendered invalid by the single

framework rule.

2.14.4 A consistent family that is not decoherent

Consider the vectors

o) =5 (1) [03) = (3) ) = 75 G)

1 1 0 1 1
2 2 2
v = . V. == () = —
o) V2 (1> 2] <1> ) V2 (1)
and let F be the family of histories on the qubit Hilbert space specified by the decompositions
Iv%><v%|} {I 2 %} {Iv%><v§}
' {Ivf><vf| 27 Jvd) (w3 57 Uv3) (w3l

with a maximally mixed initial state.

The chain operators are
— BN arE (09I N (and [N (0 K| — i/, k
Ki e = [v1){vi|vg)(v3|vs) (vs| = 0i5k(v1) (07

where 0; ;1 is a scalar that is purely real if j = 1 and purely imaginary if j = 2. Now consider the
decoherence functional

Tr(KiyjykKiT',j/,k/)

Its only non-zero terms are those for which i = i’ and k = k’. Thus the only non-zero off-diagonal

terms have i =i', k = k' and j # j'. These are purely imaginary and non-zero. For example
$ i
Tr(K111K1 1) =

Therefore F is consistent, but not decoherent.
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Chapter 3

Problems and criticism

3.1 Notions of truth in consistent histories

An especially subtle aspect of the CH interpretation that has sparked fierce debate over the years[48,
12, 13, 14, 67, 110, 121, 117, 113, 108, 109, 21, 197, 213, 214] relates to the question of truth. Put

very simply, the problem is this: what does the approach actually claim about the real world?

It may come as a surprise that the answer to this question is not at all straightforward. The
CH interpretation assigns probabilities to elements of Boolean algebras of history propositions, but

exactly how these relate to reality requires further explanation.

The subject has been much discussed, and weighing up the arguments on all sides would be a
formidable task. At this stage we will confine ourselves to a brief overview of how the problem is
addressed in each of the most prominent variants of the consistent histories formalism, providing

details only in so much as they will prove useful in later sections.

3.1.1 Notion of truth according to Omnes

Among the main proponents of CH, Omnes is perhaps most explicit about what, according to his
interpretation, is to be regarded as true. His position[213] is that there is a ‘unique data logic’, a
consistent family which contains ‘all the existing facts’. A property is deemed ‘true’ if it can be
added to any consistent family involving all these facts and is then always equivalent to a fact.
Properties which satisfy this criterion only for some consistent families involving all the facts are
called ‘reliable’, which is a weaker notion than truth and roughly means that its negation can be

ruled out.
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Omnes’s position was shown to be untenable by Adrian Kent[190], drawing attention to the
contrary inference problem (cf. section 3.5). In response to the criticism Omnes revised his criterion
by adding that there must not be another property which also satisfies the condition and leads
to a complementary family[216]. Dowker and Kent[67] present a strong argument that even this
new condition is problematic. The propositions deemed true are very limited. In general they do
not even include repetitions of facts in the past or future, so that no useful predictions or retro-
dictions can be made. As it stands, it is clear that Omnes’s criterion for truth is unsatisfactorily
restrictive. The space of ‘reliable’ propositions on the other hand, is rather too large and, apart
from the useful predictions such as those given in the description of the measurement situation in
section 2.8, contains on an equal footing many unwanted propositions which do not allow the infer-
ence that the measurement result is correlated with the measured state. In the absence of a formal

selection procedure for physically relevant families the use of reliable propositions is also impractical.

It is clear therefore that Omnes’s proposal for a notion of truth does not stand up to scrutiny.

3.1.2 Notion of truth according to Griffiths

Griffiths’s position is centred around the single framework rule, according to which a logical argu-

ment about a physical system is rendered invalid by the use of histories from incompatible families.

A peculiar consequence of this rule is that there can be no such thing as truth independent of a
framework. Suppose, for example, that the family F can be used to infer that interference occurs
in a specific experiment. The CH approach then claims that ‘interference occurs in the framework
F’, but it would be incorrect simply to state that ‘interference occurs’, as this statement could

potentially be used in a logical argument incompatible with F.

Note that although it is not possible for each of the statements ‘interference occurs in the frame-
work F’ and ‘interference does not occur in the framework F'’ to be true, it may be the case that

only one of the two is meaningful.

Griffiths’s interpretation therefore requires elements of reality that are ‘contextual’, that is, de-

pendent on a framework. A history occurs not absolutely, but with respect to a particular family.
The rather striking problem is that this impinges quite drastically on the way one is naturally

inclined to think about the world. Practically relevant questions that one would expect a quantum

theory to address - such as “Does interference occur in this situation?” - are deemed nonsensical.
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The only constructive type of response in CH is “Well, interference occurs in this framework.”

To put it bluntly, Griffith’s theory claims nothing at all about the real world unless one is pre-

pared to accept that frameworks are in some sense built into the structure of reality.

The situation is to some extent akin to the abandonment of absolute time in special relativity.
Dowker and Kent[67] point out that the analogy is weak, since Griffith’s CH constitutes a conceptual
weakening with no additional predictive power. Of course the reference frames of special relativity
are very different from the frameworks of consistent histories in that they are not logically incom-

patible and it is possible to translate from one into the other.

In many - if not most - people’s eyes Griffiths’s restriction on logic is unacceptably radical.

D’Espagnat, for instance, writes[48]

So, finally, we end up with propositions that should be considered either as actually
true or as meaningless, and that, not according to any factual differences in the systems
themselves or in the instrumental setup, but just according to the way we choose to
consider the matter at hand — more precisely, according to the way in which we choose
to mentally associate these propositions with some other ones. Unquestionably this
conclusion is at odds with the set of ideas that we normally have in mind when we speak
of a factual truth, so that the use of the word “true” in this context is inappropriate and

misleading.

In summary, Griffiths’s contextual notion of truth necessitates a highly controversial departure

from the classical picture of reality and truth.

3.1.3 Notion of truth according to Gell-Mann and Hartle

Gell-Mann and Hartle also subscribe to the view that the interpretation of a history should be tied

to the framework in which it is expressed. They state[89]

We recommend in particular that words like exist, happen, occur etc. should be used

only to refer to alternatives within a single [decoherent family]...

However, they also suggest that there is a particular choice of family (or a set of compatible
families) which is distinguished in the sense that its histories are especially suited to describing the
world in terms of the phenomena relevant to classical physics[161]. Such a ‘quasiclassical domain’ is
thought to be the particular framework employed by human beings, owing to their evolution deter-

mined by the Hamiltonian and the initial state of the universe. The idea of choosing a distinguished
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decoherent family is a notable departure from Griffiths’s philosophy of holding all frameworks to
be equally valid. It should be noted, however, that although they do not exhibit the regularities
human beings have evolved to find useful, the remaining frameworks are still considered quantum
mechanically correct descriptions of the universe. Formally, this necessitates the same picture of
reality required for Griffiths’s approach: every physical assertion is meaningful only with respect to
a particular framework. The main difference is that the kinds of assertions relevant to a particular

IGUS can now be stated with the one distinguished framework merely implied.

Some problems with Gell-Mann and Hartle’s proposals, pointed out by Dowker and Kent[67] and
hinted at in section 2.11, relate to the notion of an IGUS (cf. section 2.11) invoked to justify the
quasiclassicality of human experience. The precise relation of IGUSes to the frameworks in which
they are expressed is unclear and a source of complications. Many questions remain regarding the

concept of quasiclassicality and the method by which the one distinguished domain can be identified.

Moreover, predictions of a theory that identifies a single (set of compatible) “quasiclassical”
framework(s) would effectively be restricted to the histories in the Boolean algebra of the single
distinguished family, and if this family is required to be consistent, then there are genuine limits on

the kind of statements that can be expressed.

For example, in a Mach-Zehnder interferometer set-up the distinguished family would need to
include both the initial condition (arm a, in the notation of example 2.14.1) and the measurement

', which can

result (arm f), as they represent ‘facts’. Since ‘the probability of reflection at By is %
be expressed as P(cla) = %, concerns an experimentally verifiable property of the beam splitter,
it should arguably be part of a comprehensive theory of the universe - and it is expressible in a
consistent family. However, including the required history ‘arm a, then arm ¢’ in the quasiclas-
sical domain will cause inconsistency. Thus the assertion ‘the probability of reflection is %’ must
be rendered meaningless, in spite of the existence of a consistent family in which it is meaningful.
Although it may not represent a ‘fact’ in Omnes’s sense[214], its exclusion makes the quasiclassical

domain less expressive than the full collection of consistent families.
The problem will be addressed in section 4 with a novel interpretation - not relying on the idea
of a quasiclassical domain - in which the outcome f is correctly predicted and the likelihood of

reflection at B; is deemed to be %

In summary, Gell-Mann and Hartle’s interpretation is based on incompletely specified proposals,

and an attempt to make them rigorous could be expected to encounter a number of genuine obstacles.
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3.1.4 Notion of truth according to Dowker and Kent

In their critique of the aforementioned approaches Dowker and Kent[67] set out an interpretation,
inspired by Griffiths, in which different histories ‘peacefully coexist’ without requiring a change in

the rules of logic:

To set up this interpretation, we require that from each of the fundamental consistent
[families F] precisely one history [H(F)] is chosen, the probability of any particular
history being chosen being precisely its probability p(H), defined in the usual way. The
interpretation then states that all of the chosen histories, and no others, are realised.
The true description of nature, in this interpretation, is the list of all the chosen histories
[{H(F): F a fundamental consistent family}|, and each history constitutes a complete

description of one of an infinite collection of (for want of a better term) “parallel worlds”.

The authors concede that this picture, called the ‘many histories interpretation’, although perfectly
natural, is not overly attractive or plausible. In fact, using corollary 3.4.4 we will show in due course

that in general there is no sensible way of defining the set of chosen histories H (F).

Dowker and Kent also propose another version of CH, the ‘unknown set interpretation’, which
they claim “achieves all that any other interpretation has achieved without adding conceptual frills
or suggesting a resolution of unresolved problems”[67, 188]. Here, only one elementary history from
one particular family is chosen and this single history is ‘realised’. Which family and history are
selected is not known in advance, but given a list of past properties assumed to have held true (‘his-
torical facts’) it is possible to determine at least parts of the realised history. However, the unknown
history interpretation does not allow for unconditional predictions removed from the context of a
consistent family, and illustrates the need for further explanation of the persistence of quasiclassi-
cality. Moreover, the limitations on expressivity identified for Gell-Mann and Hartle’s quasiclassical

domain would once again apply, making the theory in some sense less powerful than ordinary CH.

3.1.5 The EPE interpretation

More recently Gell-Mann and Hartle have proposed an alternative approach, called ‘Extended Prob-
ability Ensemble’ (EPE) interpretation[162, 92], which is also based on the sum-over-histories formu-
lation. In analogy with statistical mechanics one particular history is assumed to be chosen from an
‘ensemble’ of ‘similar’ fine-grained histories. Where in classical physics probabilities arise straight-
forwardly from a lack of knowledge which history actually occurred, EPE employs a more general

notion of probability that is only required to be positive for histories corresponding to ‘settleable
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bets’. Ordinary probabilities are obtained for histories sufficiently coarse-grained to be relevant to

familiar experience.

These proposals, however, are relatively new and how they can address the problems plaguing
other readings of CH remains to be seen. In particular, in section 3.4 we will encounter a family
all of whose elementary histories contain at least one pair of orthogonal projectors. Leaving aside
questions of probability such a family would contain no suitable candidate for the one completely

fine-grained (elementary) history that is ‘actually’ realised.

In conclusion it has emerged that the lack of a straightforward, uncontroversial notion of truth is
one of the major shortcomings of the consistent histories approach. Contextual truth values arising

from the single framework paradigm lead to a picture of reality far removed from classical intuition.

3.2 Approximate consistency

Dowker and Kent[67] argue that considering approximately decoherent families is a casual and un-
necessary disruption of the formalism. They claim that exactly consistent families are likely to be
sufficient since a naive counting argument suggests that an exactly decoherent family can be found
in the neighbourhood of every approximately decoherent one. As the space of consistent families
becomes intractably large even for relatively small examples, the significant extension brought about
by adding approximately decoherent families seems unnecessary and positively counterproductive.
With the aim of keeping the formulation as ‘clean’ as possible we will from now on only be con-
cerned with exact consistency/decoherence - leaving open the possibility of extending the results to

incorporate approximations.

3.3 Bell’s theorem and locality

A famous result whose importance for quantum theory could hardly be overstated is Bell’s theorem[15,
16], demonstrating that the predictions of quantum mechanics are incompatible with certain types

of local hidden-variable theories.

The starting point is a setup similar to that of the EPR thought experiment: a system consisting
of two spin-1 particles A and B, prepared in a maximally entangled state %U Pal s+l L)al )s)
and moving into opposite directions towards a pair of Stern-Gerlach magnets which measure the

spin of each particle in directions a and b respectively (a,b € V, unit vectors in the single qubit
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space).

a\ A . B

50l e+ hal Hs) b

Figure 3.1: A pair of spin—% particles initialised in a maximally entangled state, spatially separated
and then measured with respect to different directions

Let the results of the spin measurements on particles .4 and B be denoted by A € {14, 4} and
B € {15, 5} respectively. The quantum mechanical predictions for the four possible outcomes given

a choice of measurement directions a, b are
1
P(t4,15 |a,b) = P(la,l5 |a,b) = §(1 —la-b]?) (3.3.1)

P(ta, s [a,b) = P(14, s |a, b) = fa-bP (3.3.2)

Bell argued that if the measurement statistics were determined through purely local interactions,
then the outcome A obtained at A could not be affected by the measurement direction chosen at the
distant location B. It would have to be determined solely by the angle a chosen at A and possibly
additional information shared between the two particles at the point of initialisation. This shared
information, assumed to be immutable after the particles have been separated, is represented by a

‘hidden variable’ A chosen from some arbitrary set A.

With this notation we can state Bell’s theorem as follows:

Theorem 3.3.1 (Bell’s Theorem). The sample space Q = {Ta,da} X {18,48} X Va x Vb X A admits
no probability P : @ — [0, 1] which satisfies the ‘locality’ condition

P(A, Bla,b,\) = P(Ala,\)P(B|b, \) (3.3.3)

for alla € V,, b € Vo, A € A and reproduces the correlations given in (3.3.1) and (3.3.2).

44



Proof. (Sketch) Given a choice of measurement directions a, b we define a correlation term
C(a7 b) = /d)‘P()‘) (P(Tu‘h 15 |a7 b, )‘) + P(\L.Av Is \a, b, )\)

_P(T.Av\l/B |a7b7)\) - P(*l’A7TB |a7b7>\)>

which, using (3.3.3), simplifies to
Cab) = [ APO)[P(a faA) = Plla a.0)] [Plis .3) = (i b,

Since P is a probability the modulus of each of the square brackets is bounded by 1. From this it

can be shown[16] that for any choices of measurement angles a;,as € V4 and by, by € Vg
‘C(al, bl) + C’(al, bQ) + C(CLQ, bl) — O(CLQ, bg)’ <2 (334)

For appropriate values[16] of a1, as € V4 and by, bs € Vg, on the other hand, this inequality is violated

by the quantum mechanical predictions (3.3.1) and (3.3.2), achieving the required contradiction. [J

With ample empirical evidence confirming the violation of inequality (3.3.4) by real-world ex-
periments[80, 11, 263] Bell’s theorem has variously been claimed to render futile the search for a
‘realistically interpretable local’[48], ‘counterfactually definite local’[21] or even a ‘local’[197] quan-
tum theory. However, it will not have escaped the alert reader that the assumptions of 3.3.1 are
out of kilter with the single framework rule demanding that probabilities be assigned only within a
particular family. The problem is compounded by the fact that the precise character of the param-
eter \ is not known, so that it is at first sight not at all transparent how Bell’s theorem relates to
the consistent histories setting and whether it can somehow be used to demonstrate the presence of

some sort of non-local ‘action-at-a-distance’ effect in CH.

Bell’s line of thought is - very roughly - that in a local quantum theory everything (apart from
the direction a) that can be known about the outcome A of the measurement at .4 must have been
imparted to the particle upon initialisation. This is captured by the ‘hidden initial parameter’ A
which (together with a) is maximally informative about A in the sense that knowledge of b or B
will not provide any additional information. However, the argument does not transfer to the CH
interpretation in which there is no such thing as information outside of the context of a framework.
After all, a consistent family is required to make sense of probabilities and enable valid logical rea-
soning. Since there is no indication that all kinds of information relevant to the outcome A stem

from the same framework they cannot be collected into a meaningful single parameter A.

For this reason Bell’s theorem does not settle the question whether CH exhibits non-local influ-

ences.
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3.3.1 ‘Einstein locality’ in the CH approach

A more instructive answer, due to Griffiths, is that once one has accepted the single framework rule

the CH formulation respects ‘Einstein locality’, precluding certain action-at-a-distance effects[118]:

Objective properties (consistency, probabilities of histories) of isolated individual systems

do not change when something is done to another non-interacting system.

To demonstrate the validity of this principle let A and B be two quantum systems which - after
preparation in an entangled initial state |®) 45 - are spatially separated. An action performed on
the system B after separation from A will be represented by a third quantum system C initialised in
state |¢)c and interacting with B, but not with A, so that the evolution of the total system is given
by

Uase =Ua ®@ Uge

with an initial state

|Wo) = |®) a5 @ |p)c

@P)as @ |[d)c

Figure 3.2: A and B are initialised in an entangled state. Thereafter A is isolated from B, which
interacts with a third system C (whose initial state |¢)¢c represents the ‘external action’).

Now let F be a family of histories on 4 alone. The decoherence functional
D:FxF—-R

D(H;, Hj) = Tr((H; @ Ine)|Wo)(Wo|(H; @ Inc)') = (|(H; @ ) (H; @ Ig)|®)

is antisymmetric iff F is consistent, in which case probabilities are given by its diagonal entries.
Since the term is independent of the external effect |¢)c neither the consistency criterion nor the

associated probabilities are affected by this action, validating Einstein locality in this setup.
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While the simplicity of this argument has a certain appeal, it covers only a specific type of sce-
nario in which ‘non-interaction’ is understood to mean ‘isolation’, i.e. factorability of any future
unitary evolution. In section 4.12.3 we will encounter a different reading of the same term, leading
to a stronger locality condition which, however, is difficult to make sense of in the presence of the

single framework rule.

In summary, the restrictions imposed by the single framework rule mean that Bell’s argument
has no direct implications for CH and in particular does not expose any kind of non-local feature.
Indeed, it has been shown that in CH neither the probability nor the consistency of a history is
affected by something done to a distant, isolated subsystem, which rules out action-at-a-distance of

the kind considered by Bell.

3.4 The Kochen-Specker Theorem

Another highly significant no-go result of quantum theory is the famous Kochen-Specker theorem|[192,

64], given here without proof.

Theorem 3.4.1 (Kochen-Specker). Let S be a Hilbert space of (finite) dimension larger than 2.
Then there is a set of observables M such that no total assignment v : M — R can satisfy the

following two constraints:
o Whenever A, B,C € M are all compatible and A = B + C we have v(A) = v(B) + v(C)
o Whenever A, B,C € M are all compatible and A = BC we have v(A) = v(B)v(C)

A total assignment M — R of particular relevance is a quantum truth functional[108], which
takes values from the set {0,1}. The intended interpretation is that value 1 is assigned exactly to
those observables reflecting the true state of the system. In view of the Kochen-Specker theorem it
is impossible to assign definite truth values to all quantum properties in a non-contextual fashion,

i.e. independently of which measurement/decomposition it forms a part of.

Definition 3.4.2. Let S be a finite set of projectors on a separable Hilbert space. A quantum truth

functional on S is a function 0 : S — {0,1} satisfying
6(I)=1 0(-P)=1-6(P)

and whenever P and QQ commute

0(PAQ)=0(P)O(Q)
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Note that if {P,Q, R, S} is a decomposition of the identity then P, @, R, S all commute and it is
easy to show that
O(P)+0(Q)+0(R)+0(S)=0P+Q+R+5S)=1

so that exactly one of the projectors in the decomposition must correspond to an actual property of

the system.

An illustration of the Kochen-Specker theorem in the four-dimensional Hilbert S space due to
Cabello, Estebaranz and Garcia-Alcaine[31] employs a set of projectors { Py, Ps, ..., Pig} such that

each of the columns in table 3.1 is a decomposition of the identity.

Dy | Dy | D3 | Dy | Ds | Dg | D7 | Dg | Dy
PP BB | R | P | P | P | Pis| Pir
P | P | Py | Pu| Ps | Pu| Pir| Pis| Pis
Py | P | P3| Pr | P3| Piy| Py | Bs | Pr3
Py | Pr | Pio | Pia | Pra| Pis | Pio | Pr2 | Pis

Table 3.1: Decompositions of the four-dimensional Hilbert space

That the set D1y U Dy U...U Dy (which is a sub-lattice of the lattice of projectors on S) does
not admit a quantum truth functional is clear from the fact that every projector appears twice in
the above table. A quantum truth functional must therefore assign value 1 to an even number of
entries, but the number of columns is odd, so it cannot be the case that all columns contain exactly

one such entry.

Griffiths argues[108] that the Kochen-Specker argument has no bearing on his interpretation of
CH, as the single framework rule implies that truth functionals can only be expected to be definable
within the Boolean algebra of history propositions of a consistent family. This is trivially possible as
it suffices to choose a single elementary history and deem true any compound history which contains

it as a summand.

Since a truth functional defined on D; U D3 U. ..U Dg cannot be made sense of within the context
of a single, consistent framework, it combines fundamentally incompatible properties and must be
recognised as a meaningless concept as far as the consistent histories interpretation is concerned. A
truth functional, according to Griffiths, can only be interpreted to reflect the state ‘things actually

are’ when defined on the history algebra of a consistent family.
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Bassi and Ghirardi[12] put forward an argument claiming that this results in paradoxical truth

assignments: the same history is deemed true in one framework and false in another.

Griffiths’s reply[108] is that this problem is resolved by the single-framework rule, because the
contradiction cannot be derived within the logic of one consistent family and involves a comparison
of conclusions drawn in separate, incompatible frameworks. As stated in section 2.7.1 combining re-
sults is only permissible in the case of compatible families, rendering Bassi and Ghirardi’s argument

invalid in the context of the single framework rule.

The discussion[12, 108, 13, 14, 109] continues for some time, seemingly without much movement
on either side. The sticking point appears to be a different interpretation of, and willingness to

accept, the single framework rule.

We will add a new direction to the debate with the following so far unpublished theorem that uses
the Kochen-Specker theorem to show that comparing truth values even across compatible frameworks
is fraught with complications. It concerns coarse-grainings of a family specified by the decomposi-

tions D1, Ds, ..., Dg given in table 3.1 with associated times t; < t3 < ... < tg.

Theorem 3.4.3. Let F; denote the family of histories with the single decomposition D;, and F;; the
family of histories specified by decompositions D;, D; (assuming i < j and mazimally mized initial
states in all cases; note that all these families are consistent). Moreover, let 6; and 6;; be truth

functionals defined on B(F;) and B(F;;) respectively. Then at least one of the equations

is violated for at least one choice of i,j and P € D; N D;.

Proof. Suppose the conclusion were false.

Define © : Dy U Do U...UDg — {0,1} by
©(P) =0,(P) whenever P € D;
We need to show that this is well-defined. Let P € D; N D;. We have
05 (PeD) = (I P) =0, (Pa(l-P)) =1
as the history P ® (I — P) is ‘dynamically impossible’ (has zero weight) and thus cannot be true.
0:;;(PI)- 1=0;,;(PRIAN(P®I)=I®P)))=10;;;(PxP)
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Similarly
0;;(I® P)=46,;(P®P)

whence

Qij(P@)I) = Gij(I®P)

Thus
0:(P) = 0:;;(P @ I) = 0;;(I ® P) = 0;(P)

as required.
Now O is non-contextual and assigns 1 to exactly one member of each decomposition D1, D3, ..., Dy.
Even without showing that © is actually a truth functional the fact that each projector appears

exactly twice and the number of decompositions is odd yields the required contradiction. O

Thus any attempt to assign truth functionals to all families F; and F;; must result in a violation
of equation (3.4.1) or (3.4.2). Suppose without loss of generality that equation (3.4.1) fails to hold
(the case of equation (3.4.2) is exactly analogous).

Then there is a consistent family F; with a consistent fine-graining F;; such that the history P € F;
and its corresponding history P ® I € F;; are assigned different truth values.! One of the histories

will be true and the other false.

Since both histories correspond to the same physical assertion such a situation is wholly un-
desirable in Griffiths’s CH interpretation, which does allow comparisons between the compatible

frameworks F; and F;;.

We arrive at the conclusion

Corollary 3.4.4. In four-dimensional Hilbert space it is impossible to assign a truth functional to
every consistent family in such a way that histories deemed true in a particular consistent family are

also true in its consistent fine-grainings.
Proof. Follows directly from theorem 3.4.3. O

An immediate consequence is that the ‘many sets interpretation’ (cf. section 3.1.4) is untenable,

since no sensible way of choosing an ‘actual’ elementary history from each family exists in general.

Depending on one’s interpretational stance with respect to the notion of incompatible families a

viable escape route may be to claim that the ability to define truth functionals on all the families

1The additional tensor factor I is immaterial, as is easily seen by ‘padding out’ each family to length nine with
noncommittal identities. The proof of theorem 3.4.3 applies analogously.
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Fi and F;; is an unreasonable expectation.

For the unknown set interpretation this could easily be justified. A truth functional would only
have to be defined on the Boolean algebra of the one ‘actual’ family, which is trivially possible. In the
case of Griffiths’s CH, however, things are not quite so clear. If histories appearing in incompatible
families are regarded as referring to separate systems, as suggested by Griffiths[108], then corollary
3.4.4 is a genuine obstacle to a realistic interpretation in which exactly one elementary history occurs

in each family.

Indeed Griffiths himself implicitly refers to the simultaneous existence of truth values in different

families when he states[99] that

One might worry that the following situation could arise: given that we begin our reason-
ing assuming that A, B, and C are True, all within a single family of consistent histories
as the rules of [reasoning in CH] require, and reach the conclusion (within this family)
that Z is True, might there be some other consistent family containing (among other
things) A, B, C, and Z, in which we would not reach the same conclusion that Z is

True? But this cannot occur. ..

It would be improper for advocates of CH to succumb to the temptation of drawing attention
to its appealing features while closing their eyes to its shortcomings. With this in mind it must be
conceded that the inability to assign truth values in a way that respects reasoning across compatible
frameworks constitutes an undesirable feature of CH. It follows that the truth value and hence the
interpretation of a history is affected by the degree of fine-graining of its family. We will argue that
this strong context-dependence is one of the major weaknesses of CH, further to be examined in

section 3.6.

The radical modification of consistent histories exhibited in section 4 does not require a single
framework rule and is based on the idea that histories only differing by the degree of fine-graining

of their underlying families should have the same interpretation.

3.5 Contrary inferences (CI)

The somewhat counter-intuitive nature of Hilbert spaces comes to the fore in an example originally
due to Ahoronov and Vaidman[110, 103, 104, 43]. Its relevance for the CH approach was highlighted
by Adrian Kent[190, 122].
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Given the vectors

1
a)=— c)=—1|1
|a) v |c) AN

1 0 0
br)=10] b2)=1|1] bs)=10
0 0 1

it is easily verified that each of the families 7 specified by

98t et {1950

oSl Lerhe) 950

(each with maximally mixed initial state) satisfies consistency.

and Fy given by

Now consider the histories

H=la)(a| @ I®|c){c| (in Fy or Fa)
By =1®|b1){b1|®I (in Fp)
By =1® |by)(ba| @1 (in F?)

and observe that

1
H:§|a><c|:H/\B1:H/\B2

whence

P(By AH)

P(Bi|H) = S =1 ()
P(By|H) = P(fj?I%H) —1 (inF)

Thus the family F; allows the inference that whenever H occurs so does B;. By the analogous

argument in > we may infer that By occurs whenever H does: H — By and H — Bsy. A careless

application of CH ideas might lead to the deduction that the occurrence of H implies that both

By and B occurred. This is a paradoxical result, since B; and Bs represent orthogonal projectors

which one would like to think of as being mutually exclusive.

Of course such an argument violates the single framework rule: the paradox results from the

combination of inferences drawn in the families F; and JF5, which have no consistent fine-graining
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in common.

While it is possible to infer the occurrence of orthogonal projectors from different consistent fam-
ilies of histories, the same situation cannot arise in the case where the two propositions add to the
identity. Kent calls propositions of the former type contrary, those of the latter type contradictory.
He argues that there is no obvious reason to adopt the view that contradictory predictions are mutu-

ally exclusive in the sense of never being inferable at the same time, while contrary ones are not[190].

So far we have followed CH convention by expressing inferences in terms of conditional proba-
bilities P(B;|H). For reasons soon to become clear it will be expedient to rephrase the argument in

terms of unconditional histories H = B;. We have

P(H=B))=1 and P(H= B,)=1

but

In words, the history H = Bj is certain to occur in the family F; and the history H = Bs
certainly occurs in F,. The conjunction of the two histories is H which is embeddable in either

family, but its probability is strictly less than 1 in both cases.

Part of our understanding of the meaning of probability is that a history whose probability is
1 certainly occurs and a history whose probability is 0 is impossible. The notions of certainty and
impossibility themselves follow rules of logic that stem from everyday experience and our common
understanding of language. For example, if one knows that ‘A certainly occurs’ and that ‘B cer-
tainly occurs’ then it is immediate that ‘A and B’ certainly occurs. Indeed, this to some extent
encapsulates what is meant by ‘A and B’, although this layer of intuitive reasoning is by its very

nature not precisely defined.
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formalism
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Figure 3.3: A naive version of CH with a relaxed single framework rule.
The contrary inference example demonstrates that the theoretical layer of a naive version of CH

in which the context of the framework is dropped fails to reflect intuition in the sense that the

conjunction of certain histories need not be certain even if it is meaningful.

ﬁ N\
— -
éb§¥

Figure 3.4: Histories-with-respect-to-a-framework in many-to-one correspondence with ‘intuitive
histories’

Relying instead on a ‘contextual’ notion of occurrence-with-respect-to-a-framework addresses
this problem at the cost of creating a one-to-many relationship between the intuitive idea of ‘A
occurring’ and its representation in the mathematical formalism. Although reasoning restricted to a

particular family follows classical intuition, specifying this family now involves an arbitrary choice.
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formalism /
in F)
S

Figure 3.5: A particular framework chosen and all others dispensed with.

A solution sometimes suggested[67, 191] is to identify one particular family, distinguished by
some as yet unknown rule, which ought to be chosen while discarding all others. Classical reasoning
would be restored and contrary inferences avoided. However, no sensible selection rule is known and
even if one could be found this procedure impinges upon the expressivity of the theory, as argued

in section 3.1.4.

At first sight Gell-Mann and Hartle’s proposal of a distinguished quasiclassical domain might
appear to be of this type, but in this case the remaining frameworks are not actually discarded
- although they are not suited to describing familiar experience they are valid descriptions of the

universe and so the basic problem remains.
The ‘standard view’ therefore is that the CH interpretation exposes a flaw in the intuitive layer of

reasoning much like the theory of relativity exposed a flaw in the intuitive idea of an absolute notion

of time[123]. Occurrence, it is argued, only makes sense with respect to a particular framework.
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‘A occurs w r.t. F’
inmition (revised)
formalism
A) =1 (in F)

Figure 3.6: Griffiths’s CH in which the intuitive layer of reasoning is amended to reflect the mathe-
matical formalism.

For this reason the usual notions of ‘history’ and ‘occurrence’ are replaced in CH with ‘history-
in-the-context-of-a-family’ and ‘occurrence-with-respect-to-a-framework’. Such a radical departure

from a classical notion of reality clearly needs to be very well justified indeed.

Unlike the theory of relativity, standard CH offers no testable predictions that could confirm or
even lend support to its validity. Its most notable merit is that it restores classical rules of reasoning,

but it does so at the high price of abandoning the classical idea of reality.

The case for consistent histories could be made compelling by showing that this radical step is
in fact necessary if classical rules of logic are to be reinstated. In section 4 we will demonstrate
that this is not the case by proposing an alternative interpretation which is based on an intuitive,
non-contextual notion of ‘history’ and ‘occurrence’ with reasoning that closely resembles the classi-
cal analogue. To motivate this interpretation it will be instructive first to examine exactly how the

naive version of CH displayed in figure 3.3 leads to logical contradictions.

3.5.1 Contrary inferences revisited

Suppose for the moment that one were to drop the framework context as in figure 3.3. A history
A would be meaningful whenever it can be embedded into some consistent framework and deemed

certainly to occur whenever P(A) = 1 in one such family.? We will call this interpretation ‘naive

20f course P(A) is independent of the consistent framework into which A is embedded, since it only depends on
the chain operator, so that P(A) = 1 in one framework implies the same for all other frameworks in which A is
meaningful.



CH’. It is incompatible with the principles of consistent histories, and we shall see now how it fails

to be logically consistent.

For the notion of ‘certain occurrence’ to be reconcilable with common usage of the English
language it must relate to the Boolean operations A and V via the following laws (assuming that

AN B and AV B are well-defined)

(i) ‘A A B certainly occurs’ just when ‘A certainly occurs’ and ‘B certainly occurs’.

(ii) If ‘A certainly occurs’ or ‘B certainly occurs’ then ‘A V B certainly occurs’.3

Translated into naive CH these are the requirements that at the level of mathematical formalism

we have
(P(A)=1 and P(B)=1) = P(AAB)=1 (3.5.1a)
(P(A)=1 and P(B)=1) <« P(AAB)=1 (3.5.1b)

whenever A, B and A A B are meaningful and

(P(A)=1 or P(B)=1) = P(AVB)=1 (3.5.1c)

whenever A, B and AV B are meaningful.

Rule (3.5.1a) is violated by the example given above. See appendix B for a demonstration that

(3.5.1b) and (3.5.1c) are also false in general.

There are a number of possible responses to the interpretational problems highlighted by the CI

example:

e Naive CH, as in figure 3.3. Simply accept the violation of relations (3.5.1a), (3.5.1b) and
(3.5.1¢) as an (albeit completely counterintuitive) fact of nature. Such an interpretation would

be entirely incompatible with intuition.

e Supplement the CH approach with a rule for picking a single consistent family containing
the history that “actually occurs” (cf. figure 3.5). Relations (3.5.1a) - (3.5.1c) would be
satisfied in this interpretation, but it is not clear how a sensible selection could be achieved

and expressivity would be limited.

3Note that the converse is false: the certain occurrence of AV B does not imply that either A or B must always
take place.
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e Apply a strict single-framework condition & la Griffiths[110, 122] (figure 3.6). As a consequence,
meaningful histories have well-defined (additive) probabilities and rules (3.5.1a) - (3.5.1c) are
valid. However, as argued before, this is incompatible with a non-contextual notion of truth

and hard to reconcile with the intuitive, verbal layer of reasoning.

e Omnes’s proposed solution[216] (see section 3.1.1). As Dowker and Kent[67, 190] have demon-

strated, this results in an unacceptably restrictive notion of truth.

e Modify the CH interpretation by strengthening the consistency criterion. At the heart of the
CI problem lie inferences such as H — Bj, which seem more than a little unnatural. If histories
like H = B; were rendered nonsensical by a more selective consistency condition it may be

possible to avoid contrary inferences altogether. This possibility will be explored in section 4.

3.6 Identification of histories

A question swept under the rug in many expositions of CH concerns the identification of histories.

3.6.1 Embedding in families

It is evident that the intended interpretation of many histories expressed in different families is iden-
tical. This is because a history of relevance to a physicist is typically of the form ‘under the specified
conditions interference occurs’ or ‘the lamp is lit’, not ‘interference occurs in this framework’ or ‘the

lamp is lit in this framework’.

Consider, for instance, a double slit experiment with a single particle and suppose one is inter-
ested in which slit the particle has passed through. The relevant histories ‘the particle has passed
through the left slit’ and ‘the particle has passed through the right slit’ are expressible in many
different families. Since the particular framework chosen is in no way indicated by the physical
situation it would be reasonable to expect that it has no impact on the interpretation of the history.
Formally, this would imply that histories are identified whenever they represent the same history

projection operator (HPO) in S®™.
This is, of course, impossible in standard CH, as it would lead to contrary inferences and is
forbidden by the single framework rule. The conflict between the intuitive idea of a history and the

contextual CH notion has already been discussed in section 3.5.

However, even the staunchest proponents of the single framework rule - such as Griffiths - im-

plicitly refer to this identification when they compare histories across compatible frameworks[110].
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Since a history is defined as an element of the history algebra of one particular family of histories,
it is strictly speaking distinct from the histories of another family, even those with the same HPO -

unless some kind of identification is made.

An arguably more natural view is that the ‘physical content’ of a history H is given by its history
projection operator (a projector in S®"). We say that H is contained in the Boolean algebra of a
family F just when this projector is an element of the history algebra B(F) (only comparing families

with identical temporal support for the moment).

(I) Histories Hy € B(F1) and Hs € B(Fz) correspond if H; and Hy have the same temporal

support and H;, H, represent identical projectors on S®”.

This gives rise to an equivalence relation ~ whose equivalence classes reflect the intuitive notion
of a history rather better than the history-with-respect-to-a-framework of standard CH. As far as
general histories are concerned each equivalence class has a unique most coarse-grained member,
whose Boolean algebra contains only the four elements 0, H, I — H and I.* The following novel the-
orem shows that even if one restricts attention to induced families there is a distinguished member
in each class whose induced family is a coarse-graining of any other induced family with a member

in the class. We will call this the canonical family.

The canonical family

Theorem 3.6.1. Let H € B(F) a history in an induced family F.
There is a distinguished induced family Fy, the canonical family, which is a coarse-graining of any

induced family whose Boolean algebra contains H .
Proof. Suppose F is specified by

{Pf“}, {Pé”}, {P}f)}

We may write

{i1,82,..sin }€J

for some set of n-tuples J.

For the purpose of this proof let a history be called homogeneous if it is of the form

Q1®Q2®...0Q,

4(or two members if H =0 or H = 1)
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for some projectors @); on S.
Write H; C Hs if the image of H; is a subspace of the image of Hy and H; C H, if it is a proper

subspace.

We will consider the mazimal homogeneous sub-histories of H within B(F), i.e. those ho-
mogeneous histories Hyom € B(F) with Hypom C H for which there is no homogeneous history
H] .. € B(F) with Hyom C H{,, C H.

Since B(F) is finite there is a finite set of maximal homogenous sub-histories of H within B(F).

For fixed 7 consider the set of projectors @); with the property that

Q1 R®Q2®...0Q,
is a maximal homogeneous sub-history of H within B(F) for some choice of Q1, Qa, ..., Qi—1, Qi+1,
Qix2, ---, Qn. Note that these are all expressible as a sum (over j;) of projectors Pi(ji) and that

their products define a decomposition D; of the identity on S.

Then the family Fp specified by each of the D; (with the same temporal support as F) is a
coarse-graining of F whose history algebra contains all the maximal homogeneous sub-histories of

H within B(F). Thus it also contains H, which is the union of these histories.

To prove that Fp is unique and independent of F, it is sufficient to show that the maximal
homogeneous sub-histories of H within B(F) can be reconstructed from the representation of H as

a projector in S®",

Let R be a projector of the form
R=RI®R®...Q R, (3.6.1)

with R € H in S®" where the R; are arbitrary projectors on S not necessarily related to the de-
compositions in F. We will need to show that R is a sub-projector of some homogeneous history
in B(F), so that the maximal homogeneous sub-projectors of H within B(F) are also maximal in

general.

Let K be the set of wn-tuples {i1,42,...,i,} such that each 4; satisfies
P")R; # 0. Then

R C Z Pl(n) ® PQ(iz) R...® Pr(LG)
{i1,82,.sin }EK
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(note that both are homogeneous histories). It suffices to show that the right hand side is a sub-

history of H.

Consider a particular n-tuple {i,é2,...,i,} € K.
For each j € {1,2,...,n} the inequality Pj(ij )Rj # 0 guarantees the existence of a unit vector
|w;) € S in the image of R; with Pj(ij)|wj> # 0.

Choose one such |w;) for each j. Then the vector
|w) = |w1) @ |w2) © ... & |wy)
is in the image of R is thus in the image of H. Since
(Pf“) P ®..® PX'H’) w) # 0

we have

PP g.. P CH

As this is true for all {iy,d2,...,i,} € K

RC S PYeprPe. opPi| CcH
{312, in}EK
Hence the maximal projectors R C H in S®" of the form (3.6.1) are exactly the maximal
homogeneous sub-histories of H within B(F). As the former are independent of F, so are the latter.
Thus Fpg is independent of F.
O

Similarly, if 3 is a set of histories which can all be expressed in a single induced family then
there is a canonical (induced) family Fy, in which all members of 3 can be expressed and which is

a coarse-graining of any other induced family with this property.

Despite this theorem being all but useless in the context of the CH approach, where the single
framework rule forbids the identification of histories, it turns out that the equivalence relation ~

has a number of other desirable properties that cannot be exploited in CH.

One such property is the fact that the Boolean operations respect the relation ~ in the sense of
being definable on equivalence classes rather than individual histories. Concretely, this means that
the equivalence class of the result of Boolean operations applied to representatives selected from a
set of equivalence classes is independent of the representatives chosen. If A; ~ Ay and By ~ Bs, for

instance, then Ay A By ~ As A Bs etc.
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Lemma 3.6.2. Let Ay, B; € B(F1) and As, By € B(Fz) be histories (in induced families Fy, Fa)
with A1 ~ As and By ~ By. Then

.Al/\Bl’:AQ/\BQ
.Al\/BlﬁAQ\/BQ
[ ] 1214,72

Proof. By an argument analogous to that in the proof of theorem 3.6.1 there is a unique most
coarse-grained induced family Fy4, g,y in which both A; and By (and hence Ay and Bs) can be
embedded. Since A; and A, represent the same projector in S®" they correspond to the same
element in Fy4, p,3. This also holds for By and Bs. Thus A; A By and A A By correspond to the
same element in Fy4, p,} and hence A; A By ~ Ay A Bo. Similarly for the other two cases.

O

In addition to the Boolean operations, weights can also be defined directly on equivalence classes,

since they only depend on the chain operator.

Lemma 3.6.3. Let Hy ~ Hy be histories. Then
W (H;) = W(H>)

Proof. Since H; and Hy represent the same projector in S®™ they have identical chain operators

and weights. O

In fact, it is even possible to show that if attention is restricted to those classes that contain at
least one member expressed in a consistent family the assignment of weights to equivalence classes

is additive.

Lemma 3.6.4. Let Hy, Hy, Hi AN Hy and H1V Hs be histories each equivalent under ~ to a history

in a consistent family (with the four consistent families possibly all distinct). Then
W(H,)+ W (Hy) = W(Hy AN Hy) + W (H, V Hy)

Proof. All four histories must be consistent, since this is only dependent on the chain operator.
Hence

W (Hy) + W (Hs) = Tr(Hy) + Tr(Hs,)

= TI‘(Hl A Hz) + TI‘(Hl \Y Hz) = W(H1 A HQ) + W(Hl V Hg)
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In particular, if H; and Hs are disjoint histories and Hy, Hy and H; V Hy are each expressible

in the Boolean algebra of a consistent family, then
W(Hy) + W (Hz) = W(H, V Hy)

3.6.2 Inserting identities

Another way in which different histories may correspond is through the addition of ‘noncommit-
tal’ identity factors at times not previously mentioned in the temporal support. This simply states

that at the time in question anything at all may occur, leaving the intended interpretation unaffected.

(IT) Histories Hy € B(F1) and Ho € B(F») correspond if F; is obtained from F5 through the
insertion of a trivial decomposition {I} at an additional reference time and H; only differs

from Hs through the inclusion of the tensor factor I at the time in question (or vice versa).

Much like rule (I) this identification violates the single framework paradigm.

The transitive closure of the union of identification rules (I) and (II) is an equivalence relation

2 which is intended to capture the intuitive notion of histories with the same ‘physical content’.

Definition 3.6.5 (Physical content of a history). Considering histories in (possibly different) fam-
ilies we define an equivalence relation as follows:

H = H’ just when there is a sequence Hy, Ha, ..., Hy of histories such that Hy = H, H, = H' and
for each 1 < i < k the pair (H;, Hi+1) is related either via rule (I) or rule (II).

A pair of histories H, H' is said to have the same physical content if H = H'.

Note that the ‘noncommittal’ identity factors introduced via rule (II) are easily identifiable even
after fine-graining. It is possible to reduce any history H to one equivalent under = that is not of
the form

H:ZPl(“)@)pz(iz)@,.,@I@...@P,(f")
by coarse-graining the respective decomposition using rule (I) and removing the identity factor with

rule (II).

~

The proofs given above for the relation ~ apply analogously to = once all histories have been

reduced in this way. Thus we find that

(i) For any history H there is a unique canonical (induced) family Fp which is a coarse-graining

(modulo removal of noncommittal identities) of any induced family with a history H' & H.
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(ii) The Boolean operations can be defined on equivalence classes under 2.
(iii) Weights are constant on equivalence classes under .

(iv) The weights are additive on consistent compound histories.

In summary, the CH notion of a history is less general than what is suggested by intuition. A
more natural definition uses equivalence classes of CH histories under 2. It is remarkable that they
respect the Boolean algebra structure and have additive weights, but their use is incompatible with

the principles of consistent histories.

3.7 Changing the temporal support

Another curious feature of the CH approach is the fact that chain operators are in general dependent

on the ordering that is placed on the temporal support.

If no wave function collapse occurs, then it seems to follow that the system’s properties only
change in accordance with the Hamiltonian and that the reference time assigned to instantaneous
propositions affects their validity only insofar as the unitary evolution has to be taken into account:
Asserting property A at time tg yields the same result as the same assertion - appropriately adjusted

by the unitary evolution - at any other time ¢;.

This is as it should be, but the peculiar nature of quantum mechanics comes to the fore once
again as soon as questions of compatibility are considered. For example, it is straightforward to
design a history H which is compatible with an instantaneous property A asserted at time ¢y, but
incompatible with A asserted at time ¢;. While the reference time assigned to the proposition A

leaves its validity unaffected, it does have an impact on its compatibility with other histories.

Although wave function collapse has been banished from CH it would clearly be wrong to claim
that time evolution is purely unitary in the sense that reference times can be adjusted arbitrarily
without changing the interpretation of a history. It is not even clear if changing the temporal sup-
port of a consistent family can produce another consistent family with different probabilities for

corresponding histories.
The temporal support is particularly relevant when considering common fine-grainings. If two

families share a reference time ¢y and the corresponding decompositions do not possess a common

refinement, then there is no common fine-graining and the Boolean conjunction and disjunction
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cannot be defined. One may attempt to address this inconvenience by changing t¢ to tg — d or tg+ 9
in one of the families (for sufficiently small §) but the choice of sign is arbitrary and will in general
affect the properties of the fine-graining. A minimal perturbation of the temporal support, which
arguably leaves the intended interpretation of the family virtually unaffected, thus impacts on its

interpretation.

The strong reliance of the CH interpretation on reference times seems somewhat at odds with
the intention to interpret the theory in such a way that the evolution of a closed quantum system is
governed exclusively by its Hamiltonian and projectors merely represent assertions that affect one’s
knowledge of the properties of the system, but not these properties themselves. A more thorough
analysis in CH terms may or may not restore faith in the approach, but the fact remains that in this
and other respects the idea that CH restores the intuitive nature of classical physics must be taken

with a pinch of salt.

3.8 Discussion

While in the eyes of its proponents the consistent histories formalism has been successful in resolv-
ing, or at least taming, many quantum paradoxes, it has also been subject to sustained criticism
and much of the interpretation’s initial appearance of elegance and simplicity is lost once all the

necessary details are supplied.

In the previous sections we have encountered some serious objections, many of which have already
been discussed in the literature at some length. The focus has been on Griffiths’s interpretation,
which employs a rather drastic single framework rule, leading to a picture of reality whose elements
occur-relative-to-some-framework. In the face of the contrary inference example Gell-Mann and
Hartle must employ essentially the same ideas in order to stand up to scrutiny. With this paradigm
shift fully taken into account the interpretation reveals itself to be considerably less natural and

intuitive than at first suggested.

The need for such a drastic departure from the conventional worldview is all the more puzzling in
the light of section 3.6 which shows that there is a natural choice of equivalence relation 22 identifying
sets of histories that are ‘essentially the same, but expressed in a different family’. This relation
has all the desired properties with respect to the Boolean algebra structure, but it is not respected
by the consistency condition and although it is possible to extend CH probabilities to equivalence

classes, contrary inference problems will ensue.
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What has gone wrong? The example of section 3.5 has demonstrated that from the ‘external’
observation of a particular chain operator it is sometimes possible to infer the occurrence of several
histories which one would like to be able to interpret as being mutually exclusive. What this diagno-
sis suggests is that the space of consistent histories is still too large. A restriction to an appropriate
subset might therefore resolve the contrary inference problem while still retaining the histories that

are practically relevant.

The following section outlines a novel approach proceeding along these lines. Its starting point
is provided by the equivalence classes identified in 3.6. Histories that, by virtue of being equivalent
under 22, correspond to the same physical assertion are interpreted in the same way. To side-step
the familiar problems of contrary inferences the consistency condition is replaced with a stronger
criterion called ‘regularity’, motivated by a process picture of quantum mechanics. Thus a history

is meaningful just if it is equivalent under = to a history in a regular family.

A weight is then defined on these classes which largely overlaps with that of the CH approach
although, crucially, there is no consistency condition enforced at the level of families. The balancing
act between retaining predictive power and avoiding logical contradictions will be aided by a new
type of weight - called ‘likelihood’ - which, unlike a probability, does not require a full Boolean alge-
bra structure. Rather, it is defined only on (equivalence classes of) regular histories, a set which is
not closed under the Boolean operations. Notwithstanding this technicality at the level of intuition

likelihoods can be thought of just as ordinary probabilities.

This leads to a more intuitive notion of truth and a perspective in which a history is still ex-
pressed in a family of histories, but its interpretation, and in particular its meaningfulness, likelihood
and truth value are all independent of the particular family that was chosen. The resulting inter-
pretation, called ‘regular histories’ is a more faithful reflection of intuition that inherits many of
the benefits of CH such as ‘Einstein locality’ (in Griffiths’s sense) and the absence of wave-function

collapse.
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Chapter 4

The regular histories interpretation

We now present a novel attempt at addressing the measurement problem which shares the goals of
the consistent histories interpretation, but aims to achieve them without a radical departure from
the classical worldview. A natural starting point is provided by the equivalence classes of section
3.6 which reflect what one would commonly refer to as a ‘physical assertion’ rather better than the

framework-dependent CH definition.

The aim is not only to reproduce the measurement statistics of the standard formalism, but to do
so with the addition of independence from observers or measurements (which is essential if one wants
to talk about properties of the system rather than mere measurement outcomes). For example, the
probability of reflection at the first beam-splitter in the Mach-Zehnder setup described in section
2.14.1, if measured, is found to be % In a measurement-independent formulation the probability of
reflection should also be % if no measurement is actually performed.

Some of the equivalence classes under = will be assigned a weight reflecting their likelihood of
occurrence. Due to the absence of a single framework rule a new type of restriction must be enforced
in order to avoid the well-known complications of non-additive probabilities. Naturally, this ought
to be done in keeping with the ‘physical equivalence’ relation 2: equivalent sets of histories should

be either all meaningless or all meaningful.

To be able to express the predictions of the standard formalism in a measurement-independent
way it is certainly necessary to reproduce the outcome statistics of a single measurement relative
to some initial state. This means that, at the very least, any ‘elementary two-step history’ con-
sisting of preparation in some initial state, followed by another (possibly incompatible) property
at a later time, ought to be deemed meaningful. Regular histories are essentially of this type, al-

though some degree of repetition is permitted. In the notation of Mach-Zehnder example 2.14.1 all
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histories expressible in the families F; 2, F1,3 or F3 3 are regular, but histories in F are generally not.

At first sight regularity might seem like a very stringent condition, but bearing in mind the
identification via = there are genuine obstacles to imposing a less restrictive criterion. Consistency
or decoherence, for example, are too weak in this context to guard against logical contradictions
arising from the contrary inference example (cf. section 3.5).

Moreover, we will see that when considering typical examples regular histories permit the kinds of
deductions that are possible in the CH interpretation, although the absence of a single framework
rule means that predictions can be made without reference to a framework. In other words, the
‘regular histories’” (RH) interpretation is set apart from CH through its clear and intuitive notion
of truth. To the standard formalism it adds independence from measurements as well as a formal

notion of logical implication characterising valid reasoning.

As the set of regular histories is not closed under the Boolean operations (the conjunction of
regular histories may be irregular, for instance) it will be necessary to devise a concept of weight

which does not presuppose a full Boolean algebra structure. This will be called a ‘likelihood’.

Since it would be impossible to touch on interpretational questions without entering the bat-
tleground of philosophical debate we will initially confine ourselves to presenting the underlying
mathematical formalism which - considered in separation - should be uncontentious. Once the defi-

nitions and theorems are in place various aspects of interpretation will be considered.

4.1 Mathematical formalism
4.1.1 Regular families

Definition 4.1.1. A family of histories on a separable Hilbert space S, together with a finite-rank
positive operator p with unit trace, is called regular with respect to initial condition p, or simply p-
regular, if it is specified by k copies of a decomposition D, followed by k —n copies of a specification
Dout:

D, Diny -+ s Diny Douts Douty - - - Dot (4.1.1)

k n—k

and every P € D;, commutes with p.

Definition 4.1.2. A p-regular history is a history equivalent under = to one expressed in a p-regular

famaly.
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Lemma 4.1.3. A history H expressed in an induced family is p-reqular iff its canonical family Fgy

(see lemma 3.6.1) has the following property: Fp is specified by
D17D27" -7Dn

and there is an integer k such that the sets {p} Ul <,<p Di and U, <<, Di each contain only

pairwise commuting operators.

Proof. Suppose first that H is p-regular. Then it is equivalent to a history in a p-regular family, of
which the canonical family is a coarse-graining (in view of theorem 3.6.1). Since the given criterion
is satisfied for p-regular families and unaffected by coarse-graining it must also be satisfied by the

canonical family.

Conversely, suppose that the canonical family Fpy has the required property. Then the set of
products of projectors from | J;,., D; defines a decomposition Dj, of the identity on S. Similarly
products from J;,,<;<, Di define a decomposition Doy and the specification (4.1.1) induces a

p-regular family with a history equivalent to H under . O

Where a single, fixed Hilbert space is assumed we will usually speak simply of regular families
and regular histories in the same way that it is common to refer to consistent families without

mention of the initial condition.

Lemma 4.1.4. H is a reqular history iff H is.

Proof. Immediate since H and H are expressible in the same families.

O
Lemma 4.1.5. A regular history H is decoherent and hence consistent.
Proof. WLOG we may assume that H is expressed in a regular family. In this family write
H=Y P"eP™e. oPp
and
H=Y PWoP .. 0P
By regularity of the family it is clear that in the term
Te(HpHY) = Te(PF I P p PV P plin)
every non-vanishing summand must have j; = jo = ... =jp =11 =ia = ... = i and Jx4+1 = Jrk+2 =
.= Jn = lft1 = tkt2 = ... = i,. No such summand exists, whence H is decoherent. O
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Theorem 4.1.6. Let Hy, Hy be p-reqular histories, and suppose that Hy A Hs is a p-reqular history.

Then Hy V Hy is a consistent history (with respect to initial condition p).
Proof. We need to show that
Tr ((Hy V Hz) p (Hy vV H2)T) = Tr((Hy vV Ha) p)
First observe that since Hy, Ho and Hy A Hy are all p-regular, hence consistent, we have
Tr(Hy pH ") = Tr(Hy p)
Tr(Hz pHp') = Tr(Hy p)

and

Tr ((Hl A Hz) 14 (Hl A HZ)J[) = TI‘((Hl A H2) ,0)
Moreover, in a family F in which H;, Hy and H; A Hs can all be expressed one may write
H =Y P"Ve. PPy .. P (4.1.2)

where the order of the first  and the last n — r tensor factors respectively has no effect on the chain

operator H;. Similarly, in the same family
=Y PVe. . oPepPie.. 0P (4.1.3)

In this case the order of the first s and the last n — s factors respectively has no effect on the chain
operator Hy. Note that r # s in general and that F is a fine-graining of each of the regular families
Fu, and Fp, which need not itself be regular.

In F we may also write
HAH, =Y PP e. . oPMePie.. 0P

where the first ¢t and the last n —t factors can be permuted without affecting the chain operator and
the indices 7,143, ...,i% are chosen from the intersection of the sets of tuples summed over in (4.1.2)

and (4.1.3).

Now
Tr(Hy p (Hy AHo)D) = S (P P L PO H PUD PSS PO p) = Tr((Hy A Ha) p)
by permutability of appropriate factors and the contraction
FORD = b0

Similarly
Tr(Hg p (Hy A Hg)T) = Tr((Hy A Hg) p)
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and

Tr(Hy pH; ") = Tr((Hy A Ha) p)

Thus
Tr((Hy VH) p(Hy VHy))
= TI'((Hl -+ H2 — (Hl A Hz)) p(Hl -+ H2 — (Hl A Hz))T)
=Tr(Hy pH;T) +Tr(Hy pH') —Tr(H; p (H; AHg)T)
+Tr(Hy pH;T) +Tr(Hy pHy') —Tr(Hz p (H; A Hg)')

—Tr((Hy AHg) pH;y )

=Tr(H1p)
+ TI'((Hl A\ Hg) p)

—Tr((H1 AHz) p)

—Tr((Hy A Hg) pHy') + Tr((Hy A Hg) p (Hy A Hg))

+Tr((H1 /\Hz)p) —Tr((H1 /\Hz)p)
+ Tr(Hz p) —Tr((Hy AHz) p)

7TI‘((H1 /\H2)p) +TI'((H1 /\H2)p)

= Tr(Hy p) + Tr(Hz p) — Tr((H1 A Hz) p)

as required.

= Tr((Hy V Hz) p)

O

For fixed p we will want to assign weights only on the set of p-regular histories. Since this is not

closed under the Boolean operations (apart from negation) it is not possible to use the classical no-

tion of probability, which presupposes a full Boolean® algebra structure. To highlight this difference

we will call the new type of weight a likelihood.

4.1.2 Likelihoods

Definition 4.1.7. Let S be a separable Hilbert space whose set of history projection operators is

H(S), together with some initial condition p. Then a likelihood on S is a partial assignment @, :

H(S) — [0,1] satisfying

(i) ®p(1) =1

(it) If Hy = Hy and ®,(Hy) is defined then so is ®,(Hs) and ®,(H;) = ®,(H>z)

(iii) If ®,(H) is defined then so is ®,(H) and ®,(H) =1— ®,(H)

I(a o-algebra in the infinite case)
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(i) If ®,(Hy), ®,(H2), ®,(H1 V Ha), ®,(H1 A Hy) are all defined then

D, (Hy) + ©,(Hy) = ©,(Hy V Hy) + ©,(Hy A Hy)

(v) If ®,(Hy), ®,(Hz) and ®,(Hy V Ha) are all defined then
0<®,(H1)+®,(H2) —P,(H,VH) <1
Lemma 4.1.8. The assignment
®,(H)=Tr(H)p) (4.1.4)
defines a likelihood on the set of p-regular histories.

Proof. The assignment yields a weight in the real interval [0, 1] by lemma 2.4.9.
Since I is a p-regular history property () is immediate.

(49) follows from lemma 3.6.3.

(i1) is a consequence of lemma 4.1.4.

Lemma 3.6.4, together with theorem 4.1.6, demonstrates the validity of (iv) and (v). O

4.1.3 Notion of truth of regular histories

Definition 4.1.9 (Certain occurrence). A p-regular history H (certainly) occurs/holds true just if
D,(H)=1.

Conversely, we say that H does not occur/is false just if H occurs. Note that this notion is

constant on equivalence classes.

Definition 4.1.10 (Implication). Let Hy, Hy be p-regular histories. Then Hy — Hy iff Hy V Hy is

p-regular and certain to occur.

Definition 4.1.11 (Equivalence). Let Hy, Ho be p-regular histories. Then Hy = Hs iff Hy — H,
and Hy — H;.

4.1.4 Further properties of likelihoods

Lemma 4.1.12. Let ®, be a likelihood defined on H, and Hy with Hy — Hy. Then

®,(Hy) < ®,(H2)
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Proof. @, is defined on H, Hy V Hy and, by property (ii), H;. Hence using property (v) we have

0

IN

(I)p(Fl) + (I)p(H2) - (I)p(Fl\/ H2)

= 0 < l—q)p(H1)+<I)p(H2)—1

= O,(H1) < ©,(H>)

Lemma 4.1.13. Let ®, be a likelihood defined on the histories Hy, Hy and Hy N Hy. Then
0<®,(H1)+P,(H2) —P,(Hi NHy) <1

Proof. Immediate from property (v) applied to the histories Hy, Hy and Hy V Hy = H; A Hy (using
property (i7)). O

Lemma 4.1.14. Let ®, be a likelihood defined on Hy, Hy and Hi A Hy and suppose that ®,(H;) =
1= (I)p(HQ) Then ép(Hl AN HQ) =1.

Proof. 1t follows from lemma 4.1.13 that

2 ®,(H) AHy) < 1

= 1 < (bp(Hl /\HQ)
which implies the conclusion since ®,(H; A Hz) € [0, 1]. O

Lemma 4.1.15 (Transitivity lemma). Let Hy, Hy, H3 be histories and suppose that a likelihood ®,
is defined on the histories Hy = Hs, Hy = Hs, (H1 = H2) A (Hy = Hs) and Hy = Hs. Moreover,
suppose that ®,(H, = Hy) = 1= ®,(Hy = H3). Then ®,(Hy = H3) =1.

Proof. By lemma 4.1.14
‘I)p((Hl = HQ) A (H2 = Hg)) =1

Now since (((Hy = Hz) A (Hy = Hs)) = (Hy = Hs)) = I property (vi) means that
‘I)p(Hl = Hg) =1

as required. O
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4.2 Interpretation

With the mathematical groundwork in place we will now explore how to relate the formalism to

physical reality.

The starting point for the proposal presented here is familiar from the consistent histories ap-
proach: an isolated physical system, described by a Hilbert space evolves along some unitary operator

and without wave function collapse.

Families of histories are defined as before, but rather than considering histories relative to the
family whose Boolean algebra they happen to be a member of it is now possible to identify similar
histories using the equivalence relation defined in section 3.6. It has already been argued that this

reflects what intuition understands to be ‘essentially the same history expressed in different ways’.

The single framework rule is not applied in RH, so to avoid the well-known problem of non-
additive weights not all histories can be deemed meaningful. The key restriction is called ‘regularity’
and covers, loosely speaking, an initial state, a measurement and some redundant repetitions. One
may justifiably argue that regularity is a surprisingly stringent criterion, but there are two com-

pelling reasons for adopting it.

Firstly, we will see that the class of regular histories is large enough to elucidate many relevant
examples, such as those considered in section 2.14. Families used to illustrate the benefits of CH are
typically not consistent unless they are also regular?, so that arguments in favour of the practical
relevance of CH generally speaking also apply to RH. As far as quantum computation is concerned
the principle of deferred measurement[204] shows that regular histories are powerful enough to em-

ulate any quantum circuit.

Secondly, regular histories seem to represent the bare minimum of what one would like to have
available to reason about the standard formalism in a measurement-independent way, and it is
therefore a sensible question precisely what features of ‘quantum weirdness’ are present in this class.
Possible extensions may still be investigated (at the risk of losing some of the desirable properties
of definition 4.1.7). Regular histories will be a natural starting point for such endeavours (see also

section 5.1).

2A notable exception is the contrary inference example which has been constructed for the purpose of highlighting
the undesirable features of CH and is not otherwise practically relevant.
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A regular history is deemed meaningful and assigned a likelihood, which is a real value in the
interval [0, 1] independent of the degree of fine-graining of the family. The central condition imposed
in RH is that such weights be assigned only to regular histories. In particular, it is meaningless
to speak of the likelihood of an irregular history or to assert its occurrence (which amounts to
®,(H) = 1 by definition 4.1.9). In terms of intuition we will - bearing in mind this restriction -
nonetheless think of likelihoods just as ordinary probabilities, roughly corresponding to an expected
frequency of occurrence or a propensity to yield a certain outcome or whatever else one might hold
a probability to represent.

The reason that a distinction must be drawn between the two concepts is that likelihoods are only
defined on the set of regular histories, which is not closed under the Boolean operations. Since
the definition of a (classical) probability presupposes a full Boolean algebra structure it cannot be

applied in this context.

4.3 Witnessability

The regular histories interpretation in many respects resembles Griffiths’s version of CH. Families
of histories are constructed in the same way, and the notion of histories is very similar. The crucial
difference is that in RH the histories are considered independently of the family in which they are
expressed. Probabilities are only assigned to regular histories, but in these cases the assignment is
non-contextual (irrespective of the family). In particular, if ®,(H) = 1 for some p-regular history

H, then we may say simply that ‘H occurs’ - with no reference to a framework.

Another advantage of RH over CH is that once regularity has been enforced it is possible to
identify the regular histories in a very intuitive way: a history is regular iff it can be ‘witnessed’
at least in principle. What this means is that it is possible to ascertain the history’s occurrence

without altering the dynamics of the process.

4.3.1 Witnessability and a spin—% particle

Consider, for example, a Spin—% particle with trivial evolution between times t; and t,,. The require-
ment that the dynamics be undisturbed precludes direct measurements in this interval, so that the
only ways for an external agent to obtain information about which histories occurred are to prepare
a particular initial state before ¢; and to measure the output of the process (i.e. the final state of

the particle) after t,.
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For instance, if the particle were initialised with a known spin component [1,) in the z-direction
and a spin [l,) in the y-direction were measured after the termination of the process, then the
inferences described in section 2.8 allow the conclusion that the particle must have had the z spin
component |1,) for the duration of the process. Moreover, it is possible to infer that its spin
component in the y direction must have been |},,) throughout.

A history making an arbitrary number of assertions about the x-direction followed by assertions
about its y-direction (or vice-versa) will be both regular and embeddable in a consistent family.

However, the same is not true for histories such as

[ Te) (e [ @ [ Ly) by [ @] T2)(Te |

which ‘mix’ the two types of assertions. These histories can be made sense of neither in CH nor in
RH, but in the latter interpretation there is a simple explanation: a measurement of the x compo-
nent, say, requires an interaction with the particle that, while leaving the measured x component
itself unaffected, may change the spin in any of the other directions, including y. It is therefore
impossible to establish the occurrence of the given history, since the two required measurements in
the x direction would each change the y component. Whether the particle did indeed have spin
| Jy) in the y direction at the second reference time could only be determined by an appropriate

measurement, which would in turn impact upon measurements in the x direction.

Since the mechanism by which a spin measurement in one direction causes a disturbance of the
other components is difficult to visualise it may be helpful to consider a thought experiment known
as Heisenberg’s microscope which describes the analogous case of position measurements. Observing
the position of a particle relies fundamentally on its collision with a photon. For the recoil to be
known with high precision the wavelength of the photon must be small, but the collision will also
change the particle’s momentum and this effect is inversely proportional to the photon’s wavelength.
Thus a precise measurement of position will have a large, unknown effect on its momentum. Note

that this argument makes no reference to eigenvectors and relies essentially on classical optics.

The situation becomes more interesting when the z direction of the spin is also considered. His-
tories that reference all three spin directions are interpretable neither in RH nor CH, since they
are not regular and cannot be made part of a consistent family. Once again the explanation in
RH is perfectly straightforward: due to the nature of unitary evolutions the measurement situa-
tions described in section 2.8 are not capable of converting knowledge of an initial state into perfect
correlations between outcomes with more than one spin direction of the same particle at any one

time. Measurement of one will disturb the other - not because of a mysterious quantum concept of
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complementarity, but simply owing to the practical limitations of the measurement procedure.

A history referencing all three spin directions cannot be witnessed because measurement in one
direction will change the other spin components. One might attempt to perform three separate

measurements as illustrated in the following picture:

i
o
— i
Oy oy
= s
M] M2 M3

Figure 4.1: A sequence of spin measurements

The black arrow points in the direction of time and the coloured arrows indicate inferences that
can be made on the basis of the three measurements M7, Ms and M3. Between M; and Ms the spin
in the x direction is known through M; and the y component can be inferred retrospectively from
Ms. Similarly, between Ms and M3 the spin in the y and the z directions is inferable. However, for

no point in time can all three spin components be known or inferred.

We will see that in RH the meaningful histories are exactly those whose occurrence can be wit-
nessed. This means that regularity of a history can be determined at an intuitive level simply by
asking the question “Is there a reliable way to find out if this history occurred?”. If the answer is

yes, then the history is regular. Otherwise it is deemed meaningless and no likelihood is assigned.

Using these ideas one can achieve a concept of quantum compatibility by appealing to classical

notions alone: regular histories are compatible just if they can be witnessed simultaneously.?

3Note that incompatibility actually arises in two distinct ways: some pairs of histories are not be expressible in
a common family, as they include non-commuting properties at the same reference time. Others can be part of (the
Boolean algebra of history propositions of) a common family, but this family fails to be regular. In both cases the
conjunction/disjunction of the histories is not witnessable and hence meaningless.
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4.3.2 Witnessing histories in RH

The claim that witnessability and regularity coincide in RH merits formal justification. This of
course requires a precise notion of ‘witnessing’ a history. The motivating example of a statistician
who observes and records its occurrence will be a helpful guide, although the demanded degree of

abstraction is such that no kind of observer will be necessary.

The literature on the task of telling apart quantum processes, known as quantum process tomog-
raphy[36, 47, 73, 81, 168, 173, 193, 233, 231, 234, 262], is extensive. Established methods in this
field include standard quantum process tomography (SQPT)[266], ancilla-assisted process tomogra-
phy (AAPT)[201], entanglement-assisted process tomography (EAPT)[7] and direct characterisation
of quantum dynamics (DCQD)[201]. These involve a number of different inputs with varying con-
straints which are subjected to the process, so that a statistical analysis on the measured outputs

can be used to reconstruct the process from its behaviour.

In the case at hand, however, one cannot assume to have several identical copies of the same
quantum process at one’s disposal, since it is not known a priori whether two processes with an
identical description will realise the same histories. A branch of quantum tomography which is of
some use for the problem investigated here is called quantum state discrimination[18, 19, 20, 35, 46,

71, 93, 169, 170, 200, 202, 236).

Nonetheless, since the aim is to be clear about the finer points of interpretation it will be expe-

dient to work from first principles without drawing on the established techniques.

To represent the experimenter, or ‘external agent’, we will add an environment Se,, and identify

H with H.,, obtained by appending a tensor factor Is__ to each projector. We will suppose that

the agent’s actions can effect any unitary transformation for the combined system with two restric-
tions: the evolution U of the process in the interval between ¢; and ¢,, must remain unaltered (which
amounts to an evolution U’' = U ® Ug,,, in this interval) and the setup must effect an initial state p

for the system at time ¢;. This is because the histories to be witnessed are tied to both the unitary

evolution and initial state.

Thus instead of assuming a state p at time ¢; we will assume another state py on the combined
system S ® Seny at some time ¢ty < ¢ such that Treny (U’ (t1,t0) po U’ (to,t1)) = p. A history Hey that
is in some sense ‘external to the process’ (i.e. does not interfere with it) will then make assertions
relating to reference times between ty and ¢; and after t,, only. In principle assertions solely about

the environment could be permitted even in the interval [t1,¢,], but no computational power would

78



be gained.

This gives the following picture

> Senu

-Fext -Fext /

tl] fl t-n. t-r1+1

Figure 4.2: A family F embedded in a context

Now consider an external history Heyxs whose temporal support is confined to the intervals (¢o,¢1)
and (ty,tn+1). We will suppose that this history is somehow directly accessible in the sense that the
agent ‘knows’ which one occurred. Provided that the agent’s reasoning follows the regular histories

interpretation the history He,, will have been witnessed just if Hepy = et

We will call the situation depicted in the diagram above a context for the family F.

Definition 4.3.1. Let F be an induced family of histories on some separable Hilbert space S with
unitary evolution U, initial state p and temporal support {t1, ta, ..., t,}.

Then a context C for F is given by a separable Hilbert space Sepn, (the environment), a unitary
evolution U’ on S ® Seny, an initial state pg on S ® Seny (relating to some early time to) and an

induced family of histories Fegp on S ® Seny such that:

o U’ factors as U' =U @ Ug,,, in the interval [tq, 1]

o Trepy(U'(t1,t0) po U'(to, 1)) = p
o The temporal support of Fez is confined to the two intervals (to,t1) and (tn,tns1).

We will write the elementary histories of Fey as

Ein & Eout

4The aim here is to draw up a workable, mathematically tangible notion of witnessability and make plausible that
it coincides with the intuitive idea. Since the latter is not precisely defined, this step of the argument is by its very
nature not completely rigorous. A formal treatment would require a separate theory of how knowledge is acquired
and preserved by an IGUS (see section 2.11), which could only lead astray at this point.
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where Fj, references only times in (tg, 1) and Eqyt refers only to times in (¢, tn41)-

Definition 4.3.2. Let F be an induced family of histories on a separable Hilbert space S, and C a
context. Then the contextual family Fe is the (induced) family whose elementary histories are of
the form

Ein ® Eeny @ Eout

With Eegt = Ein ® Eou an elementary history in Fer: and E an elementary history in F (from which

E.py is obtained by adding a trivial tensor factor Ig,  to each projector). The temporal support of

env

Fe is the union of those of F and Feq, ordered chronologically.

A witnessable history is one whose occurrence can be perfectly correlated with that of an ‘exter-

nal’” history in the Boolean algebra of Fey;. In RH this amounts to the following:

Definition 4.3.3. Let F be an induced family of histories with temporal support {t1, ta, ..., tn},
and H € B(F) a history. Then H is witnessable if there is a context C together with a po-regular
history Heqe = Y, Hi(i) ® H(i)t in the Boolean algebra of the external family Fey: such that

(E:Hﬁ%@thgJ-—I®ng®I
(in the contextual family F¢ ).

Verifying the equivalence of witnessability and regularity is now relatively straightforward.

Lemma 4.3.4. A history is witnessable if and only if it is reqular.

Proof. Suppose first that H is a regular history. WLOG we may take it to be an element of the
Boolean algebra of a regular family as in definition 4.1.1, since it is equivalent to such a history
and witnessability is manifestly constant on equivalence classes. Take Sep, = 0, U’ = U and
po = Ulto,t1) pU(t1,t0). Now let Fexy have temporal support {tin,tout} with to < i < t; and
tn, < tout < tn+1. Let the associated decompositions be Dy, Doyt (as obtained in lemma 4.1.3)
respectively.

Moreover, let Hqyy be the union of the histories

PMeIgle.. @I P

out

for all summands of H of the form Pi(nil) ®Pi(ni2) Q... PUn) with iy =iy =...=dpand ip 1 = g0 =

out

.=

It is easy to check that the resulting contextual family is py regular and that I @ Hepy @ I =2
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Hin ® I ® Hout~

Conversely, suppose that H is witnessable. Then there is a pg-regular history H.y; such that

the history (S H( @ 1@ HY, ) = 1@ Haw 1 = (L HY @ 10 H)

ou out

) VI ® Hepy ® I is regular.
The Boolean algebra of its (po-regular) canonical family contains I ® Hep, ® I. It follows that this
history is po-regular, whence H is p-regular.

O

Simultaneous vs. independent occurrence

A consequence of deeming only witnessable histories meaningful is that it is no longer unambiguous
to say that two histories ‘both occur’. The point is that a distinction must be made between pairs
of histories whose occurrence can be established independently (each has a witnessing procedure)
and those that can be witnessed simultaneously (both procedures can be carried out at the same
time). We will use the Boolean conjunction A to signify the latter. Thus histories H; and Hy occur
independently if ®,(H,) =1 = ®,(H,) and simultaneously if ®,(H; A Hy) = 1. Note that if H; and
H; occur independently then their conjunction either also occurs or is meaningless, but cannot be

false or merely probable, which would be a ‘contrary inference’ (cf. section 3.5).

One might be tempted to dismiss the regular histories interpretation on the grounds that a sit-
uation in which H; and Hs are each true/certain to occur, but their conjunction is meaningless, is
unfamiliar from classical physics. Indeed, the fact that in RH the set of meaningful entities is not
closed under Boolean operations entails an entirely new kind of reasoning. However, that a candi-
date quantum theory should resemble classical physics in every respect is an unreasonable demand -
quantum effects must have a role to play. Nonetheless one might expect that (apart from recovering
the familiar laws of classical physics together with an explanation of their domain of applicability,
cf. section 4.10) the rules of reasoning in a viable interpretation of quantum mechanics should not

stray too far from intuition even where quantum effects are concerned.

If the lack of a Boolean algebra structure lead to a logic with completely counterintuitive fea-
tures the regular histories interpretation would indeed have to be dismissed as inadequate. However,
due to the requirements imposed on a likelihood, logical arguments in RH are surprisingly closely
modelled on the classical case. All that needs to be borne in mind is that unwitnessable histories

are meaningless.
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4.4 FEssentially classical reasoning

One of the milestones of the CH approach was Omnes’s realisation that the consistent families are
exactly those in which the implication satisfies the classical axioms. The fact that this is only up-
held within the limited realm of the particular family in question has been seen to cause a major
disruption of the classical worldview. In the regular histories interpretation no such paradigm shift
is needed, but since Omnes’s axioms require a full Boolean algebra structure, they cannot be used

to check the logical consistency of RH.

Indeed, it may not be entirely clear how logical consistency should even be defined in this rather
special setup. It should certainly imply the absence of outright contradictions such as a deduction

H, — Hs where H; is true and Hs is false. More generally:

Definition 4.4.1. In the context of the RH interpretation a fallacy is an inference Hy — Hy where

H, and Hy are p-reqular histories and ®,(Hy) > ®,(Hs).

By lemma 4.1.12 fallacies are impossible in RH.

In particular, if T" is a finite set of regular histories each of which certainly occurs and
(AmerHi) — H (4.4.1)

then it follows that H is certain to occur.
Since — is only defined on regular histories (4.4.1) implies regularity of Ag,erH;, which is certain
to occur by lemma 4.1.14. Lemma 4.1.12 then implies that H must also be certain. In words: (sets

of) known facts - regular histories that certainly occur - can only imply other known facts.

Moreover, if Hy is contained in Hs as a sub-history (i.e. the range of H; is a subspace of the

range of Hy in S®") and both are meaningful then one would expect that
B, (Hy) < ©,(Ha) (44.2)

even when the history Ha A H; is not meaningful. Now a regular sub-history H; of a regular history

Hj necessarily satisfies H; — Hs and it follows by lemma 4.1.12 that (4.4.2) is valid.

Thus whenever H; and Hs are p-regular histories
H, C Hy implies H; — Hy implies &,(H;)< ®,(H,)

One might also expect that Hy imply H; V Hs and that H; A Hs imply H;. Since Hy C H1 V Hs

and H1 A Hy C H; both follow from the previous case, provided the histories in question are regular.
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Moreover,

Hl‘)HQ iff E%E

and

H1 = HQ iff (Hl — Hg and H2 — H1)

by definition.

Also, given that Hy, Hy and Hy V Hy are p-regular
D, (Hy vV Ha) < @,(Hy) + @p(H2)
by property (v) and whenever Hy, Hy and Hy A Hs are p-regular
®,(HiNHy) > ®,(Hq)+P,(Hs) — 1

by lemma 4.1.13. In particular this implies that contrary inferences, the logical paradoxes re-
sulting from careless use of CH (cf. section 3.5), are absent from RH as equations (3.5.1a) - (3.5.1¢)

are satisfied.

The remaining axioms considered by Omnes also translate directly into the RH interpretation,
although in these cases it is especially important to bear in mind that histories are only meaningful
if they are witnessable. For example, if H;, Hy and Hjs are regular histories with H; — Hy and
H, — Hj then the history (Hy = (Ha A Hs)) = ((H1 = Hz) A (Hy = Hs)) is certain to occur by
lemma 4.1.14 provided that it is a regular history. The conclusion follows from the simultaneous
(as opposed to the independent) occurrence of the premisses. Note that there is nothing peculiar,
counterintuitive or even particularly quantum about this kind of reasoning. The only departure from
classical logic is founded on the fact that pairs of histories may each have a witnessing procedure one
of which distorts the result of the other and is a natural consequence of not ascribing any meaning

to empirically inaccessible histories.

Similarly, if Hy;, Hy and Hj are regular histories with H; — Hs or Hs — Hs, we have

(Hy V Hy) — Hs provided that (Hy = Hs) V (Hy = Hj3) is regular.
Finally, whenever Hy, Ho and Hj are regular histories for which H; = H, and Hs = Hj cer-

tainly occur simultaneously i.e. ®,((H1 = Hz)A(Hy = H3)) = 1 it follows that H; — Hs, provided

that this is meaningful (i.e. H; = Hj is regular).
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Once again the classical rules of reasoning need not be altered beyond the introduction of mean-

ingless/unwitnessable histories.

The notoriously peculiar nature of quantum reasoning is thus tamed with the help of the sin-
gle condition that probability assignments should not extend to inherently unwitnessable histories.
Remarkably, there is some justification for this principle on purely metaphysical grounds, since it is
not clear how a conceptually sound definition of probabilities could be achieved for histories whose

occurrence is indeterminable even in principle, as we shall argue now.

4.5 Probabilities

Having grown accustomed to probabilities through their prevalence both in science and everyday
life one could easily be led to believe that they are somehow basic and unproblematic. However, the
philosophical difficulties relating to their formal justification are substantial and it seems as though

the longer one thinks about the fundamental principles of probabilities, the more elusive they become.

Popular attempts to motivate the concept include the frequentist interpretation, according to
which a probability is a frequency of occurrence in a sequence of trials, the propensity view, which
deems probabilities a natural disposition to yield a certain outcome, and the Bayesian interpre-
tation, in which probabilities reflect a ‘degree of belief’ in a particular result. None of these is
completely unproblematic, and particularly so if one considers histories which cannot be witnessed
in a reliable way. If there is no possibility even in principle to establish whether a history occurred
in a particular trial, for example, it is impossible to determine a frequency. This may seem like
a rather philosophical point, but its consequences for quantum physics are quite tangible. Likeli-
hoods, defined on empirically accessible histories, are not only easier to justify than probabilities,
they effectively evade the problem of non-additive weights that lies at the heart of many apparent

quantum paradoxes. Their benefits are perhaps best illustrated by example.

4.6 Einstein locality and Bell’s theorem

Since Bell’s theorem employs probabilities rather than likelihoods to devise the CHSH inequality
it cannot be used to demonstrate the presence of any non-local effects in RH. In fact, Griffiths’s
argument that action-at-distance is absent from CH (cf. section 3.3.1) can be applied equally well

in the RH context:
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Lemma 4.6.1. RH respects ‘Finstein locality’ in the sense of Griffiths. Concretely, meaningfulness
and likelihood of a history are unaffected by an external influence acting on a distant, isolated part

of the system.

Proof. Consider the setup depicted in figure 3.2 and suppose that
Hy= (P ®Ipgc) @ (P ® Ipge) ® ... @ (P @ Ipge)
is a history on A alone. Now the explicit time-evolution of the projectors in H 4 is
(Ua(to, tr) ® Usc(to, tr)) (Pr(te) ® Ipgc) (Ualt,to) ® Use(tr, to))
= (Ua(to, tr) P (tr)Ua(tr, to)) ® Ipge

which depends on U4 but not Upe. Moreover, taking into account the initial condition

p = |Pas){Pasl @ |¢c)(ocl

p-regularity of H 4 is independent of |¢¢). If the history is p-regular its likelihood is given by

Tr (| a) (®.as| @ |de) (de|)HA)

= Trag (|Pas)(Puas|(PL @ Ig)(P2 ® I5) ... (P, ® Iy))

which, once again, is independent of the external action |@¢). O]

Note that the two conditions most often stated as explicit assumptions required for a Bell-type
argument are both satisfied: local measurement statistics are independent of measurements at dis-
tant locations (follows from Einstein locality) and measurable quantities are meaningful even if no

measurement is performed (counterfactual definiteness).

4.7 The EPR problem

Applying the concepts of RH to the EPR problem (cf. section 2.14.3) we see that incompatible prop-
erties of the particle B are independently, but not simultaneously, witnessable. Each is meaningful
in isolation, but the conjunction may not be. When Einstein, Podolsky and Rosen use the term
‘simultaneous’ reality they actually refer what would be called ‘independent’ reality in the language
of this paper, although the distinction is of course unavailable in a setting based on probabilities. It

is only made possible through the introduction of likelihoods.

The RH approach can thus take a clear stance on what constitutes an element of reality®: each

property of B is real, since it corresponds to a regular history. Conjunctions of properties are real

5In some ways this resembles the CH analysis[70, 213, 110] of the EPR problem, which is however weakened by
the fact that the question of what exactly constitutes an element of reality is a moot point in CH.
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only if they are witnessable, and the EPR conclusion that the wave function does not provide a
complete description of reality is valid. This is not at all surprising, since RH is concerned with
quantum processes, and its elements of reality are (equivalence classes of) regular histories. The
wave function in this context merely constitutes a possible input, but not a complete description of
the process itself. This point is perhaps best explained by considering the Kochen-Specker theorem

in relation to RH.

4.8 The Kochen-Specker theorem

The Kochen-Specker theorem (cf. section 3.4) is a very strong result placing genuine limitations on
the interpretation of quantum theory, and it is clear that its resolution will to some extent need to
involve ‘new’ physics, since the classical concept of an ‘actual’ configuration which ascribes definite
values to each property can no longer be sustained. A departure from such a deeply ingrained way of
thinking is bound to be difficult and no suggested answer is likely to meet with unanimous approval.
Nonetheless, the problem is real and the standard by which an earnest attempt at its resolution

ought to be measured is how it compares to its alternatives.

Since the RH proposal is based on the notion of histories rather than states, it is arguably quite
natural to employ it in a way that focusses on quantum processes. A process is distinct from a state
in that it is able to produce a variety of outputs, depending on its input. For this reason an inter-
pretation which takes the process perspective seriously should not insist on prescribing a particular
choice of initial condition. Of course initial knowledge will have to be taken into account in some way,

but rather than building it into the predetermined structure of the theory it can be specified ‘ad hoc’.

To be a little more specific, in the case of the Mach-Zehnder interferometer discussed in section
2.14.1 the initial condition H, = |a)(a| ® I ® I implies the conclusion Hy = I ® I ® |f)(f| with
certainty. However, with respect to the history H, = I ® |¢){c| ® I it is completely uninformative.
This is remarkable, since the absence of wave-function collapse means that for any early time ¢g
there is a proposition Py essentially equivalent to H. - it can be obtained by simply ‘back-tracking’
the unitary evolution. With respect to the initial condition Fy the history Hy, on the other hand,

is left undetermined. Note that no single initial condition implies both H. and H; with certainty.
Quite apart from the problems related to the Kochen-Specker theorem it is therefore not expe-

dient to stipulate a fixed initial condition in RH. Instead the initial condition p should be adjusted

to reflect what one already knows, or assumes, to be true at the particular point in time.
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That what can be deduced about the universe should depend on what is assumed to begin with
is an unsurprising result. Both consistency and regularity of a history are subject to a particular
initial state. In some sense, this amounts to a type of contextuality which the Kochen-Specker
theorem demonstrates to be practically inevitable. However, this is quite different from the kind
of contextuality the consistent histories approach advocates, which takes the liberty of altering our

notion of reality.

One of the purposes of quantum theory is to answer concrete questions such as ‘what is the
likelihood of a particle taking arm ¢ in a Mach-Zehnder set-up’ (as in section 2.14.1). A typical CH
response to this challenge is ‘the probability is % in this framework’ - which simply fails to answer
the question. If one is given the freedom to, in effect, ask one’s own questions, only loosely related
to the ones one originally set out to answer, then it may be much easier to find satisfying answers,
but the interpretational difficulty is simply shifted to the problem of relating this abstract theory to
reality.

The kind of contextuality exhibited by RH, on the other hand, is much less problematic: regu-
larity and likelihoods are both defined relative to an initial state p. This requires no modification of
reality and is simply a reflection of the uncontentious fact that the behaviour of the particle depends

on its initial state.

In view of the Kochen-Specker theorem (see section 3.4) it is impossible in general to define a
quantum truth functional on the full set of instantaneous properties of a quantum system. This
applies a fortiori to regular histories, which after all include the instantaneous propositions. An
interpretation claiming that all regular histories have definite and simultaneously well-defined truth

values is thereby rendered untenable.

Fortunately, the RH approach makes no such claims. The notion of a global truth functional is
based on the classical perspective that every property has an ‘actual’ value, that probabilities arise
merely through a lack of knowledge of this ‘actual’ configuration, and if complete knowledge were
available then all probabilities would reduce to either 0 or 1.

This kind of complete knowledge has no reflection in RH. Its elements of reality are given by (equiv-
alence classes under 2 of ) regular histories, relative to some initial state p. Each history is assigned
a likelihood, which depends on p. For appropriate choices of initial condition the likelihood of par-
ticular properties may be reducible to 0 or 1. However, no possible choice of p will achieve this for

all meaningful properties at once.
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The expectation of being able to define a universal truth functional is based on a way of thinking
that is irreconcilable with the process picture upon which RH is based. Unlike in classical physics,
where it is common to build a specific initial state into the structure of the theory, an interpretation

which takes the process view seriously should take variable inputs into account.

4.9 Recovering the predictions of the standard formalism

Employing the measurement situations of section 2.8 to recover the predictions of the standard for-
malism for a single measurement with a pure initial state in RH is straightforward. In fact, section
2.8.1 applies essentially unaltered, since (the Boolean algebras of) the consistent families in question

contain only regular histories.

4.9.1 Sequences of measurements

At first sight sequences of measurements may seem to go beyond the ‘two-shot’ nature of regular
histories. After all, they potentially require an arbitrary number of (possibly incompatible) decom-
positions. In this context it must be borne in mind that the ‘Copenhagen’ notion of a measurement
is reflected in the histories formulation not merely by the creation of an appropriate correlation (cf.
section 2.8), but also requires the outcome to remain stored in the state of the measurement appara-
tus and/or (upon interaction) its environment. This causes the possible measurement outcomes to
decohere: so long as the result of the measurement is not ‘overwritten’ (remains recoverable from the
state of the universe) interference between different outcomes is impossible, reproducing the crucial

feature of the ‘classical domain’.

Provided that the results of all measurements are stored in this way the entire sequence of out-
comes corresponds to a regular history. Thus RH is able to produce predictions for an arbitrary
sequence of Copenhagen type measurements, with the classical domain replaced by an appropriate

number of quantum subspaces storing each outcome.

4.9.2 POVMs

A construct of standard quantum mechanics not so far covered are positive operator valued measures
(POVMs). These are sets of Hermitian positive semidefinite operators {F;} summing to the identity
(>, Fi = I) distinguished from decompositions in that they are not necessarily projectors and need

not be pairwise orthogonal. Physically they represent the effect of a projective measurement when
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one considers only a subspace. By Naimark’s dilation theorem[229] any POVM with at most n ele-
ments can be lifted to a projective measurement on a Hilbert space of dimension n. Thus a POVM
can be implemented in RH using a decomposition of an appropriate Hilbert space and restricting

attention to a subspace.

4.10 Classical scenarios

Considering that unwitnessable histories are declared meaningless in RH it is a reasonable concern
that this might place a restriction not only on the quantum realm, but also affect histories in the
domain of applicability of classical physics. Histories describing the movements of objects such as
planets and billiard balls must be meaningful for there to be any hope that Newtonian dynamics
can be recovered as a large-scale approximation to the more general quantum laws of RH. Otherwise
the question of why we perceive a largely classical world governed by such laws would remain unan-
swered. Fortunately, there is a simple reason that the kinds of histories one would usually consider
in classical mechanics (those describing the movement of macroscopic entities) are indeed regular:

they are almost invariably witnessable.

The point is that macroscopic objects in the real world perpetually interact with their environ-
ment. A planetary body, for instance, is hit by photons and other particles emitted from the sun.
The reflected particles each carry a piece of information about the planet’s position to other regions
in space. In effect, this amounts to an almost continuous measurement of the planet’s position.
Since this trace is recoverable in principle a history describing the planet’s trajectory is witnessable
so long as sufficient interaction with the environment takes place between each pair of reference
times (indeed, even the tiny fraction of photons entering a telescope on earth is often enough to
quite literally ‘witness’ a planetary trajectory with reasonably high temporal resolution). Similar
arguments apply to histories describing the movement of macroscopic bodies on the surface of the
earth, interacting with photons, air molecules and other bodies so as to leave a imprint on the en-

vironment from which its path can be recovered.

Thus the trajectory of a macroscopic object can fail to be witnessable only if the temporal sup-
port is large compared to the (typically vast) number of interactions with the environment. While
a genuinely unwitnessable history would not be regular, it would also be impossible to verify the
predictions of Newtonian mechanics for such a history, since given the lack of interaction one could
never confirm that it actually occurred. Indeed, it is plausible that the verification of a physical
theory, which relies on the verifier’s perception of what actually happened, can in general terms

only be carried out with respect to predictions on witnessable histories, since perceiving a history’s
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occurrence is tantamount to witnessing it.

Given a small set of possible ‘macroscopic’ trajectories interaction with the environment will gen-
erally cause not only the trajectories themselves, but also the their nested conjunctions, disjunctions
and negations to be witnessable. In other words, the histories generate a Boolean algebra of regular
histories - a subset of the set of regular histories that is closed under the Boolean operations. For

such sets of histories special rules apply.

Lemma 4.10.1. Let B be a (non-empty) set of p-regular histories closed under the Boolean oper-

ations. Then ®, as defined in (4.1.4) satisfies Kolmogorov’s probability azioms when restricted to

B.

Proof. ®,(H) is a non-negative real number for any regular H, since in this case Tr(Hp) =
Tr(H pHT).
By (4.1.4) we have ®,(I) = 1.

Moreover, whenever Hq, Ho € B are disjoint (H; A Ho = 0) we have
D, (Hy) + ©p(Hz) = ©p(Hy V H2)
by property (iv) of a likelihood and the fact that ®, is total on B. O

Lemma 4.10.2. Let B be a (non-empty) set of p-reqular histories closed under the Boolean opera-
tions. Then the reqular inference — satisfies the classical axioms of implication given in section 2.6

when restricted to B.
Proof. (i) By definition.

(ii) Let Hy, Hs, H3 € B with Hy — Hy and Hy — Hs. Then H; — Hj follows by lemma 4.1.15

together with closure of B under Boolean operations.
(iii) (Hy = H,) = I for any history Hy, so H; — H;.

(iv) Let Hy, Ho, H3 € B with H; — Hy and H; — Hs. Then by lemma 4.1.14 the history
((Hy = H2) N(H1 = H3)) = (Hi1 = (H2 A H3)) certainly occurs, as required.

(v) (H1 = (H1V Hsy)) =1 for any histories Hy, Hs.
(vi) ((Hy N Hy) = Hy) =1 for any histories Hy, Hs.
(vii) Follows from lemma 4.1.12 as well as the fact that

(H1:>H3):>((H1\/H2):>H3) =1 = (H2:>H3):>((H1\/H2):>H3)
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(viil) (Hy = H) = (H = Hy).
O

Thus well-defined probabilities and classical reasoning can be recovered within the domain of
applicability of classical physics. This explains why the macroscopic world of everyday experience
is governed by these classical concepts, as opposed to the more general quantum phenomena, of like-
lihoods and regular implication. Note that classical and the quantum realm are not distinguished
by scale or by any aspect of their inherent nature. The difference is merely that due to continual
interaction with their environment macroscopic histories relevant to familiar experience are much

easier to track and almost always witnessable.

The notions of classical domain and observer which are a source of much confusion in the stan-
dard formalism can now be understood in very simple terms: histories exhibit ‘classical’ behaviour if
they are effectively recorded (cf. section 2.12) through perpetual interaction with their environment.
An ‘observer’ is simply a quantum process that preserves a (generalised) record of the outcome of

a measurement situation, thereby prohibiting interference between the possible measurement results.

4.11 Comparison with similar interpretations

4.11.1 RH and CH

Given that, as far as families are concerned, regularity is a strictly stronger criterion than consis-
tency one might be led to believe that the predictions of RH form a proper subset of those of CH.
This is not the case for two reasons: firstly, it was found in sections 3.1 and 3.6 that the predictions
of standard CH refer to very peculiar elements of reality consisting of histories interpreted within
a particular framework. Secondly, even if these predictions were taken at face value by removing
the framework context as in ‘naive CH’ (which has been shown to lead to logical contradictions)
there are many histories that can be made sense of in RH, but not in naive CH. This is because RH
deems meaningful any history merely equivalent (under 22) to one in a regular family, regardless of

the properties of the family in which it itself is expressed.

Nevertheless, one might worry that regularity is too stringent a condition to lead to useful pre-
dictions when applied in practice. We will call histories interpretable in CH (with respect to their
framework), but not in RH, genuine three-time histories. Remarkably, the concrete examples used by
Griffiths and Omnes to illustrate the benefits of their interpretation make minimal use of consistent
genuine three-time histories. In these cases almost every history shown to be part of a consistent

family also happens to be regular. Where the CH approach a la Griffiths/Omnes has claimed victory
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in resolving quantum paradoxes the regular histories interpretation can therefore achieve the same,
except that it refers to a classical kind of reality rather than the abnormal one required for standard

CH.

This includes their analysis of EPR correlations and Bell’s theorem[113, 110, 111, 118, 117,
121, 208, 211, 213, 214], Einstein locality[118], measurement situations[117, 116, 110, 97, 101, 103,
111, 114, 214], repeated measurements of a single spin-half particle[116, 109, 110, 97, 101, 103,
105, 111, 112, 213], Young’s double-slit experiment[208, 110, 101], a Badurek-Rauch-Tuppinger
setup[208, 214], a single particle moving from the origin[208], quantum teleportation[112, 115],
dense coding[112], an alpha decay toy model[110, 114], the quantum harmonic oscillator[110, 103],
a sequence of quantum coin tosses[110], a Mach-Zehnder interferometer with and without (weak)
detectors[110, 97, 104, 105, 115], the delayed choice paradox[110, 214], the indirect measurement
paradox[110], Mermin’s paradox[108, 110], different versions of a Stern-Gerlach setup[110, 97, 114,
214], the quantum Zeno effect[214] and Hardy’s paradox[110, 111]. In fact, early work by Griffiths[100]
analyses an interferometer in terms of a noninterference condition for quantum trajectories, which

essentially reduces all histories to two-time alternatives[52].

The only notable example of the application of a genuine three-time history is Ahoronov and
Vaidman’s three-box paradox[110, 103, 104], adapted by Kent[190] and analysed in section 3.5. This
is designed specifically to demonstrate the absurdity of CH predictions, and that the fact that the

same argument cannot be run in the RH interpretation must be seen as a merit rather than a flaw.

Quantum teleportation

To give a concrete example, consider the quantum teleportation protocol[17, 4]. Alice and Bob share

a fully entangled state |¥) = %(|00) + |11)), which Alice uses to ‘teleport’ a qubit |¢) to Bob. In

order to do this she measures |1)) together with her half of the entangled state |¥) with respect to

the Bell basis

_ L _ 1 _ L x
V2 V2 V2 V2

She transmits the result ¢ € {1,2, 3,4} to Bob (using two classical bits), who applies an appropriate

) (100) +[11)), ¢ (100) = [11)), ¢ (101) +[10)), ¢4 = —=(|01) — |10))

unitary correction U; to his half of the entangled state to recover |¢):

Up=1, Uz =1[0)(0| = [1){A], Us =0){1[+[1)(0, Uy = [0)(1] = [1){0|
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Alice Bob

%)

%) @)

Figure 4.3: Quantum teleportation

In terms of histories the initialisation stage can be represented by a density matrix

p =)l ©[w) (V|

at some initial time ¢g. Alice then performs a measurement, the result of which is used to control
Bob’s correction. Rather than attempting to represent the transmission of classical communication
in the (purely quantum) setting of RH we can invoke the principle of deferred measurement[204] to
replace the classically controlled operation by a quantum controlled one. In this case the required

unitary operation is

4
U= |o:)¢il @ Us

i=1
The essence of quantum teleportation is the transmission of a qubit using a classical channel,
which is tricky to represent in RH, given that unlike the Copenhagen interpretation it requires
no quantum-classical divide. It is purely quantum and ‘simulates’ classicality merely through the
preservation of information, inducing decoherence. To ensure that the four possibilities for the
transmitted information do not interfere it is enough to take care that the measurement result

|pi){@;| is not ‘overwritten’ by a subsequent measurement. This is no problem, since the only
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remaining assertion we want to make concerns Bob alone and is designed to verify that his resulting

qubit really has property [¢)(1|, as asserted. To this end we employ a decomposition

Dy ={Io )Wl IeI-)w)}
Now setting
Hy =19 |0)(]

we see that

®,(Hy) = Te(UTI @ [9) (W)U ([9) (v @ [9)(]))

4

= > (i) (sl © UNUT @ [) (@ )(|¢:) (1] @ Tp) ([} (0] @ |T) (W)

i=1
4

whence Hy certainly occurs. That is to say, given correct initialisation, Bob’s final qubit really

Tr([y)(v]) =

»PI'—‘

has property [1) (1], as required.

Alice Bob

Figure 4.4: The history H, with initial condition and projections shown in blue, unitary evolution
in red
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Quite generally the principle of deferred measurement|[204] guarantees that measurements can
always be pushed back to the last stage of the algorithm: any quantum circuit can be implemented
using initialisation, followed by unitary evolution, followed by a single measurement of each wire.
The kinds of histories relevant for algorithms of this simple form fit neatly into the regularity scheme
with one decomposition for initialisation, one for the final measurement. Thus RH can be used to

obtain predictions for arbitrary quantum circuits.

With respect to Gell-Mann and Hartle’s decoherent histories approach the situation is slightly
less transparent. Here the emphasis lies on quantum cosmology as opposed to the analysis of partic-
ular examples. In the absence of a concretely specified unitary evolution decoherence and regularity
are manifestly different conditions and decoherent genuine three-time histories will have a role to
play. However, when concrete predictions are obtained, as in Halliwell’s derivation of the classicality

of local densities[128, 129], the focus is once again on (approximately) regular histories.

What physical insight, if any, can be gained from predictions relating to decoherent genuine
three-time histories is unclear and the fact that they play little part in elucidating the practically
relevant examples considered by Griffiths and Omnes is an indication that regular histories are in
fact more useful than one might have thought at first sight. With this in mind accepting the regu-
larity condition should require no farther leap of faith than embracing decoherence, which is itself a

strengthening of consistency.

4.11.2 RH and the standard formalism

As detailed in section 4.9 the regular histories interpretation is able to reproduce the predictions of
the standard formalism for a finite sequence of measurements. Nonetheless one might wonder what

it actually adds to the latter and whether it has anything substantially new to offer.

The most obvious aspect in which it represents a genuine extension is that it is counterfactu-
ally definite and deals with properties rather than mere measurement outcomes. Thus it applies
in situations where the standard formalism in its Copenhagen reading is completely uninformative,
such as the universe itself and other systems with no obvious choice of observer. In addition, even
when an observer is present it can make additional predictions that do not correspond to outcomes
of actual measurements. For instance, in the Mach-Zehnder interferometer example described in
section 2.14.1 it is able to express histories in (the Boolean algebras of) the families F; o and Fa 3

as well as those in F7 3.
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Moreover, it effectively resolves the measurement problem, since it requires neither wave function
collapse nor a quantum-classical divide. It explains measurements through the creation of particular
correlations (cf. section 2.8) and the classical domain through witnessability due to interaction with
an environment (cf. section 4.10). This is precise enough to give unequivocal results even when
several different observers are considered, something which causes complications in the standard

formalism.

The introduction of likelihoods to replace probabilities has several advantages. It is easier to jus-
tify likelihoods from first principles (cf. section 4.5) and counterfactual definiteness can be achieved
without compromising locality (cf. section 4.6). While the usual weights do not yield a well-defined
(additive) probability on quantum histories, they naturally give rise to a well-defined likelihood.

Finally, the regular histories interpretation offers a well-defined notion of logical inference (free
from fallacies as per definition (4.4.1)). It adds to the standard formalism a formal characterisation

of valid logical reasoning.

4.12 Ordering the temporal support - normal histories

The final part of section 3.6 highlighted an interesting anomaly of the CH approach. In the absence
of wave-function collapse it is reasonable to expect that histories differing only in their temporal
support should be interpreted in an identical way. However, we have seen that changes to the tem-

poral support do affect the consistency and compatibility of histories.

As argued in section 3.7 the strong sensitivity of the CH interpretation to changes in temporal
support is difficult to reconcile with a picture of purely unitary evolution and the concept that propo-
sitions only affect one’s knowledge of system, but leave its actual properties unchanged. Whether
this complication precludes the intended interpretation that the system evolves strictly unitarily
may be debatable, but once again the impression is reinforced that the counterintuitive nature of

quantum mechanics is merely disguised and not resolved by CH.

We will see that the regularity condition is strong enough to allow another identification which is
impossible in the CH approach: histories which only differ in the temporal support assigned to their
families can be interpreted in the same way.® The resulting theory makes additional predictions

some of which cannot be produced in consistent histories, although we will discover that problems

6Note that changing reference times does not affect the Heisenberg(!) projectors.
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relating to locality ensue.

Definition 4.12.1. A p-normal history is a history that becomes p-reqular under some reordering

of the decompositions (together with the temporal support) of its family.

Much like in the case of consistent and regular histories, we will usually take a particular, fixed

initial state p for granted and speak simply of normal histories.

A normal history H can be reordered to a regular history H so we set

D, (H) =, (i)

It needs to be shown that this is well-defined:

Lemma 4.12.2. Let H be a normal history expressed in a family F and suppose that the decomposi-
tions of F can each be reordered in two different ways to yield reqular families F and F' respectively.

Then the corresponding histories H and H' satisfy

o, (f)=a,(H)

Proof. Writing

b, (A) =T (3 POORL L pSr PG P
i1,82,0 e in

in F the sets A; = Ulgjgm {Pj(ij)} and A, = Um+1§j§n {Pj(i")} each contain pairwise commuting

projectors (and each P € A; commutes with p). Thus a permutation of the first m or the last n —m

reference times will leave the product and hence the trace unaffected. Now

; (io(n) plio(n—1)) (io(1))
®,(H') =Tr Z AL A

11,82,y
for some permutation o of the temporal support. Since Fj, is regular there is an integer m’ such
that the sets By = (U, <<,/ {Pf(‘;()j))} and B, = U, 4 1<j<n {chl(;gj))} contain pairwise commuting
projectors (and each P € B; commutes with p). Let H* be the history

(ir(1)) (ir(2y) (ir(n))
d. PP @ P

11,2,..y0n
where 7 is some permutation that first picks out the elements of A; N B,., then those of A; N By, then
those of A, N B; and finally those of A, N B,.. Then, using the cyclic property of the trace,

o, () =Tr(H p) =, (1)

as required. O
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4.12.1 Boolean operations for normal histories

Before showing that ®, is indeed a likelihood on normal histories it will be expedient to redefine
the usual Boolean algebra operations in a way that is not dependent on reference times. This is
necessary since we will want to view normal histories in such a way that their temporal support

has no significance for their interpretation, including their compatibility with other normal histories.

Definition 4.12.3. Given a pair of histories
=Y PP .. . P
S1

in a family F1 and

Hy =Y Qe e.. .oy
Sa

in a family Fo we define E1 A Ey to be the element
S P 6 B 6 PO 6 Q) 0 0 6 .. Q)
51,52
in a family F1 o whose elementary histories are of the form E1 ® Ey for elementary histories £y and

E5 from F1 and Fy respectively.

Negation is defined as before and the Boolean disjunction H; Y Hs can be obtained using De
Morgan’s law as H; A H,. Note that there is no requirement for the temporal supports of the fam-
ilies in question to be compatible in any way. In particular, they may differ in length and contain

incompatible decompositions with identical reference times.

Thus we see that A and V can be thought of as a two-step process: A is essentially A followed by
a ‘contraction step’ which takes pairs of (compatible) decompositions {P} and {Q} with identical

reference times to the common fine-graining { PQ} thus reducing the size of the temporal support.”

Lemma 4.12.4. Let Hy = Hy and H; = H) all be histories. Then
Hy X\ Hy = H] A H)

and

H, Y Hy= H| Y H}

~

7An attempt to incorporate such a contraction step into the equivalence relation 2 seems doomed to fail, since
this would make all histories in the Kochen-Specker example (viewed as normal histories) vanish, so either additivity
would be lost or no history could occur.
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Proof. Tt suffices to check rules (I) and (II) individually. Both are straightforward. O

Tt is easily verified that the operations A, Y and ( ) satisfy the Boolean laws whenever both sides
of the equation are p-normal, with the exception of the complement law: if H is a p-normal history

then we have H A H = 0 (rather than equivalence under 22).

Lemma 4.12.5. Let Hy, Hs be p-normal histories. Then Hy A Hs is p-normal iff Hy Y Hs is.

Proof. H; A Hy is p-normal iff there is a reordering of the canonical family Fg, 4 g, into a p-regular
family. Observe that canonical families are unaffected by negation of histories and that Fm, o, is

also the canonical family of H, Y Hy = H; A Ho. Thus H; A Hj is p-normal iff H; Y Hy is. O
Lemma 4.12.6. Let Hy, Hs be p-normal histories, and suppose that Hi A Hy is p-normal. Then
O,(H1 )+ P,(Hs) = ®,(Hi A Hy)+ O,(H1 Y Hy)

Proof. By lemma 4.12.5 the history H; Y Hs is normal. Note that all four histories are expressible
in the canonical family Fr, v m, = Fm, ,m,. Now this family has a regular reordering and the result

follows by lemma 3.6.4 (since regular families are also consistent). O

Corollary 4.12.7. Let Hy, Hs be p-normal histories, and suppose that Hy Y Hy is p-normal. Then
0< @p(Hl) + (I)p(HQ) — (I)p(Hl Y HQ) <1

Proof. Immediate from lemmas 4.12.5 and 4.12.6 and the fact that probabilities of normal histories

fall into the range [0, 1]. O

Thus @, fulfils the requirements of definition 4.1.7 for a likelihood, provided that the Boolean

operations are understood to be Y, A and (). In particular, contrary inferences cannot be made

using normal histories:

Corollary 4.12.8. Equations (3.5.1a) - (3.5.1c) are satisfied by P = &, whenever all three histories

concerned are normal.
In fact, it is sufficient to require that H A H' is normal:

Lemma 4.12.9. Let H, H' be histories and suppose H x H' is normal. Then both H and H' are

normal histories.

Proof. Immediate from the definitions. O
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4.12.2 Comparison of interpretations: the Mach-Zehnder example

To shed some light on the similarities and differences of the various flavours of quantum theory
consider once again the Mach-Zehnder interferometer introduced in section 2.14.1. The probabilities

of several histories in the CH, the RH, the NH and the Bohmian interpretation are given in table 4.1.

history Picture CH RH NH Bohm
No detector present, ; N/A in Fio
T | arms lc) and |e) , N/Ain Fi 3 N/A 0 0
I No detector present, N/A in F1,2 N/A 1 1
arms |c) and |f) N/A in Fi 3 2 2
No detector present, N/A in Fi
I rms |d) and |e) | N/Ain Fi3 N/A 0 0
No detector present, J N/Ain Fi 1 1
V| arms |d) and |f) N/Ain Fi 3 N/A 2 2
v No detector present, N/A in Fi 1 1 1
arm |e) lin Fi3
No detector present, ; N/A in Fi o
Vi arm |f) ’ 0in Fi3 0 0 0
VII No detector present, % in Fi2 1 1 1
arm |c) N/Ain Fi 3 | 2 2 D)
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No detector present, % in Fi 2

Vi arm |d) N/A in Fi 3

N|—=
(SIS
N|=

Table 4.1: Probabilities in the CH, RH, NH and the Bohmian interpretations with no detector
present

We see that all histories interpretable with respect to some framework in CH are also regular, and
hence meaningful in RH. The respective probabilities agree, although it must be borne in mind that
in RH these probabilities are non-contextual, whereas in CH they refer to histories-with-respect-to-
a-framework. Those histories which cannot be expressed in a consistent family - such as (a, ¢, f) -
are easily seen to be irregular, as is clear from the fact that they are unwitnessable in the sense of

subsection 4.3.2.

In the normal histories interpretation all histories of the family F specified by D1, Dy and D3 are
witnessable. This is a natural consequence of the principle that the evolution of the system is strictly
unitary which gave rise to the normality condition: since the system’s evolution is assumed to be
trivial its properties must remain unchanged throughout, so that D3 - which is simply a repetition
of Dy - cannot contain any additional information and therefore does not affect the interpretation

of histories.

4.12.3 Action-at-a-distance in NH

The result is a peculiar non-local feature shared by NH and the Bohmian interpretation that becomes
evident when a detector is inserted into arm ¢ of the interferometer. Comparing scenarios I11 and
IV the NH and Bohmian interpretations predict that a particle which entered arm d at time t5 will
always choose arm f at time t3. However, with a detector in arm c¢ the predictions change to those
given in table 4.2. In particular, the conditional probability that the particle will take arm f, given
that it was previously in arm d is now % What this amounts to is an action-at-a-distance effect:
the behaviour of the particle is affected by an action performed in arm ¢, a part of the system the

particle did not interact with.
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History Diagram CH RH NE Bohm

Detector triggered 1. 1 1 1

la arm |e) ’ 2 Fm 1 4 1
| |

Detector triggered, 1. 1 1 1

Ma | ) 70 Fm 1 1 i
| |

Detector not triggered 1. 1 1 1

IITa arm |¢) ’ 7 in Fp 1 1 1

Detector not triggered, 1. 1 1 1

N ) R
| |

Detector present 1. 1 1 1

Va arm |6> 5 1N Fm 5 3 b

Detector present 1. 1 1 1

Via | | 3 10 Fm 3 2 2
| |

VIIa | Detector triggered 3 in Fn 3 3 3
[ |

VIIIa | Detector not triggered % in F, % % %

Table 4.2: Probabilities in the RH, the CH and the Bohmian interpretations with a detector placed
in arm ¢

This kind of problem is not addressed by Griffiths’s notion of Einstein locality (cf. section 3.3.1)

102



which only considers lack of future interaction due to factorable unitary evolution.® In this example,
on the other hand, the impossibility of interaction between arm ¢ and the second beamsplitter By is
inferred from the fact that the particle travels along arm d. That knowledge of whether a detector
is present in arm ¢ should be available at B is in disagreement with the principle of locality since

no particles have been exchanged which could carry this information.

Recall that the absence and presence of a detector each require different unitary dynamics (cf.
section 2.8). To represent perturbations of evolution due to the insertion of a detector within a
single family with fixed dynamics it is convenient to set up an additional subsystem. Its initial state
can act as a ‘switch’ that determines the unitary evolution of the remaining parts of the system.
Concretely, given a quantum system described by a separable Hilbert space S let @Q be the qubit
Hilbert space with computational basis {|0),|1)} and consider the system @ ® S with evolution

50) (50l ® Uo + |s1)(s1] ® Ur

where Uy and U; are unitary operators. Referring back to the Mach-Zehnder example one might set
Up to (trivial) evolution without a detector and Uy corresponding to the evolution of the system if
a detector is placed in arm c. The ‘switch’ then determines whether or not a detector is present. In

this way alternative dynamics can be represented using a single Hamiltonian.

Having set up an appropriate switch we need a way of judging whether the change of unitary
is confined to a region sufficiently ‘distant’ from the history. If so then the locality principle would
demand that its likelihood is unaffected by the state of the switch. At this stage one could make
a distinction between decompositions of the identity whose projections genuinely signify different
regions in space and those that project onto alternative ranges of (superpositions of) momentum,
spin, etc. which do not indicate spatial separation. However, for simplicity’s sake we will regard all

projectors as ‘position propositions’ which only strengthens the result.

Now consider a history

H=Y P"oP"™e.. oPp (4.12.1)

and suppose that there are two alternative unitary evolutions Uy and U;. For clarity we will call
the two histories with these evolutions Hy and H; respectively. Then the state of the switch has no

local effect on the histories if for each 1 < k < n and iy, ix4+1 appearing in the sum (4.12.1) we have

P () Uo tk+l)PI§il-Tl)(tk+l) = Pzgik)(tk)Ul(tk,tk+1)P15fffl)(tk+l) (4.12.2)

8NH does in fact satisfy Einstein locality in Griffiths’s sense
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An action-at-a-distance effect takes place if the state of the switch changes the likelihood of
a history despite it satisfying the above ‘distance’ condition. For example, in NH the likelihood
of history (a,d, f) is affected by an action confined to arm ¢, from which the history is spatially
separated in the above sense. That this cannot occur in RH follows directly from the way likelihoods

are computed:

Lemma 4.12.10. Let Uy, Uy, Hy and H; be defined as above (for some fixed p) and suppose that
(4.12.2) is satisfied for each 1 < k <n and iy, ix+1 appearing in the sum (4.12.1). Then

®,(Ho) = ®p(H)

Proof. The likelihood ®,(H) is calculated as the trace of the sum of products of terms of the form
appearing in (4.12.2) - as well as p, which is fixed. If Hy and H; give the same term for each ig,

ip+1 appearing in the sum (4.12.1) they also have the same likelihood. O

One might object that although the likelihood of a regular history is unaffected by spatially
separated actions the same is not necessarily true of its regularity.
The ultimate reason for this anomaly is that it is possible to witness a history indirectly: if a particle
follows one of two possible paths then from its absence in one we can deduce its presence in the other,
without actually interacting with the particle itself. This kind of indirect knowledge travels along
each of the paths the particle could have taken, each governed by the evolution that the particle
would undergo were it on this particular trajectory.
In the Mach-Zehnder case the presence of a detector in arm ¢ has the significance that it effectively
records the possible history (a,c, f), thus rendering the history (a,d, f) witnessable. Although the
propagation of ‘indirect knowledge’ along the collection of possible paths is in some ways akin to
a Bohmian pilot wave, there is nothing either ‘spooky’ or quantum about such a phenomenon: it
is a natural consequence of declaring only witnessable histories meaningful and quite distinct from

action-at-a-distance, which constitutes a palpable effect on the system’s behaviour.

In summary, whereas witnessability of a history cannot generally be decided on the basis of
information ‘local’ to the history itself, the regular histories interpretation features no action-at-a-
distance effect. This sets it apart from the normal histories interpretation, which is in this sense no

less problematic than Bohmian mechanics and must therefore be rejected.

4.12.4 NH and Bohmian mechanics

On the basis of tables 4.1 and 4.2 one might ask if there is any difference at all between NH and the

Bohmian interpretation. Of course the underlying assumptions are very different. In particular, the
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notion of an ‘actual trajectory’ central to the Bohmian approach is meaningless in NH, since it will

not in general be empirically accessible.

It has previously been established that Bohmian trajectories do not generally follow the paths
predicted by CH[106, 171]. As Hartle points out, this difference is not reflected in the results of
experiments; the two interpretations agree on probabilities for records of measurement outcomes,
though not on their description of the past[157]. Since the histories employed in Hartle’s example
are regular (and, a fortiori, normal) it follows that the predictions of Bohmian mechanics are in
contradiction with those of both RH and NH, although there seems to be no prospect of devising
an experiment capable of discriminating between the interpretations. The predictions for measured

outcomes are identical, but the account of how they were brought about may differ.

4.13 Conclusion

In chapter 3 we have argued that the consistent histories approach suffers from a peculiar complica-
tion: the fact that it makes predictions not for histories, but for histories-with-respect-to-a-family.
This idiosyncrasy is addressed in the regular histories interpretation, which assigns likelihoods sim-
ply to histories (with no reference to a family). In many ways it achieves what CH was designed
to accomplish. It makes sense of the standard formalism without having to invoke insufficiently
explained notions of an observer or a quantum-classical divide. It does not require wave-function
collapse. It applies to closed systems such as the universe as a whole. It is counterfactually definite
in the sense of being concerned fundamentally with properties as opposed to measurement outcomes.
It does not exhibit action-at-a-distance. It defines a formal notion of inference which characterises
valid logical reasoning about a quantum system and sheds light on many of the apparent paradoxes
of quantum mechanics. Moreover, compared with other interpretations it requires a remarkably

small shift from the familiar setup of classical physics.

The main innovation is that to assign weights to histories stemming from many different, mutu-
ally incompatible families it has become necessary to relax the conventional notion of probability.
The weaker concept of likelihood is easier to justify from first principles, since it does not need to
be defined for empirically inaccessible histories. Moreover, it has been shown that the change only
affects histories with no permanent record, so that in a world governed by likelihoods probabilities
nonetheless prevail at the macroscopic level, as does classical reasoning. This explains the difference

between quantum and classical realms and why the world we perceive is largely classical.
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In practice one tends to employ the standard formalism in a way that goes beyond simply talking
about the outcomes of measurements, in effect supplementing it with principles such as counterfac-
tual definiteness. However, adapting these to suit a particular example is clearly not enough. An
acceptable interpretation must provide convincing answers to all the questions raised by the well-
known paradoxes and no-go theorems at once. That this is a very hard problem is clear from the fact
that serious objections have been raised against all interpretations found to date. Regular histories
will be no exception. Perhaps its most significant merit is that it requires much less of a paradigm
shift than other interpretations. The notion of probability has to be altered, but in a way that only
affects the quantum realm and that is arguably made intuitive by the notion of witnessability, an
essentially classical concept. It is remarkable that this change alone suffices to make sense of quan-

tum mechanics without parallel universes, a framework-dependent reality or action-at-a-distance.
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Chapter 5

Further directions

5.1 Extending regular histories

The regularity condition is in many respects unnecessarily restrictive. While an arbitrary relaxation
is very likely to have an undesirable impact on the additivity of weights, the existence of logical
contradictions, etc. there are some modifications that can be made without substantially affecting

the validity of the lemmas and theorems of section 4.1.

5.1.1 Branching

One possible relaxation concerns branch-dependent families. It easy to imagine a revised criterion
in which the ‘jump’ from Dj, to Dyy need not occur at the same time in every branch. Of course

care needs to be taken to ensure that every branch contains at most one jump.

5.1.2 Isolated subsystems

RH in the form given above actually fails the Diosi test (cf. section 2.13) since the two specifications

{10) €O, ) (11}, {10} (O, 1) (LT}, ) (L =) (=13

and
{10) O, (1) (L LI (L =) (= TR (L =) (=1}

both induce regular families, but the corresponding family on the combined system is irregular.
However, a suitable generalisation of the regularity condition which permits the ‘jump’ from D,

to Doyt to occur at a different times for each isolated subsystem can be expected to address this

problem.
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Note that RH already passes the reverse Didsi test: the regularity of a ‘separable’ family implies

regularity of each of its subfamilies.

5.1.3 Infinite decompositions

Throughout this thesis we have, in keeping with many expositions of consistent histories, only con-
sidered decompositions of the identity into a finite number of projectors. The formalism could
be extended to handle countably infinite decompositions. Boolean algebras of history propositions

would then be replaced by o-algebras.

5.2 Quantum computation

While the standard formalism is a hugely valuable tool for quantum computation with a clear
quantum-classical divide, it is not particularly clear on the issue of several observers (some of which
may observe each other), which makes it difficult to investigate communication between several
parties in a methodical way without presupposing additional aspects of interpretation. Insofar as
the understanding of quantum computation is hampered by a lack of a clear interpretation and the
absence of a notion of valid reasoning that is robust enough to handle several parties, the principles

of regular histories can be expected to be a valuable addition to the standard formalism.

5.2.1 Quantum cryptography

An aspect of quantum computation that could benefit especially from clarifying what can (and can-
not) be inferred in a multi-party setting is quantum cryptography. Being based on the notion of
witnessability by external agents the regular histories interpretation appears particularly suited to
investigating the capability of eavesdroppers to infer various pieces of information from intercepted

communication, naturally assuming that the eavesdropper adheres to the rules of logic of RH.

5.3 The diagram calculus

Categorical quantum mechanics, developed by Abramsky and Coecke[4, 6, 42, 5, 1, 2, 41], is a di-
agrammatical language for describing quantum processes at a higher level of abstraction than is
possible in the usual Hilbert space formalism. Its principal components are boxes with inputs and
outputs - representing quantum processes - and wires establishing connections between them. These

can be manipulated in a very intuitive way by moving boxes and bending wires.
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The advantage of this procedure is that complex calculations usually involving pages of matrix
calculations can be performed more quickly and more reliably using simple diagrams. Thanks to a
rigorous mathematical foundation exploiting a correspondence between such diagrams and dagger
symmetric monoidal categories this procedure is no less formal than the conventional approach.

Griffiths’s notion of atemporal diagrams[124] is based on much the same ideas.

Due to its reliance on processes the regular histories interpretation lends itself to being used in
conjunction with the diagram calculus.
One possible way of using regular histories as an underpinning for diagrams is to represent families
by diagrams, let decompositions of the identity operator be given by sets of parallel wires and ‘jumps’
from one decomposition to another by boxes. A history, which is a path or a set of paths through
such a diagram will then be regular just if it does not make use of wires connected to a box at each

end.

5.4 Regular histories and general relativity

One of the drawbacks of the standard formalism of quantum mechanics is that it is difficult to
bring in line with the theory of general relativity. Aside from being unsuitable for describing closed
systems due to its reliance on observers, it affords very different treatment to spatial and temporal
coordinates. The time variable entering the Schrodinger equation, for example, is not a physical
observable, but rather a mathematical abstraction. A number of conceptual questions relating to
the seemingly incompatible roles of time in standard quantum physics and general relativity are

collectively known as the “problem of time”[174].

The histories formalism, on the other hand, deals with time in a very different way. This is true
for consistent histories, but particularly so for regular ones, which have an especially simple form.
Although a temporal support is formally ascribed to each regular history, its only critical feature is
the time at which the ‘jump’ from Dj, to Doy occurs. It is not difficult to imagine a formulation
of RH in which only this one point in time is attached to each regular history and the Boolean

operations are defined modulo the equivalence =.

Gell-Mann and Hartle’s decoherent histories approach has already been generalised to take into
account general relativity[147], based on the sum-over-histories formulation. A similar argument
could be advanced in regular histories, with a few modifications.

The regularity condition would have to be modified to make sense in relativistic spacetime, for ex-

ample using Feynman paths. A helpful guide will be the notion of witnessability, which acquires
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additional facets in curved spacetime with a finite speed of information transmission. If the rel-
ativistic modification can be achieved in a way that preserves the equivalence of regularity and
witnessability (with respect to the corresponding rules of inference) then much of what was devel-
oped in the section 4 could be expected to carry over directly into the relativistic setting. The
introduction of additive likelihoods giving rise to a precisely defined notion of logical inference (free
from ‘fallacies’ and contrary inferences) could be a significant step towards a process-driven pic-
ture of relativity incorporating quantum phenomena and able to reproduce the predictions of the

standard formalism of quantum mechanics. Such an enterprise is well beyond the scope of this thesis.
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Appendix A

Specifications and families

Lemma A.0.1. The map from specifications to their induced families of histories is injective.

Proof. Suppose that the two specifications S = {D1, Da,...,D,} and 8’ = {D}, D}, ..., D} } both

induce the same family of histories F. Let H € F be an elementary history with
H=PoPh®..oP = PP®...0F,

where each P, € D; and P/ € D,. Consider P € D;\{P;} and note that since P; 1 P; the
elementary history

ProaPh®..oP,
must be orthogonal to H. Since H cannot be orthogonal to itself, P; is not orthogonal to P/ for any
i. Tt follows that Py L PJ. Thus

Pl = IP[ = PP{+» P{P| = PP

Hence P; projects onto a subspace containing that of P{. Since the same holds with P; and Pj
interchanged, they project onto identical subspaces, which means that they are the same projector.
The analogous argument for each pair P;, P/ shows that S and S’ must specify identical decompo-

sitions. 0
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Appendix B

Contrary inferences

B.1 Violation of rules (3.5.1b) and (3.5.1c)

Consider the vectors

1 1
a-L 1] oLl
a) = — c) = —
V5 [ Vol
1 —1
as well as

1 0 0 0 0
0 1 0 0 0
|b1) = |0 lb2) = | 0 lbs) = [ 1 |bs) = | O lbs) = | O
0 0 0 1 0
0 0 0 0 1

It is easily verified that the three families of histories F; specified by

P WY B A Y O P
N IR Pl s i b ST Pl
and F, 5 specified by

Tk WS A A T SR )

(with t, < tp < t. implied in all cases) are consistent.

F1,4 specified by

—N
~
s
<
S
<
=

Now defining histories

H=la)(a| @ I @ |c){c| (in each of Fi, F14 and Fi5)
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By = |a)(al @ |b1)(b1] @ |e){c| (in F1)
By 4 = |a)(al @ ([b1) (1] + [ba) (ba]) @ [e){c| (in Fi4)
By 5 = la){al @ (|b1){b1] + |bs)(bs]) ® |c){c| (in Fi5)

We obtain the following chain operators:

1 1
H= g|a><c| B, = g|a><0\ B1a=0 B;s5=0
(H=>B1) =1 (H:>B174) =0 (H:>B175) =0

leading to probabilities
P(H = Bl) =1 (1n fl) P(H = Bl74) =0 (111 f174) P(H = B175) =0 (1n ‘/.'.175)

Now

(H = B174) A (H = B175) = (H = Bl)

violating (3.5.1b) and
(H = 31,4) vV (H = Bl) = (H = B174)

violating (3.5.1c), as required.
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